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PREFACE 


The  1992  U.S.  Army  Edgewood  Research,  Developrr.cnt  and 
Engineering  Center  (Edgewood  RDEO*  Scientific  Conference  on  Obscuration 
and  Aerosol  Research  was  held  22  -  25  June  1992  at  the  Edgewood  Area 
Conference  Center  of  Aberdeen  Proving  Ground,  MD.  The  Conference  is  held 
annually,  the  last  full  week  in  June,  under  the  direction  of  Dr.  Edward  Stuebing, 
Research  Area  Coordinator,  Aerosol  Science.  This  report  was  authorized  under 
project  number  101 61 102A71  A,  Research  in  CW/CB  Defense. 

The  Conference  is  an  informal  forum  for  scientific  exchange  and 
stimulation  among  investigators  in  the  wide  variety  of  disciplines  required  for 
aerosol  research,  including  a  description  of  an  obscuring  aerosol  and  its  effects. 
The  participants  develop  some  familiarity  with  the  U.S.  Army  aerosol  and 
obscuration  science  research  programs  and  also  become  personally  acquainted 
with  the  other  investigators  and  their  research  interests  and  capabilities.  Each 
attendee  is  invited  to  present  any  aspect  of  a  topic  of  interest  and  may  make 
last  minute  changes  or  alterations  in  his  presentation  as  the  flow  of  ideas  in  the 
Conference  develops. 

While  all  participants  in  the  Conference  are  invited  to  submit  papers  for 
the  proceedings  of  the  Conference,  each  investigator,  who  is  funded  by  the  U.S. 
Army  Research  Program,  is  requested  to  provide  one  or  more  written  papers 
that  document  specifically  the  progress  made  in  his  funded  effort  in  the  previous 
year  and  indicating  future  directions.  Also,  the  papers  for  the  proceedings  are 
collected  in  the  Fall  to  allow  time  for  the  fresh  ideas  that  arise  at  the  Conference 
to  be  incorporated.  Therefore,  while  the  papers  in  these  proceedings  tend  to 
closely  correspond  to  what  was  presented  at  the  Conference,  there  is  not  an 
exact  correspondence. 

The  reader  will  find  the  items  relating  to  the  Conference  itself, 
photographs,  the  list  of  attendees,  and  the  agenda  in  the  appendixes  following 
the  papers  and  in  the  indexes  pertaining  to  them.  Please  note,  due  to  the  recent 
reorganization  of  the  Chemical  Research,  Development  and  Engineering  Center, 
the  terms  CRDEC  and  Edgewood  RDEC  have  been  used  interchangeably. 

The  use  of  trade  names  or  manufacturers'  names  in  this  report  does  not 
constitute  an  official  endorsement  of  any  commercial  products.  This  report  may 
not  be  cited  for  purposes  of  advertisement. 


•When  this  work  was  performed,  Edgewood  RDEC  was  known  as  the  U.S.  Army 
Chemical  Research,  Development  and  Engineering  Center,  and  the  Point  of  Contact 
was  assigned  to  the  Research  Directorate. 
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This  report  has  been  approved  for  release  to  the  public.  Registered  users 
should  request  additional  copies  from  the  Defense  Technical  Information  Center; 
unregistered  users  should  direct  such  requests  to  the  National  Technical  Information 
Service. 
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PROCEEDINGS 

OF  THE  1992  SCIENTIFIC  CONFERE.JCI 

ON  obscuration  and  aerosol  research 

I.  AEROSOL  DYNAMICS 

The  Effect  of  Interparticle  Forces  on  Powder  Spraying 

by 

H.  Littman  and  M.  H.  Morgan  III 
Department  of  Chemical  Engineering 
RPI,  Troy,  N.Y.  12180-3590 


A.  Material  properties  rehivant  to  transporting  fine  powders. 

In  all  of  our  research,  we  have  never  had  any  difficulty  transporting  aeratable 
particles  into  a  transport  line  from  a  hopper.  However,  when  interparticle  forces 
become  large  the  material  behavior  can  change  from  fluidized  (behaving  like  a  fluid) 
to  solid  (behaving  like  a  solid).  Solid  typ'  or  cohesive  behavior  is  apparent  in  Fig.  5  of 
the  paper  by  Pacek  and  Nienow  (Powder  Tech.,  1990)  where  lines  of  fracture  can  be 
observed  in  powders.  For  spraying  particles,  this  cohesive  behavior  is  undesirable 
because  it  makes  it  difficult  if  not  impossible  to  obtain  sprays  consisting  of  individual 
particles. 

The  isostatic  tensile  stress,  of  an  unconsolidated  bulk  powder  of  mono-sized 
spheres  is  related  to  the  interparticle  contact  force  F^,  by  the  equation 


o 


o 


hi  pQ 

K  dp2 


(1) 


where  (1-e)  is  the  solids  fraction,  k(e)  is  the  coordination  number  which  is  associated 
with  the  number  of  points  of  contact  a  particle  has  with  n'  ighboring  particles  and  dp 
is  the  particle  diameter.  Fq  is  the  cohesive  force  at  particle  contact  points  in  the 
powder  which  can  arise  from  a  variety  of  causes,  for  example,  chemical  (van  der 
Waal's)  forces,  electrostatic  forces,  etc.  Clearly  the  laiger  the  interparticle  contact 
force  the  larger  the  isosiatic  (or  apparent)  tensile  str<  ss  of  the  powder.  Eqn  (1)  shows 
that  Oo  also  increases  with  the  solids  fraction  and  as  the  particle  di  uneter  decreases. 
The  fact  that  Oq  varies  inversely  with  the  square  of  the  particle  diameter  is  quite 
important  since  changing  from  a  1  mm  to  a  1  pm  particle  increases  the  apparent 
tensile  stress  by  a  factor  of  a  million. 


The  material  properties  of  a  bulk  powder  involve  Oq  and  the  angle  of  internal 
friction,  These  material  constants  are  distinctive  for  every  powder  and  relate  the 
shear  stress  in  the  powder,  Xp  to  the  compressive  stress  on  the  powder,  o  when  the 

powder  is  just  about  to  slide.  Thus  the  yield  locus  of  the  powder  is 

Xf  =  p  (a  +  Oq)  ;  p  =  tan  (1) ;  o  >  0  (2) 

where  p  is  the  coefficient  of  friction.  There  aie  mechanical  lests  for  measuring  p,  and 
Oq  is  obtained  by  extrapolation  of  the  Xj-  vs  a  measurements  (Rietema,  1991  and 
Brown  and  Richards,  1970).  For  a  non-cohesive  powder,  is  zero  and, 

the  classical  law  of  friction  is  obtained  between  the  shear  stress  and  compressive 
loading  as 


Xf=pa;p  =  tan(t);o>0  (3) 

An  important  fact  of  considerable  importance  practically  is  that  prior  history  of 
tue  powder  affects  the  material  contants  in  Eqn  (2).  If,  for  example,  the  particles  are 
compacted  for  storage  or  shipping  they  may  not  behave  in  the  same  way  after  the 
shipping  container  is  opened.  The  flow  behavior  of  a  cohesive  powder  depends  on  its 
previous  loading  history. 

Brown  and  Richards  (1970)  define  a  Coulomb  powder  as  a  rigid-plastic  powder 
with  a  linear  yield  locus  (Eqns  2  and  3).  The  term  plastic  is  applied  to  the  powder  if 
sliding  takes  place  when  the  shear  stress  applied  equals  the  shear  strength  of  the 
powder.  The  tern  elastic  refers  to  a  material  which  returns  to  its  original  shape  after 
the  load  is  removed. 

B.  Description  of  the  stress  field  at  a  point  in  the  powdei  (Mohr  Circle). 

The  stress  field  at  any  point  in  a  bulk  powder  is  commonly  presented  in  terms 
of  a  Mohr  circle  diagram.  To  keep  the  discussion  as  simple  as  possible,  a  planar  stress 
field  will  be  described.  The  Mohr  circle  diagram  plots  the  tangential  (or  shear)  stress 


10 


vs.  the  normal  (compressive)  stress  at  a  particular  point,  P(x,y),  in  the  bulk  powder. 
These  stresses  vary  with  the  orientation  of  the  plane  passing  through  P  as  seen  in 
Figure  la. 

Consider  an  element  of  solid  mass  located  at  point  P(x,y)  in  the  bulk  powder. 
The  four  faces  of  the  planar  element  are  located  parallel  and  perpendicular  to  the 
Cartesian  unit  vectors  i  and  j  as  shown  in  Figure  lb.  On  each  face  there  are  normal 
(compressive)  and  tangential  (shear)  stresses  and  Figure  la  shows  a  face  of  arbitrary 
orientation. 

The  stress  tensor,  a,  can  he  represented  relative  to  the  i  and  j  unit  vectors  for 
the  case  of  plane  stress  as 

O  =  Oxx  ii  +  •txy  ij  +  Tyxii  +  Oyy  jj  (4) 

where  the  tensor  is  symmetric,  that  is, 

'^xy  ~  'tyx  (5) 

and  we  will  assume  that 

®xx  >  Ctyy  (6) 


The  principal  stresses  are  the  eigenvalues  of  the  matrix 

^  tJxx  '^xy  ^ 

V  '^yX  Oyy  ^ 


(7) 


Following  the  method  given  in  Kreyszig  (1962),  the  principal  stresses  are 


X(l)  and  X{2) 


(8) 


where  X(l)  >  X(2).  Note  from  Eqn  (8)  that  X(l)  +  X(2)  =  Oxx  +  cJyy 
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Along  the  principal  axes  of  stress  there  are  no  shear  stresses  so  that 


0  =  x(i)T;?  +  X(2)j;j; 


m 


The  matrix  of  this  tensor  is 


Ml)  0  ) 
0  X(2)  J 


(10) 


Comparing  the  matrices  in  Eqns  (7)  and  (10),  we  see  again  that  the  sum  of  the 
elements  along  the  diagonal  is  invariant  [Oxx  +  <^yy  =  ^(1)  +  ^(2)]. 

The  normal  stress  along  a  plane  of  arbitrary  orientation  (ac  in  Figure  la)  is 
obtained  by  well  known  tensor  operations.  Let  a\x  represent  the  normal 
(compressive)  stress  along  an  arbitrary  plane  passing  through  P(x,y)..  Then 


O  XX  =  1  o  1 


Oxx  •i'  O V  v')  fOxx  ~  O  V  v"). 


1 XX  ■  y  y 

”2  ; 


cos  20  +  Xxy  sin  29 


(11) 


The  corresponding  tangential  stress  x  'xy  is 

X  'xy  =  i'  •  O  ■  j' 

sin  20  +  Xxy  cos  20  (12) 

where  0  is  the  angle  between  i  and  i'  as  shown  in  Figure  la. 

Along  the  principal  axes,  x'xy  is  zero  so  that  Eqn  (12)  gives  for  0  =  0p 
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(13) 


tfln  — 


2  V 

(Oxx  '  ®yy) 


Eqn  (13)  shows  the  principal  axes  are  always  90°  apart.  The  principal  axes  of  stress 
have  been  obtained  by  simply  rotating  the  i  and  j  axes  to  the  plane  on  which  the 
shear  stress,  i'xy  is  zero. 

Suitably  squaring  Eqns  (12)  and  (13)  and  combining  them,  the  following 
equation  of  a  circle  is  obtained 


O  XX  - 


The  center  of  the  circle  is 


t^xx  V 

2 


XX 


-  O 


“J  * 


(14) 


’XX 


+  C 


}L1 


0 


and  its  radius 


V  ^  y 

This  is  the  equation  of  the  Mohr  circle  seen  in  Figure  2. 

To  understand  the  construction  of  the  diagram  note  that  x  \y  is  zero  along  the 
principal  axes  so  that  points  A(l)  and  A(2)  represent  the  principal  stresses  X(l)  and 
A,(2).  The  point,  E,  locates  the  center  of  the  Mohr  circle.  The  ray  ED  is  the  angle  (6p  - 
n/2).  Passing  from  PI  to  P2  on  the  Mohr  circle  must  involve  an  angle  change  of  in  0 
of  nil  because  the  principal  axes  are  90°  apart  (i^  to  j^).  Thus  points  on  the  circle, 


for  example,  C  are  located  20  from  the  principal  axis,  0p  ■  2  • 

If  we  let  the  point,  C,  represent  the  normal  and  tangential  stresses  Oxx  and  txy 
on  face  1  (0  =  0)  in  Figure  1,  the  distance  CD  must  be  Txy  and  the  distances  on  the  EDC 
triangle  related  by  the  equation 


’XX 


-  0 


+  1 X  y  ^ 


=  (ED)2  +  Xxy^ 


(15) 


Theiefore  ED 


The  distance  OD  therefore  represents  the  stress 
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^Oxx  •>•  Ovv^ 


+  Ovv) 

2  J 


~  <Jxx 


(16) 


In  a  similar  fashion,  it  can  be  shown  that  the  distance  OF  represents  the  stress  Xxy  and 
the  point  G,  the  stresses  on  face  2  (a  plane  rotated  90°  from  the  plane  of  face  1). 

Points  on  the  circle  counter-clockwise  between  C  and  G  represent  a  rotation  of  the 
plane  of  arbitrary  orientation  by  jr/2.  This  coincides  with  conditions  on  face  (4)  in 
Figure  lb. 


C  Failure  in  a  bulk  powder 


The  Mohr  circle  diagram  represents  the  state  of  stresi  in  a  powder  at  any  point, 
P(x,y),  along  various  directions  through  P.  The  powder  will  slide  when  if  equals  x'xy- 
If  the  compression  on  the  powder  is  raised,  the  radius  of  the  Mohr  circle  increases. 
There  is  clearly  some  compressive  stress  where  the  conditions  for  sliding  occur. 
Geometrically  this  is  the  state  for  which  the  yield  locus  is  tangent  to  the  Mohr  circle  at 
a  particular  point.  Figure  3  shows  that  the  powder  cracks  in  shear  along  the  plane  9 
equals  0f  where  9f  =  [0p  -  n/2  +  (>]. 

D.  Cohesive  forces  in  a  consolidated  bulk  powder 


The  cohesive  force,  Fq,  at  a  particle  contact  point  in  an  unconsolidated  powder 
arises  as  previously  mentioned  due  chemical  (van  der  Waal's),  electrostatic,  or  other 
forces.  Molerus  (1975)  has  formulated  the  dependence  of  the  cohesive  force,  F,  at  a 

contact  point  in  a  consolidated  powder  as  a  function  of  the  compressive  normal  force 

causing  the  consolidation  as 

F  =  Fo  +  aN  (17) 

where  Fq  and  a  are  material  constants  cf  the  powder.  The  variation  of  F  v/ith  N  in  Eqn 

(17)  shows  how  the  cohesive  force  increases  as  the  normal  stress  at  the  contact  point 

increases.  One  example  of  such  behavior  is  seen  in  Figure  4. 
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The  compressive  force,  C,  at  the  contact  point  in  the  consolidated  medium  is 
therefore  N  +  F  so  that  we  can  write 

C  =  Fo  +  (l  +  a)N  (18) 

and  by  similarity  with  Eqn  (2) 


^fc 


tan  0 


'(l-e)k(E) 

.  Jt  dp2  . 


[N  +  (Fo  +  aN) 


]} 


(19) 


where  is  shear  stress  in  a  consolidated  bulk  powder  when  it  is  just  about  to  slide. 

There  is  an  increase  in  the  apparent  tensile  stress  of  the  powder  due  to  the  aN 
term  which  is  envisioned  as  being  caused  by  changing  the  effective  contact  point  area 
If  the  applied  stresses  to  the  bulk  powder  are  compressive  then  from  Eqn  (11) 
we  can  write  that  alfong  an  arbitrary  plane  that  the  force  at  the  contact  point  is 


N(0)  =  Fm  +  Fr  cos  20  (20) 

where  Fm  and  Fr  are  Mohr  circle  parameters.  The  shear  force  is 

|T(0)I  =  Isin20|  (21) 


and  thus  the  limiting  condition  for  sliding  is 

FrI  sin  20I  <  (1  +  a)(FM  +  Fr  cos  20)  tan  0  (22) 

We  can  define  the  effective  friciton  angle  as 

tan  0e  =  (1  +  a)  tan  0  (23) 

Thus  we  have  presented  a  theory  for  a  consolidated  bulk  powder  such  as  would 
be  obtained  by  compressing  it  for  shipping  and  storage.  The  basic  material 
parameters  would  have  to  be  obtained  experimentally. 
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E.  Electrification  of  bulk  powders  and  hazards 


Bulk  powders  passing  through  transport  pipes  become  triboelectrically 
charged  due  to  frictional  contacts  of  individual  particles  with  the  wall.  High  charge 
densities  in  the  range  of  1  to  100  pC/kg  are  generated  which  cause  effects  that  are 
generally  undesirable.  In  bulk  they  cause  individual  particles  to  stick  together 
making  it  difficult  to  feed  them  into  the  transport  pipe.  In  the  line,  they  cause 
increased  pressure  drop  and  make  dispersion  as  individual  particles  difficult  if  not 
impossible.  Finally,  there  are  hazards  of  dust  explosions  and  spark  ignition  in  bulk 
powder  piles  within  containers. 

Charge  generation  and  accumulation  requires  contact  between  electrically 
dissimilar  surfaces  and  high  electrical  resistivity  on  one  of  the  surfaces  (Gibson, 

1983).  Moving  bulk  powders  have  much  make  and  break  interparticle  and  paiticle- 
wall  contacts  particularly  in  the  feeder  to  our  transport  pipe.  The  detailed 
mechanism  of  charge  generation  is  not  fully  understood,  nor  is  the  interparticle 
contact  force  predictable  with  any  accuracy  because  particle  shape  and  surface 
properties  are  important  factors  in  determining  this  force.  Whatever  experiments  are 
done  with  pure  substances  and  clean  surfaces,  the  fact  remains  that  in  practice  one 
has  to  deal  with  the  realities  of  surface  contamination,  impurities,  and  absorbed  or 
adsorbed  species.  The  level  of  electrification  in  particular  processes  using  particular 
equipment  must  in  the  end  be  determined  by  experiment  or  estimated  from  the 
literature  (Gibson,  1983). 

To  limit  charge  buildup,  conductors  such  as  pipe  walls  are  grounded.  The 
earthing  condition  requires  that  the  leakage  resistance  to  earth  be  less  than  100/ 
charging  current.  The  100  constant  arises  from  the  fact  that  100  V  is  the  minimum 
potential  at  which  an  incendive  discharge  can  occur.  Since  the  maximum  value  of  the 
charging  current  in  industrial  processes  is  lO-'^A,  a  resistance  to  earth  of  less  than  10^ 
Q  will  preclude  dangerous  charge  accumulation  (Gibson,  1983). 
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Grounding  is  not  the  answer  when  non-conducting  materials  such  as.  plastics 
are  used.  The  27  pC/m^  figure  at  which  air  breakdown  occurs  (Blyth  and  Reddish, 
1979)  is  reachable  in  practice.  To  minimize  this  problem,  plastic  surfaces  should  be 
located  where  substantial  charge  generation  cannot  occur  and  conducting  plastic 
materials  employed  wherever  possible. 

Glor  (1987),  in  agreement  with  Gibson  (1983),  states  that  within  the 
transport  pipe  the  charge  on  the  powder  is  not  hazardous  but  maintains  that 
incendive  sparks  or  brush  discharges  can  occur  due  to  charges  on  the  pipe  if  the  wall 
is  non-conducting  or  conducting  but  ungrounded.  In  addition,  a  grounded  conductive 
pipe  can  become  hazardous  if  covered  by  an  internal  coating  of  high  dielectric 
strength. 


The  charged  bulk  powder  after  passing  through  the  transport  pipe  becomes 
hazardous  in  a  pile  within  a  container.  Its  bulk  density  has  increased  over  that  in  the 
pipe  and  the  powder  is  now  charged.  If  the  particles  are  non-conducting,  the  charge 
will  be  retained  on  them  for  a  long  period  of  time  and  the  electrostatic  energy  within 
the  pile  will  present  a  hazard.  This  energy,  if  released  within  a  small  volume  by  an 
electrostatic  spark,  may  be  hot  enough  to  ignite  the  powder. 

Charges  can  leak  off  through  the  pile  by  conduction,  or  through  corona  or 
brush  discharges  which  neutralize  charge  through  highly  localized  air  breakdown 
followed  by  ionization  of  the  gas  (Jones  and  King,  1991).  If  the  conduction  is  modeled 
as  ohmic,  the  charge  relaxation  time  tr  =  <  Eq  Y  where  tc  is  the  dielectric  constant  Eq  is 
the  permittivity  of  free  space  and  y  is  the  bulk  resistivity  in  ohm-meters.  A 
relaxation  time  of  1  second  is  considered  safe.  Polymer  particles  such  as  polyethylene 
have  relaxation  times  of  the  order  of  10“*  seconds.  Charge  leakage  can  be  increased 
by  raising  the  humidity  above  about  60%  and  by  the  use  of  thin  grounded  metal  rods 
(<  3  mm  in  diamter)  which  promote  corona  discharges. 


E.  Electrostatic  force  on  a  particle 

Electrostatically  active  powders  such  a  starch  and  cabosil  can  produce  about 
103  pC  of  charge  per  kg  of  agitated  powder  (Eden,  1973).  For  a  20  pm  sphere  with  a 
density  of  3000  kg/m^,  he  calculates  the  charge  per  particle  as  about  10' C.  The 
electrostatic  force  between  the  particle  and  the  wall  is  1.43  x  lO**  N  which  is  116 
times  the  gravitational  force.  This  indicates  that  the  particle  will  stick  on  the  wall. 
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Face  of  arbitrary  orientation 


Notes:  0  =  0  is  face  1  whose  outward  drawn  normal  is  i 

0  =  0  is  the  face  of  arbitrary  orientation  whose  outward  drawn  normal  is  i 
0  =  71/2  is  face  4  in  Fig  1  b  whose  outward  drawn  normal  is  j 

Figure  la  Normal  and  Tangential  Stresses  in  Bulk  Powder  on  a  Plane  of  Arbitrary 
Orientation  through  a  Point  P(x,y) 


Fig  lb  Stresses  on  Element  of  Bulk  Powder  Oriented  Parallel 

and  Perpendicular  to  the  i  and  j  Coordinate  Axes 
Located  at  Point  P. 
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Fig  3  Fracture  Condition  at  Point  P  in  a  Bulk  Powder 
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ABSTRACT 

Smokes  or  fogs  (aerosol  clouds)  have  been  cleared  up  using  a  method 
based  on  electrostatic  precipitation  in  enclosed  chambers.  The 
visibility  of  the  smoke  or  fog  has  been  measured  as  a  function  of 
time  before  and  after  the  electrostatic  precipitation.  The  results 
show  that  electrostatic  precipitation  is  effective  in  clearing 
smokes  and  fogs  (aerosol  clouds) .  Further  work  is  needed  to  extend 
the  chamber  results  to  outdoor  field  tests. 

INTRODUCTION 

Some  major  accidents  generate  hazardous  smokes  or  fogs  (or  aerosol 
clouds)  which  decrease  visibility  and  thus  present  dangers.  These 
smokes  or  fogs  (aerosol  clouds)  need  to  be  cleared  up  quickly. 
Currently,  a  variety  of  approaches  exist  to  clear  the  smokes  or 
fogs  (aerosol  clouds) .  They  are  generally  classified  into  four 
categories:  1)  direct  removal  of  aerosol  particles  from  the  cloud, 
such  as  electrostatic  precipitation,  2)  coagulation  and  subsequent 
sedimentation,  such  as  various  agglomeration  methods,  3) 
evaporation  of  droplets  if  the  smoke  is  formed  by  liquid  aerosols, 
such  as  light  heating,  and  4)  dilution  of  smoke  or  aerosol  clouds. 
Among  these  four  general  approaches,  the  first  method  based  on 
electrostatic  precipitation,  is  considered  highly  effective  [1], 
[2].  Smoke  or  fog  clearing  experiments  in  enclosed  chambers  were 
conducted  using  electrostatic  precipitation  with  a  point  source 
corona  discharge. 
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EXPERIMENTAL 


The  experiments  were  conducted  in  a  chamber  of  13.4  M'  (3.4M  x  2 . IM 
X  1.9M)  for  red  phosphorous  smoke  (RP  smoke)  and  in  a  chamber  of 
0.7  m’  (1.2M  X  0.76M  X  0.76M)  for  a  fog  (liquid  aerosol).  The 
experimental  set  up  is  given  schematically  in  Figure  1.  The 
measurement  equipment  includes  a  helium-neon  laser  (A  =  633  nm)  at 
one  side  of  the  chamber  and  a  photodiode  at  the  other  side.  The 
laser  light  enters  from  one  side  of  the  chamber,  passes  through  the 
smoke  or  aerosol  cloud,  comes  out  from  the  other  side  and  there  is 
detected  by  the  photodiode.  The  intensity  of  transmitted  light  is 
quantified  and  fed  into  a  personal  computer  for  data  processing. 
A  corona  discharge  device  (a  point  source)  close  to  the  chamber 
wall  is  used  to  generate  ions  inside  the  chamber.  The  ions  collide 
with  and  attach  themselves  to  the  aerosols.  Then,  the  charged 
aerosols  drift  and  deposit  onto  the  walls  under  the  influence  of  an 
electrical  field  established  between  the  corona  discharge  point  and 
the  ground. 


CLEARING  OF  RED  PHOSPHOROUS  SMOKE 

The  red  phosphorous  smoke  is  generated  inside  the  chamber  by 
burning  approximately  1.4  gram  of  red  phosphor.  After  the  burning, 
the  chamber  is  filled  with  opaque  red  phosphorous  smoke  with 
transmissivity  about  20%.  A  mixing  fan  is  running  all  the  time 
throughout  the  experiments  to  keep  the  smoke  uniform  inside  the 
chamber.  The  smoke  transmissivity  increases  slowly  with  time, 
typically  at  a  rate  below  3%  over  loou  seconds,  due  to  coagulation. 
After  the  ions  are  introduced  in  the  chamber  by  corona  discharge 
(rate  of  input  electric  charge  is  43  fxA)  ,  the  smoke  precipitates 
dramatically  to  the  walls  under  the  influence  of  the  electric 
field.  This  is  evidenced  by  the  rise  of  smoke  transmissivity 
inside  the  chamber  and  directly  from  the  fact  that  the  wall  is 
covered  with  a  thin  layer  of  smoke  particles  after  the 
precipitation . 

The  result  is  given  in  Figure  2.  For  4  minute  long  introduc.tion  of 
ions  into  the  smoke  chamber,  the  light  transmissivity  of  the  smoke 
increases  from  23%  to  67%.  Ten  m.inutes  after  the  introduction,  the 
transmissivity  increases  to  over  80%.  For  2  minute  long 
introductions,  the  light  transmissivity  increases  from  21%  to  47%. 
Ten  minutes  after  the  introduction,  the  transmissivity  increases  to 
57% . 

CLEARING  OF  LIQUID  AEROSOLS  (FOG) 

Liquid  aerosols  (fog)  are  generated  by  the  evaporation  and 
condensation  of  a  water-based  glycol  mixture,  which  is  used  for  fog 
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generation.  A  ROSCO  fog  machine  [3]  is  used  in  the  experiments. 
A  fog  of  approximately  0.5%  transmissivity  is  generated  inside  the 
chamber  for  the  experiments.  The  electrical  corona  current  in 
electrostatic  precipitation  (rate  of  input  electrical  charge)  is 
varied  from  5  /iA  up  to  28  fj,k  while  transmissivity  of  the  smoke  in 
the  chamber  is  monitored  constantly  throughout  the  experiment. 

A  typical  plot  of  smoke  transmissivity  in  the  chamber  as  a  function 
of  time  is  given  in  Figure  3  for  I  =  10  mA.  An  expanded  view  of 
smcke  transmissivity  as  a  function  of  time  is  given  in  Figure  4. 
The  corona  discharge  starts  at  time  36.67  min.  and  ends  at  41.67 
min.  The  time  it  takes  to  clear  the  aerosol  cloud  in  the  chamber 
from  0.5%  to  90%  of  transmissivity  are  4.8  minutes  at  corona 
discharge  current  of  5  /iA,  3.0  minutes  at  10  /xA,  1.8  minutes  at  20 
/xA,  and  1.8  minutes  at  28  /xA, 
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Figure  2.  Transmissivity  vs.  Time 

•  Corona  discharge  begins  a!  time  zero 

•  For  Run  2,  the  corona  discharge  iasts  4  minutes 
<  For  Run  4,  the  corona  discharge  lasts  2  minutes 


28 


00%) 


Blank 


30 


METASTABLE  PHASES  IN  COMPRESSED  1-OCTADECANOL  MONOLAYERS 

ON  LEVITATED  WATERDROPS 


MARK  SEAVER  AND  GLENN  0.  RUBEL 


Code  6540,  Naval  Research  Lab,  Washington,  DC  20375 

and 

U.  S.  Army  Armament  Munitions  and  Chemical  Command,  CRDEC, 
Aberdeen  Proving  Ground,  MD  21010-5423 


RECENT  PUBLICATIONS  AND  PRESENTATIONS: 


Gas  Scavenging  of  Insoluble  Vapors:  Condensation  of  Methyl 
Salicylate  Vapor  onto  Evaporating  Drops  of  Water,  Mark  Seaver,  J. 
R.  Peele,  and  G.  0.  Rubel,  Atmos.  Environ.  26,  205  (1992) . 

Gas  Scavenging  of  Simulated  Pesticides  by  Evaporating  Water  Drops 
in  an  Acoustic  Levitation  Wind  Tunnel,  Mark  Seaver  and  J.  R. 

Peele,  in  "Precipitation  Scavenging  and  Atmosphere-Surface 
Exchange,  Vol .  1.",  S.  E.  Schwartz  and  W.  G.  N.  Slinn  eds . , 
(Hemisphere,  Washington,  1992).  p41. 

Evaporation  Kinetics  of  Ventilated  Waterdrops  Coated  with 
Octadecanol  Monolayers,  Mark  Seaver,  J.  R.  Peele,  T.  J.  Manuccia, 
G.  0.  Rubel,  and  George  Ritchie,  J.  Phys,  Chem.  96,  6389  (1992) . 

Remote  Thermometry  of  Evaporating  Water  Drops  as  an  Octadecanol 
Monolayer  Changes  Phase,  Mark  Seaver  and  J.  R.  Peele,  presented  at 
3rd  Conference  on  Laser  Applications  to  Chemical  Analysis,  Salt 
Lake  City,  UT .  Jan  26-29,  1992, 

Remote  thermometry  of  evaporating  water  drops  coated  with  fatty 
alcohol  monolayers,  George  Ritchie,  Mark  Seaver,  T.  J.  Manuccia, 
and  J.  R.  Peele,  presented  at  Laser  Electro-Optical  Society,  San 
Jose,  CA,  Nov,  3-6,  1991. 


ABSTRACT 


In  a  Langmuir  trough,  the  gas  to  liquid  condensed  (G/LC) 
phase  change  of  1-octadecanol  monolayers  occurs  near  0.220 
nm^/molecule .  This  phase  change  is  also  associated  with  a  dramatic 
reduction  in  the  transport  of  water  through  the  monolayer.  We  use 
0220nm2/molecule  and  the  initial  octadecanol  concentration  in  a 
drop  to  predict  the  surface  area  (Sp)  at  which  the  change  in 


31 


evaporation  rate  should  occur.  When  we  compare  our  measured 
values  for  the  surface  area  at  which  the  evaporation  rate  change 
occurs  (Sm)  with  Sp,  we  see  the  G/LC  phase  change  occur  at  S^/S^ 
values  between  0.1  and  0.3.  As  we  add  Eu^MEDTA)  at  concentrations 
between  1.0x10“^  and  2.0x10“''^  M,  we  see  the  ratios  rise 

asymptotically  to  0.6.  Increasing  the  initial  pH  of  a  drop  to  6.0 
reduces  S^/Sp  at  all  Eu (EDTA)  concentrations.  These  results  are 
accounted  for  in  terms  of  multilayers  of  octadecanol  on  the  drop 
surface  created  by  a  delayed  G/LC  phase  change,  and  heterogeneous 
nucleation  of  the  G/LC  phase  change  by  the  Eu(EDTA). 


INTRODUCTION 


Studies  of  monolayer  phases  and  their  effects  on  mass 
transport  are  usually  carried  out  with  a  Langmuir  trough,  The 

results  of  such  studies  are  reported  in  terms  of  surface  pressure^- 
area  (7C-A)  isotherms  and/or  monolayer  resistivities  (R)  .  The 
results  of  Costin  and  Barnes  link  the  resistivity  increase  in  a 
pure  octadecanol  monolayer  with  the  gas  to  liquid-condensed  (G/LC) 
phase  change^  which  occurs  at  A  values  near  0 . 220nm^/molecule ,  The 
study  by  Marsden  and  Schulman^  shows  that  fatty  alcohol  monolayers 
are  not  affected  by  pH  changes  between  pH=2-10. 

In  these  experiments ,  we  monitor  the  e vapor at ion  of  an 
acoustically  levitated  waterdrop  and  use  the  change  in  evaporation 
rate  to  pinpoint  the  G/LC  phase  change.  When  we  compare  the 
measured  drop  surface  area  at  the  G/LC  phase  change  with  that 
predicted  using  0 . 220nm^/mclecule,  we  find  that  the  phase  change 
occurs  at  surface  areas  that  are  1.5  to  10  times  smaller  than  the 
predicted  values.  We  also  find  that  this  number  varies 
asymptotically  with  Eu^"^(EDTA)  concentration  and  shows  a  pH 
dependence.  In  contrast  to  the  drop  results,  we  have  obtained  TC-A 
isotherms  for  octadecanol  on  pure  water  and  on  water  containing 
2.0x10“-^^  M  Eu(EDTA)  and  find  them  indistinguishable  from  the 
literature  results  . 


EXPERIMENTAL 


The  apparatus,  which  uses  an  acoustic  standing  wave  to 
levitate  --2m.m  diameter  drops  in  the  jet  of  a  wind  tunnel  has  been 
described  in  detail.^'  For  these  experiments  the  gas  jet  is  dry 
nitrogen  to  which  water  vapor  is  added  to  produce  '^30%  relative 
humidity.  The  gas  stream  temperature  is  20.3”C.  Production  and 
handling  of  the  stock  solutions  has  also  been  described 
previously.'  The  working  solutions  all  contain  1.2  mole-^^  ethanol, 
2.85xl0~--'  M  octadecanol,  and  F.u(EDTA)  between  0.0  and  2.0xl0-'5  M. 
Drops  are  placed  in  the  acoustic  trap  with  a  syringe.  Backlit 
drops  are  imaged  with  a  video  microscope  whose  output  is  digitized 
and  analyzed  at  specified  intervals  to  provide  drop  \olume  and 
surface  area  measurements. 
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RESULTS  AND  DISCUSSION 


Figure  1  illustrates  a  typical  drop  evaporation  history.  In 
this  figure,  we  see  a  drop  whose  evaporation  is  indistinguishable 
from  pure  water  for  the  first  750s.  At  that  time  a  sudden 
decrease  in  evaporation  rate  occurs.  The  Langmuir  trough  results 
suggest  that  this  change  in  evaporation  rate  corresponds  to  the 
G/LC  phase  change.  Thus,  we  associate  the  surface  area  measured 
at  this  time,  S,^,,  with  the  area  occupiea  by  the  octadecanol 
monolayer.  Since  the  number  of  octadecanol  molecules  in  this 
monolayer  will  depend  on  the  octadecanol  concentrau ion  and  the 
initial  drop  volume,  we  report  the  ratio  Sm/Sp,  which  is 
independent  of  our  experimental  parameters.  The  quantity  Sp  is 
calculated  from  the  octadecanol  concentration  in  the  working 
solution  (2.85x10-'''  M)  ,  the  initial  drop  volume,  and 
0 . 220nm'Vmolecule  . 

Figure  2  summarizes  the  drop  history  results.  Here  we  see 
that  the  Sr^/Sp  ratios  increase  with  Fu  (EDTA)  concentration  and  this 
increase  tends  toward  an  asymptote  near  0.60.  We  also  see  that 
increased  pH  produces  smaller  Sm/Sp  ratios  at  constant  Eu (EDTA) 
concentration  and  that  the  data  get  very  noisy  as  the  Eu (EDTA) 
concentration  vanishes . 

There  are  three  possible  interpretations  for  S^/Sp  ratios  less 
than  unity.  First,  ratios  less  than  one  suggest  that  less  than 
lOO'o  transfer  of  the  octadecanol  in  the  stock  solution  to  the  drop 
surface.  Such  would  be  the  case  if  octadecanol  "comes  out"  of 
solution  in  the  working  mixture  which  is  only  1.2  mole%  ethanol. 
This  explanation,  however,  does  not  account  for  the  dependence  in 
Sp./Sp  on  Eu(EDTA).  Another  possibility  is  that  the  Eu  (EDTA) 
increases  the  solubility  of  the  octadecanol.  Were  this  true,  we 
would  expect  a  decrease  in  S^/Sp  with  Eu (EDTA)  concentration. 
Additional  evidence  against  a  change  in  solubili.ty  comes  from  our 
TT-A  isotherm  measurements  on  ultrapure  water  and  on  2.0x10"^  M 
Eu (EDTA) /water .  For  both  substrates,  the  isotherms  are 
indistinguishable  from  the  results  of  Harkins  and  Copeland.''  The 
increase  in  S^/Sp  with  Eu(EDTA)  concentration  could  be  explained  if 
the  inorganic  complex  gets  incorporated  into  the  monolayer. 

However,  surface  tension  measurements  for  the  ultrapure  water  and 
the  2.0x10'-^  M  Eu(EDTA)  solution  give  72  and  71  dyne/cm^ 
respectively.  This  small  change  precludes  surface  activity. 

Also,  >21  Eu(EDTA)  in  the  monolayer  would  limit  the  evaporation 
rate  change  after  the  G/LC  phase  change.  We  see  no  increases  in 
the  final  evaporation  rates  when  drops  containing  Eu (EDTA)  are 
compared  with  drops  of  pure  water. 

The  second  explanation  postulates  the  formation  of 
octadecanol  micelles.  In  this  scenario,  the  G/LC  phase  change 
occurs  whenever  micelle  diffusion  has  brought  enough  octadecanol 
to  the  surface  to  produce  a  condensed  monolayer.  The  addition  of 
Eu (EDTA)  would  then  reduce  micelle  size  and  increase  the  micelle 
diffusion  rate.  Our  literature  searches  have  uncovered  no 
evidence  for  micelle  formation  by  fatty  alcohols. 
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The  final  hypothesis  is  that  the  G/LC  phase  change  requires 
nucleation.  In  a  levitated  drop  of  pure  water  there  are  no  walls 
or  barriers  to  help  orient  the  octadecanol  molecules  and  act  as 
heterogeneous  nucleation  sites.  Thus^  the  phase  change  is  delayed 
waiting  for  homogeneous  nucleation  events  and  we  build  up 
m.ultilayers  of  octadecanol  on  the  drop  surface  prior  to  the  phase 
change.  The  addition  of  Eu(EDTA)  provides  heterogeneous 
nucleation  sites  which  lie  below  rhe  surfactant  layer  and 
therefore,  expedite  the  G/LC  phase  change  without  effecting  the 
monolayer' s  transport  characteristics . 
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ABSTRACT 

The  problem  of  scattering  and  absorption  of  electromagnetic  radiation  by  particles  can  be  solved 
analytically  for  only  the  simplest  cases,  but  established  numerical  methods  allow  a  straightforward 
extension  to  particles  with  arbitrary  inhomogeneities,  arbitrary  shapes,  and  nonlinear  response.  In 
this  paper  a  recently  developed  frequency  domain  method  involving  CFD  techniques  is  reviewed 
and  applied  to  the  problem  of  a  dielectric  sphere  of  arbitrary  size  parameter.  Numerical  results 
showing  good  agreement  with  analytical  solutions  for  size  parameters  over  20  are  given.  Results 
obtained  suggest  that  finite  element  methods  have  promise  for  analytically  intractable 
scattering/absorption  problems  and  show  that  the  Debye  amplitude  formulation  of  the  problem 
offers  great  advantages  in  a  numerical  scher  and  that,  contrary  to  the  naive  view,  as  we  show 
here,  negligible  error  is  introduced  in  going  Loirt  the  Debye  amplitude  formulation  to  field 
observables  ,  such  as  the  source  function. 
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Mie  theory  exactly  describes  the  absorption  atid  scattering  of  a  plane  electromagnetic  wave 
by  an  isotropic,  dielectric  sphere  of  arbitrary  size  and  refractive  index'-^,  This  conceptually  simple 
analytical  solution  is  well  known,  but  it  involves  cumbersome  computations.  However,  many 
problems  of  interest  do  not  readily  admit  analytical  calculation.  If  a  systematic  numerical  rather  than 
an  analytical  approach  is  taken,  the  extension  to  particles  with  arbitrary  inhomogeneitics,  arbitrary 
shapes,  and  nonlinear  response  is  rpparent  since  the  general  governing  equations  and  the  solution 
technique  remain  unchanged. 

If  one  lakes  a  numerical  approach  to  solving  the  light  scattering  problen.,  the  extension  to 
particles  with  arbitrary  inhomogeneities  and  arbitrary  shapes  is  straightforward  since  the  governing 
equations  and  the  solution  technique  lemain  unchanged.  For  comparable  electromagnetic  wave 
scattering  problems  in  rad’o  and  microwave  engineering,  differential  methods  have  been  used 
predominantly  (Bates,  1975).  Finite  difference  methods  and  finite  element  methods  are  typical 
differential  solution  techniques,  and  both  can  be  applied  to  the  Maxwell  equations  in  their  time- 
domain  or  frequency-domain  form.  While  these  methods  have  been  applied  in  various  disciplines 
for  some  time  (Taflove,  1988;  Taflovc,  1975;  Taflove,  1989;  Umashankar,  1982;  Lynch,  1985; 
Lynch,  1990;  Kemer,  1986  ),  they  have  not  been  adapted  to  study  the  absorption  and  scattering  of 
light  by  small  particles. 

In  the  majority  of  past  work,  the  problems  have  been  solved  in  terms  of  the  vector  field 
variables  (K,H)  that  ate  oscillatory  in  nature  over  the  infinite  domain  of  the  scattering  problem. 
The  difficulty  of  modeling  these  oscillations  is  removed  in  this  study  by  reformulating  the  problem 
in  terms  of  the  Debye  amplitude  (DA)  functions  as  described  below.  Another  complication  in 
scattering  problems  is  the  treatment  of  the  particle  interface  and  the  determination  of  the  internal 
fields.  This  issue  has  been  considered  in  previous  time-domain  (Lynch,  1990)  and  frequency- 
domain  (Lynch,  1985)  solution  methods,  although  many  past  investigations  involved  perfect 
conductors  (no  internal  lields). 

The  preferential  use  of  frequency-domain  or  time-domain  methods  has  not  been 
established.  Frequency-domain  approaches  are  generally  .nore  accurate  and  require  less 
computation  time,  but  time-domain  methods  typically  require  less  memory  and  pennit  easier 
handling  of  material  interfaces  (Lynch,  1990;  Taflove,  1975).  In  this  study  the  frequency-domain 
Maxwell  equations  are  solved. 

The  advantage  of  finite  element  methods  over  finite  difference  techniques  lies  in  geometrical 
flexibility;;  finite  elements  can  better  handle  irregular  domains  (Lee,  1990).  Since  one  of  the 
goals  of  this  investigation  i;^  to  allow  for  the  extension  to  particles  of  arbitrary  shape,  a  finite 
element  method  is  used.  No  complete  finite  element  analysis  approach  to  this  problem  has  been 
published  previously  (cf.  Morgan  and  Mei,I979). 
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Pieviously  a  finite  difference  method  was  applied  to  the  problem  of  a  linearly  polarized 
plane  electromagnetic  wave  scattered  by  a  perfectly  conducting  sphered  The  results  demonstrated 
the  applicability  of  computational  fluid  dynamics  (CFD)  methods  to  the  basic  scattering  problem. 
This  work  differs  importantly  from  this  previous  work  in  that  the  finite  element  method  is 
consistently  applied,  and  we  use  Galerkin’s  fomiulation  to  the  whole  domain  of  calculation,  and 
dielectric  particles  are  considered.  Previously  Morgan  and  Mei  (1977)  used  a  hybrid  niCthod  with 
a  Fourier  expansion  of  the  fields  to  get  uial  functions  with  expansion  coefficients  found  by  their 
so-called  "unimoment"  method.  Theirs  is  not  a  true  finite  element  formulation  of  the  problem  and 
extension  of  their  method  may  not  be  straightforward  and  might  prove  to  be  problematic;  it  cannot 
apply  to  nonlinear  problems.  Our  true  finite  element  formulation  is  described,  followed  by 
presentation  of  results  of  comparisons  between  analytical  and  numerical  solutions. 

The  problem  to  be  solved  consists  of  a  plane  polarized  wave  incident  on  a  dielectric  particle; 
only  linear  scattering  is  considered.  Assuming  exp(-icot)  dependence  for  all  fields,  the  electric  and 
magnetic  fields,  E  and  H,  must  satisfy  the  vector  wave  equations  both  inside  and  outside  the 
particle,  with  a  requirement  that  the  tangential  components  of  E  and  H  must  be  continuous  across 
the  surface  of  the  particle^  and  the  Sommerfeld  radiation  condition^  requires  that  the  scattered  fields 
repre,sent  divergent  traveling  waves  as  r  oo. 

By  introducing  two  auxiliary  scalar  functions,  the  electric  and  magnetic  Debye  potentials,  u 
and  V,  in  the  usual  way^-5.6,  it  is  possible  to  reduce  the  vector  wave  equations  to  a  set  of 
uncoupled  scalar  wave  equations. 

Since  the  field  variables  are  oscillatory  in  nature  over  the  infinite  domain  it  is  advantageous 
to  reformulate  the  problem  once  again,  this  time  in  terms  of  a  generalized  amplitude  function  which 
eliminates  the  oscillations  due  to  the  incident  field^-  use  of  these  Debye  amplitude  functions(DAs) 
is  an  essential  step  in  a  numerical  approach.  Wwe  have  found  no  important  degradation  in 
accuracy  in  recalculating  the  field  observables,  such  as  for  example  the  source  function  .  By 
making  use  of  the  superposition  propeny  of  the  fields,  the  Debye  potentials  outside  the  particle  can 
be  decomposed  into  incident  and  scattered  components.  The  scattered  components  then  are  written 
as: 


u*  = 
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where  "I"  denotes  the  exterior  region  and  "H"will  denote  the  interior  region 
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/(r,0)  is  theDA.  Similar  expressions  can  be  written  for  the  potentials  inside  the  particle.  It  should 
be  noted  that  the  formulation  of  equations  (1)  and  (2)  inherently  restricts  one  to  the  consideration  of 
only  axisymmetric  problems.  For  asymmetric  cases  the  (]>  dependence  of  the  Debye  potentials  can 
not  be  factored  out  explicitly  and  one  must  solve  for/(r,0,  (])). 

By  substituting  equations  (1)  and  (2)  into  their  respective  scalar  wave  equation,  it  can  be 
shown  that  the  problem  to  be  solved  is 


The  boundary  conditions  are,  in  terms  of  / 1  and / 2: 
e/k'ren^n.g.k-reys^AL 

sin  0  (5) 


e/k'r  .  eik*!  =  JSw. 

sin  0  (6) 


and  the  radiation  condition  can  be  expressed  as 
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lim  3/ 1 


=  0 

r  — >00  3r 


lim  3/  2 
r  — >00  dr 


(10) 


Equations  (5)  through  (9)  are  formulated  for  a  spherical  particle,  with  radius  "a".  For  the  gene.^; 
asymmetric  problem,  equations  (5)  through  (9)  .itust  be  satisfied  at  all  (x,y)  on  the  particle  surface 
and  the  partial  derivatives  are  given  by  V/ •  n. 

The  system  of  equations  is  solved  numerically  on  a  Cray  Y-MP8/864  by  a  finite  element 
method  with  9-node  Lagrange  quadrilaterals^  using  the  subroutine  HCGBLE,  part  of  the  Boeing 
Computer  Services  mathematical  library  A  multiplier  method^®  is  used  to  enforce  the  jump  in 
solution  across  the  particle  boundary,  which  must  coincide  with  element  boundaries.  The  radiation 
boundary  condition  is  imposed  at  a  finite  artificial  surface  (r  «  «>)  with  good  accuracy  by  using  a 
second-order  approximation  to  the  Sommerfeld  condition’  Both  the  radiation  boundary  condition 
and  the  jump  in  flux  condition  are  incorporated  into  the  weak  formulation  of  the  differential 
equations. 

Initial  investigations  have  been  performed  for  a  linearly  polarized  plane  wave  with  a 
wavelength  of  10.591  pm,  incident  on  a  spherical  water  particle  that  has  a  refractive  index  of 
1 .179+0.07  li.  The  particle  was  isolated  and  surrounded  by  air,  assumed  to  have  a  refractive  index 
of  1.0.  Size  parameters  that  were  studied  range  from  2.97,  to  21,  which  correspond  to  water 
droplets  having  diameters  of  10.0  pm  to  -80.0  pm. 

Results  are  presented  for  the  70.0  pm  case  in  Fig.  1.  These  results  were  obtained  using  a 
26x45  uniform  mesh  having  a  maximum  grid  radius  of  twice  the  particle  radius  and  required  -55 
seconds  of  CPU  time  (including  output  time  for  results, with  a  code  that  has  not  been  fully 
vectorized)  to  determiiie  both/j  and /2  over  the  entire  domain.  Fig.  1  depicts  three-dimensional 
views  of  the  numerical  and  analytical  solutions  of  the  real  part  of /j.  In  these  graphs  the  incident 
wave  propagates  in  the  positive  z-direction,  from  the  left  foreground  to  the  right  rear.  The  particle 
is  centered  at  the  origin  which  is  at  the  center  of  the  plot,  and  the  x-  and  z-axes  show  distances  in 
micrometers.  By  comparing  the  top  and  bottom  pictures,  the  excellent  agreement  between  the  two 
solutions  can  be  seen.  Plots  of  the  imaginary  part  of  fj  and  the  real  and  imaginary  parts  of  f2  show 

similar  agreement. 

It  is  not  necessary  to  rely  on  subjective  impressions  of  agreement  between  exact  and 
numerical  solutions;  one  quantitative  measure  of  the  error  of  the  numerical  solution  over  its 
domain  is  given  by  the  mean-square,  or  L^,  norm’^,  which  is  defined  for  complex  functions  as 
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ABSTRACT 

The  existence  of  similarity  of  the  statistical  properties  of  the  fluctuations  of 
line  Integrated  Concentrations  (IC)  across  plumes  diffusing  in  grid-generated 
turbulence  is  reevaluated  using  new  data.  It  is  shown  that  the  lateral 
distributions  of  the  mean  values  of  IC,  as  well  as  those  of  the  relative 
fluctuations  and  of  the  autocorrelation  functions,  are  approximately  similar  at 
all  distances  from  the  source.  The  distributions  of  the  rms/mean  values  of  the 
fluctuations  and  those  of  the  intermittency  show,  however,  a  dependence  on  the 
distance  from  the  source,  but  appear  to  be  approximately  similar  in  the  range 
20  <  x/M  <  100  where  M  is  the  grid  mesh  size.  Based  on  these  new  data  and 
findings,  the  development  of  a  comprehensive  model  for  IC  fluctuation  is  planned. 


INTRODUCTION 

Interest  in  the  dynamics  of  obscuration  by  aerosol  plumes  have  led  the  authors 
to  undertake  a  series  of  systematic  studies  [1-5]  on  the  nature  of  line 
integrated  concentration  fluctuations  across  plumes  from  point  sources  diffusing 
in  shear  flows  and  in  grid-generated  turbulence.  Perhaps  the  most  surprising 
finding  of  these  studies  has  been  an  observed  approximate  similarity  of  the 
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statistical  properties  of  the  IC  fluctuations  in  the  range  20  <  x/M  <  100 
downwind  of  an  M  =  3  in.  grid.  The  main  goal  of  this  investigation  was  to 
further  explore  the  existence  of  similarity  of  the  statistical  properties  of 
integrated  concentration  fluctuations  across  plumes  and  to  provide  new  data  for 
the  planned  future  development  of  an  extensive  model  of  IC  fluctuations. 


TYPICAL  RESULTS 

From  measurements  of  IC  downwind  of  a  2  in.  grid  and  a  14  in.  grid,  the 
dimensionless  parameter  IC*  =  IC  U  M/Q,  where  Q  is  the  strength  of  the  source  and 
U  in  the  m|an  velocity,  was  calculated.  The  lateral  distributions  of  its  mean 
value,  ICM  {yj,  at  different  distances  were  found  to  be  closely  Gaussian: 
ICM*(y)  =  ICM*(0)  exp[-yv(2a^)],  where  a(x)  is  the  lateral  length  scale  of  the 
mean  plume. 

Typical  variations  of  IC*  versus  the  dimensionless  time  T*  =  tU/M,  at 
approximately  the  centerline  of  the  plume  are  shown  in  Figure  1.  The  figure 
depicts  the  increase  of  the  time  scale  of  the  fluctuations  with  the  distance. 
Typical  probability  distribution  functions  P(a),  which  describe  the  probability 
that  the  ratio  of  the  instantaneous  value  of  IC  to  its  mean  is  larger  than  a 
given  value  a,  along  the  centerline  of  the  plume  are  plotted  in  Figure  2.  They 
show  that  the  IC  fluctuations  at  different  distances  are  net  similar.  However, 
it  is  observed  that  at  large  distances  from  the  source,  the  effect  of  the 
distance  becomes  milder.  For  example,  the  P(a)  curves  at  x/M  =  36  and  102  are 
very  close  to  each  other. 

Figure  3  shows  the  values  of  the  intermittencies  7  for  the  measurements  downwind 
of  the  14  in.  grid  and  downwind  of  the  3  in.  grid.  It  appears  from  the  data  that 
the  distributions  of  7  at  x/M  =  2.07,  4.215  and  8.43  are  approximately  similar. 
The  distributions  of  7  at  x/M  =  36  -  102  downwind  of  the  3  in.  grid  are  also 
similar  but  much  larger,  and  for  y/a  <  1  the  value  of  7  in  this  range  is  about 
1.  The  measurements  at  x/M  =  17  downwind  of  the  14  in.  grid  and  those  at  x/M  * 
20  downwind  of  the  3  in.  grid  are  quite  scattered  but  appear,  on  the  average,  to 
be  closer  to  those  measured  at  larger  values  of  x/M. 

The  distributions  of  the  relative  rms  values  of  the  fluctuations  of  the 
integrated  concentrations,  ic*' {y/a)/ic*' (0) ,  at  different  distances  from  the 
source,  are  shown  in  Figure  4.  The  data  exhibit  \  close  similarity  of  the 
relative  rms  values.  The  distributions  of  ic*VICM  ,  however,  were  found  to 
depend  on  the  distance. 

Of^great  interest  are  the  autocorrelation  function  R(t)  of  the  fluctuations  of 
IC  where  t  is  the  time  difference.  Its  value  for  R(0)  is  always  1  and  its  limit 
for  large  r  is  zero.  Figure  5  shows  the  distributions  of  R  at  the  centerline  of 
the  plume  plotted  versus  the  dimensionless  time  rU/a.  The  figure  demonstrates 
a  remarkable  similarity  of  the  autocorrelation  function  at  all  distances,  except 
at  x/M  =  2.07.  It  indicates  that  the  time  scale  of  the  fluctuations  at  all 
distances  is  proportional  to  a/U,  namely  to  the  time  that  a  fluid  parcel  with  a 
longitudinal  dimension  of  o  passes  a  stationary  point. 
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DISCUSSION 


Similarity  of  dispersing  plumes  in  turbulent  flows  is  defined  as  the  existence 
of  similar  dimensionless  cross-wind  distributions  of  the  statistical  properties 
of  the  concentration  field  at  different  distances  which  are  independent  of  the 
distance  from  the  source  of  the  plume.  Different  levels  of  similarity  may  exist, 
from  a  similarity  which  is  limited  to  the  mean  values  of  the  concentration  fieri, 
to  a  similarity  of  all  the  statistical  properties  of  the  fluctuating 
concentration  field. 

The  existence  and  the  level  of  similarity  is  of  great  theoretical  and  practical 
significance.  Its  theoretical  significance  is  that  it  exhibits  a  moving 
equilibrium  of  the  flow  of  the  diffusing  plume,  in  which  the  conditions  upstream 
are  mostly  irrelevant,  so  that  dimensionless  distributions  based  on  local 
velocity  and  length  scales  are  similar  or  self  preserving  [6].  It  also  indicates 
that  the  various  turbulent  processes,  which  are  expressed  by  the  various  terms 
in  the  equation  for  the  mean  and  fluctuating  quantities,  are  in  equilibrium.  The 
practical  importance  of  similarity  is  that  it  permits  formulation  of  simple 
prediction  models.  The  advantage  of  such  models  is  so  great  that  a  similar 
(Gaussian)  model  has  been  adopted  for  use  in  most  air-pollution  models,  even 
though  it  is  well  recognized  that  the  vertical  mean  concentration  distributions 
in  most  cases  are  not  similar  and  depend  on  the  distance  from  the  source. 

When  analyzing  the  dynamics  of  plumes  diffusing  in  turbulent  flow,  one  may 
distinguish  between  an  instantaneous  plume  (typical  lateral  length  scale  a,)  and 
a  mean  plume  (typical  length  scale  a).  The  fluctuations  of  the  concentrations 
at  a  point  are  viewed  to  be  a  result  of  the  meandering  of  the  instantaneous  plume 
and  the  concentration  fluctuations  within  the  instantaneous  plume.  A  similarity 
of  concentration  fluctuations  within  a  certain  range  implies  that  the  ratio  a,/o 
remains  constant  within  that  range.  Theoretical  considerations  [7]  suggest  that 
Oj  and  o  grow  at  different  rates  at  different  distances  from  the  source,  and  that 
tne  relative  role  of  the  meandering  reduces  with  the  distance.  Very  close  to  the 
source,  at  least  for  ideally  small  sources,  the  fluctuations  are  primarily  due 
to  meandering  caused  by  relatively  large  eddies.  At  very  large  distances,  when 
the  size  of  the  instantaneous  source  becomes  large  compared  to  the  size  of  the 
turbulent  eddies  in  the  flow,  the  effect  of  meandering  decreases,  the  ratio  ajo 
approaches  one,  and  the  relative  magnitude  of  the  fluctuations  decrease. 

Indeed,  the  measurements  reported  are  consistent  with  such  a  model.  The  measured 
values  of  7  are  smaller  at  small  distances  from  the  source.  As  seen  from  Figure 
3,  the  value  of  7  at  the  center  of  the  plume  in  the  range  2.0  <  x/M  <  4  is  about 
0.75.  Namely,  for  25%  of  the  time  the  entire  plume  was  at  either  side  of  the 
centerline  of  the  plume.  At  larger  distances  from  the  source,  x/M  >  20,  7  was 
1  at  the  entire  central  region  of  the  mean  plume  -  1  <  y/o  <  1,  and  intermittency 
due  to  meandering  was  noticed  only  at  the  edges  of  the  plume.  Clearly,  this 
observation  indicates  that  the  fluctuations  near  the  source  are  primarily  due  to 
the  meandering  of  the  instantaneous  plume.  It  also  indicates  that  the  average 
ratio  of  a  Jo  increases  with  the  distance  from  the  source  and  stays  approximately 
constant  for  20  <  x/M  <  100. 

Now,  in  spite  of  the  lack  of  similarity  of  the  probability  density  distributions 
of  the  IC  fluctuations,  the  measurements  exhibit  a  universal  similarity  of  a  few 
functions  of  the  fluctuations.  First,  the  distributions  of  the  mean  values 
ICM(y)  are  always  similar  and  can  be  described  by  a  Gaussian  function.  Then,  the 
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distributions  of  the  rms  of  the  fluctuations  at  all  stations  appear  to  be  similar 
(Figure^2).  On  the  other  hand,  the  distributions  ot  the  ratio  of  the  rms  to  the 
mean  ic  '/ICM  ,  was  found  to  depend  on  the  distance.  These  findings  suggest  that 
for  x/M  >  20,  some  of  the  instantaneous  plumes  are  close  to  the  size  of  the  mean 
plume.  Thus,  they  increase  the  mean  value  of  IC  without  contributing  to  the  rms 
of  the  fluctuations. 

It  was  also  surprising  to  find  that  in  spite  of  the  absence  of  similarity,  the 
autocorrelations  at  all  stations,  except  very  very  close  to  the  source,  were 
proportional  to  the  local  length  scale  a  and  similar  to  each  other.  Since  R(t) 
is  based  on  the  correlation  of  the  fluctuations,  namely  the  deviations  from  the 
mean,  the  result  is  consistent  with  the  existence  of  similarity  of  the  rms  values 
of  the  fluctuations. 

We  have  concluded  earlier  that  the  autocorrelation  curves  suggest  that  the 
instantaneous  plume  disintegrates  into  patches  with  relatively  high 
concentrations  separated  by  entrained  air  with  zero  or  small  concentrations.  The 
similar  autocorrelation  curves  indicate  that  these  patches  pass  a  given  line 
normal  to  the  flow  within  a  period  of  the  order  of  2  a/U,  at  all  distances  from 
the  sources.  This  observation  also  suggests  that  the  break  up  of  the 
instantaneous  plume  is  caused  by  relatively  large  eddies,  which  also  determine 
the  meandering  of  the  plume  and  its  mean  size.  The  dominant  role  of  the  large 
eddies  in  determining  the  meandering,  or  equivalently,  the  breakup  of  the 
instantaneous  plume  and  its  diffusion,  is  probably  the  reason  for  the  observed 
similarity  between  the  fluctuations  of  the  Vertical  Integrated  Concentration 
across  plumes  diffusing  in  a  boundary- layer  flow  and  the  fluctuation  of  IC  across 
plumes  diffusing  in  grid-generated  turbulence  [4]. 

Clearly,  the  investigation  has  yielded  a  detailed  view  of  both  the  dispersion 
process  and  the  characteristics  of  the  fluctuations  of  integrated  concentrations 
across  plumes.  Hopefully,  a  relatively  simple  model  could  be  developed,  using 
the  data  collected  in  this  research,  which  would  describe  the  dynamics  of  plumes 
diffusing  in  different  types  of  flows.  A  development  of  such  a  model  is  planned. 


REFERENCES 

1.  Poreh,  M.  and  Cermak,  J.  E.  (1987),  "Experimental  study  of  aerosol  plume 

dynamics.  Part  III:  Wind  tunnel  simulation  of  vertical  integrated 

concentration  fluctuations,"  CSU  Report  No.  CER87-88MP-JEC4. 

2.  Poreh,  M.,  Hadad,  A.  and  Cermak,  J.  E.  (1990),  "Fluctuations  of  visibility 

through  a  ground  level  aerosol  plume,"  Presented  at  the  Ninth  Symposium  on 
Turbulence  and  Diffusion,  Roskilde,  Denmark,  30  April  -  1  May  1990,  published 
by  the  American  Meteorological  Society,  Boston,  MA. 

3.  Poreh,  M.,  Hadad,  A.  and  Cermak,  J.  E.  (1991),  "Fluctuations  of  line 

integrated  concentrations  across  a  plume  diffusing  in  grid-generated 
turbulence,"  Final  Report  for  U.S.  Department  of  the  Army,  Aberdeen  Proving 
Ground,  MD,  October,  1991,  CER91-92MP-AH-JEC2. 

4.  Poreh,  M.,  Hadad,  A.  and  Cermak,  J.  E.  (1991),  "Fluctuations  of  line 

integrated  concentrations  across  plumes  diffusing  in  grid-generated 
turbulence  and  shear  flows,"  Presented  at  the  Ohalo  Conference,  October  1991. 
To  be  published  in  "Transport  and  Diffusion  in  Turbulent  Flows,"  Kluwer 
Academic  Publ ishers. 


50 


5.  Poreh,  M.  and  Cermak,  J.  E.  (1992),  "Statistical  properties  and  similarity 
of  line  integrated  concentration  fluctuations  across  plures  diffusing  in 
grid-generated  turbulence,"  CSU  Report  No.  CER92-93MP-JEC3. 

6.  Townsend,  A.  A.  (1975),  The  structure  of  turbulent  shear  flow,  2nd  Edition, 
Cambridge  University  Press. 

7.  Hinze,  J.  0.  (1975),  Turbulence,  2nd  Edition,  McC»'aw  Hill. 


Figure  1. 


U 


O 


o 


Grid  14* 

.  . "T" . . 

II 

ii  ii 

JiJ 

wm 

Grid  14* 


Grid  3* 


Grid  3* 


OfkJS* 


x/M-2.07 
y/a.O  13 
ICM*-.1.01 
rms«1  13 


x/M-4.215 
y/o-0.10 
ICM*-0  56 
rms-0  68 


x/M-e.43 

y/OC.03 

ICM‘^0.32 

rms«0.36 


x/M-20 
y/ 0-0.09 
ICM*.1.03 
fms-0.66 


X/M-36 

y/0.0.35 

ICM*.0.62 

rms-0.36 


x/M-102 

y/0»O.36 

lCM*-0.35 

rms«0.18 


Typical  IC*  fluctuations  near  the  center  of  the  plume  at  different 
distances  downstream  of  the  source  (M  =  14  in.). 


51 


0  1  2  3  4  5 

a 

Figure  2.  Typical  distributions  of  the  probability  that  IC’/ICM*  exceeds  the 
value  a  near  the  centerline  of  the  plume  at  different  distances 
from  the  source. 
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Figure  3.  Lateral  distribution  of  the  intermittency  y. 
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ABSTRACT 

The  fractal  properties  of  integrated  concentration  fluctuations  across  a  plume 
diffusing  in  grid-generated  turbulence  are  analyzed.  Two  regions  are  identified 
in  which  a  fractal  process  and  a  subfractal  process  of  fluctuations  exist, 
respectively.  It  is  planned  to  compare  the  singularity  spectrum  and  the  fractal 
dimensions  of  simultaneous  records  of  velocity  and  integrated  concentration 
fluctuations  and  to  simulate  numerically  the  diffusion  iii  a  fractal  velocity 
field. 


INTRODUCTION 

The  fluctuations  of  physical  properties  in  turbulent  flows,  such  as  local 
velocities,  concentrations  at  a  point  or  integrated  concentrations  along  a  line 
in  space,  are  an  inherent  part  of  such  flows  and  of  great  interest  in  .many 
applications.  Since  turbulence  has  been  shown  to  exhibit  properties  of  fractals 
(Mandelbrott,  1974),  fractal  analysis  has  been  used  to  explore  measurements  of 
such  fluctuations  in  order  to  gain  new  insight  and  better  understanding  of  their 
nature.  Fractal  analysis  derives  parameters  which  are  related  to  the  geometry 
of  the  fluctuating  signals,  such  as  the  Fractal  Dimension  Dj,,  and  has  thus  been 
used  to  study  cloud  structure,  flame  surfaces  and  velocity  and  concentration  time 
series.  In  cases  where  the  energy  spectrum  of  time  series  is  described  by  a 
power  law  with  an  exponent  the  value  of  ^  can  be  related  through  a  singularity 
spectrum  to  the  fractal  dimension.  Special  attention  was  given  to  the 
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multifractal  nature  of  energy  dissipation  rate  (Meneveau  and  Sreenivasan,  1987) 
and  scalar  dissipation  rate  (Prasad  et  al . ,  1988)  in  various  turbulent  flows, 
using  the  formalism  of  the  singularity  spectrum  f{a)  that  was  suggested  by  Halsey 
et  al.  (1986). 

Recently,  Stiassnie  (1991)  proposed  a  somewhat  different  formulation  of  a 
singularity  spectrum,  which  is  designated  by  F(a).  For  a  fluctuating  signal 
y(t),  the  value  of  a,  the  singularity  strength,  is  associated  with  the  rate  at 
which  the  derivative  of  the  signal  tends  to  infinity.  For  a  turbulent  signal  one 
expects  y(t)  to  have  different  values  of  a  at  different  times.  Thus,  y(t)  may 
be  viewed  as  a  union  of  an  infinite  number  of  subsets,  each  having  a  typical 
singularity  strength  a  with  a  singularity  spectrum  F(a).  The  Fractal  Dimension 
Djj,  is  related  to  F(oi)  by 

Db  =  1  -  a,  +  F(ai),  (1) 

where  a,  may  be  defined  by  F'(ai)  =  1. 

A  multifractal  process  is  an  indication  of  spectral  density  power  law  k'^,  and 
it  can  be  shown  that  the  spectral  exponent  ^  is  related  to  F(a,)  by 

=  3  -  2D,  +  2F(ai).  (2) 


ANALYSIS  OF  INTEGRATED  CONCENTRATION  FLUCTUATIONS 

We  have  examined  measurements  of  Vertically  Integrated  Concentrations  (VIC) 
across  a  plume  from  a  continuous  point  source  diffusing  in  grid-generated 
turbulence  (Poreh  et  al . ,  1990). 

A  significant  length  scale  of  the  dispersing  plume  is  its  lateral  length  scale, 
Oy.  As  shown  by  Poreh  et  al .  (1990),  the  fluctuating  VIC  signal  exhibits  an 
approximate  similarity,  within  a  large  range  of  distances  from  the  source. 
Namely,  its  statistical  properties  are  functions  of  y/o^,  and  practically 
independent  of  the  distance. 

Figure  1  shows  the  dimensionless  spectral  energy  density  of  the  VIC  fluctuations 
S*  =  S(n)U/[a^j.ay] ,  where  S{n)  is  the  spectral  energy  density  plotted  versus  m* 

=  naVU.  The  spectral  energy  distribution  suggests  that  the  VIC  spectrum  is 
characterized  by  two  regions.  The  transition  between  the  two  regions  is  around 
m*  =  noyu  =1.  In  Region  II,  which  corresponds  to  length  scales  between  about 
a  and  ba^  (0.2  <  n*  <  1),  one  finds  a  negative  spectral  exponent  close  to  5/3, 
similar  to  what  is  usually  obtained  in  records  of  velocities  and  concentrations 
in  the  inertial  subrange  and  between  some  bounds  of  wave  numbers  in  measurements 
of  cross-wind  integrated  concentrations  of  plumes  in  the  atmospheric  boundary 
layer  by  Bowers  and  Black  (1985).  The  energy  spectrum  for  these  measurements  was 
calculated  by  Hanna  and  Insley  (1989).  In  Region  I,  that  corresponds  to  length 
scales  between  0.3o  (which  corresponds  to  the  Nyquist  frequency  of  the 
measurement,  and  which  is  longer  than  both  the  IR  beam  diameter  and  the  smallest 
eddy  in  the  field)  and  a  ,  one  observes  a  spectral  exponent  of  l)/3.  One  may 
conclude  that  in  Region  II,  the  spectral  density  of  VIC  fluctuations  is  the  same 
as  that  of  the  concentration  fluctuations  at  a  point,  since  the  line  of 
integration  crosses  at  each  instant  only  one  large  eddy.  In  Region  I,  on  the 
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other  hand,  the  integration  of  the  point  concentrations  with  a  spectral  exponent 
5/3  law  is  the  cause  for  an  attenuation  of  the  spectral  exponent  to  a  (5/3+2) 
law. 

As  noted  earlier,  a  spectral  power  law  is  an  indication  of  a  fractal  nature.  If 
our  VIC  record  would  have  been  a  monofractal  set,  we  would  expect  it  to  have  a 
fractal  dimension  of  D  =  (5  +  ^)/2,  which  yields  a  value  of  2/3  in  the  Region  I, 
ana  a  value  of  5/3  in  the  Region  II.  Similarly,  one  expects  in  our  case  to  have 
a  singularity  or  Lipschitz-Hblder  (L-H)  exponent  -a  =  2  -  D  which  yields  values 
of  4/3  in  Region  I,  and  1/3  in  Region  II.  But,  since  our  VIC  records  are 
embedded  in  a  two-dimensional  space,  its  fractal  dimension  must  be  limited 
between  the  limits  1  and  2,  and  its  L-H  exponent  between  0  and  1.  Thus,  we 
conclude  that  the  process  in  Region  I  is  subfractal,  whereas  the  process  in 
Region  II  is  fractal. 

Independent  fractal  analysis  of  the  same  signal  shows  that  the  fractal  nature  of 
the  VIC  fluctuations  corresponding  to  Region  II  is  characterized  by  =  1.62 
(±0.03),  =  0.343,  F(Oi)  =  0.963  and,  according  to  Eq.  (2),  P  =  1.693,  which 
is  very  close  to  the  value  of  fi  =  5/3  =  1.667. 


DISCUSSION 

Analysis  of  VIC  fluctuations  across  a  plume  diffusing  in  grid-generated 
turbulence  identifies  two  subdomains.  The  first  is  related  to  integrated 
concentration  fluctuations  and  may  be  described  as  a  subfractal  process,  whereas 
tiie  second  one  is  related  to  point  concentration  fluctuations  and  may  be 
described  as  a  fractal  process. 

Our  analysis  indicates  that  the  VIC  fluctuations,  in  the  range  where  they  also 
describe  concentration  fluctuations,  are  multifractal  and  singular  everywhere. 
These  conclusions  were  derived  from  the  singularity  spectrum  F(a)  of  the  record. 
The  F(a)  spectrum  is  related  to  the  scaling  properties  of  the  "statistical 
moments."  The  first  two  "moments"  are  related  to  the  fractal  box-dimension  and 
to  the  spectral  exponent,  respectively.  For  the  given  VIC  record,  in  the  range 
which  reflects  concentration  fluctuations,  we  found  that  D.  •=  1.62  ±  0.03  and 
P  =  1,69.  These  values  are  in  agreement  with  the  corresponcTing  results  from  the 
box-counting  algorithm  and  from  spectral  analysis. 

Figure  2  shows  the  singularity  spectrum  f(a)  for  the  VIC  data  together  with 
spectra  of  other  turbulent  variables  in  different  flows.  It  shows  that  the 
calculated  f(o;)  curves  for  VIC  are  more  similar  to  the  corresponding  curves  of 
velocity  fluctuations,  than  with  those  of  passive  scalar  fluctuations. 

In  the  future  we  plan  to  compare  F(a)  curves  from  simultaneous  records  of 
velocity  and  VIC  fluctuations.  This  will  give  a  better  understanding  of  the 
scaling  nature  of  turbulent  fluctuations  in  general  and  of  passive  scalar 
fluctuations  in  particular.  It  is  also  planned  to  simulate  numerically  the 
diffusion  of  particles  in  a  fractal  velocity  field. 
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FIGURL  J.  DIMENSIONLESS  SPECTRAL  ENERGY  DENSITY  OF  THE  VIC  FLUCTUATIONS  (7 
SETS  OF  1024  SAMPLING  POINTS  EACH). 


FIGURE  2.  MEASURED  SINGULARITY  SPECTRA  OF  THE  DISSIPATION  RATE. 

( - )  Velocity  time  series  (Meneveau  and  Sreenivasan,  1987), 

( - )  Spatial  instantaneous  concentrations  (Prasad  et.  al.,  1988), 

(  0  )  Temperature  time  series  (Prasad  et  al.,  1988),  and 
(  □  )  VIC  fluctuations  in  Region  II. 
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ABSTRACr 


The  Center  for  Elcctro-optics  and  electrical  engineering  department,  at  the  University  of 
Nebrajska-Lincoln  recently  acquired  from  TMA  (Tooinay,  Mathis,  and  Associates)  a  TASC  (True  Angle 
Scatter  Coordinate  system)  optical,  polarimetric  scatteroineter.  This  instrument  measures  the  4x4 
Mueller  (Stokes)  matrix  as  well  as  the  Bidirectional  Ileflective  Distriliulion  Functions  (BRDF)  that 
completely  characterize  scattered  light  reflected  from  or  transmitted  through  electromagnetic  media 
with  irregular  boundaries.  The  incident  and  scatter  directions  ran  be  chosen  arbitrarily  in  4;r. 


FUTURE  WORK 


The  scat terome ter  in  conjunction  with  a  scanning  tunneling/atomic  force  microscope  will  be 
used  to  validate  different  analytical/numerical  solutions  to  a  broad  class  of  electromagnetic  scattering 
problems  by  relating  electromagnetic  scattering  data  to  ground  truth  measurements  in  controlled 
laboratory  experiments. 


1.  INTRODUCTION 

The  Stokes  vector  polarmetrically  characlorizcs  llght^’^.  The  Mueller  matrix  relates  the 
incident  Stokes  vector  to  the  scattered  Stokes  vector.  In  inost  applications  of  ligiit  scatter  only  a  few 
elements  of  the  Mueller  matrix  are  used  to  determine  how  light  is  modified  ui)on  int.eraction  with 
electromagnetic  material.  For  example,  in  ellipsomelry'^  only  the  relative  intensity  and  the  relative 
phase  of  the  vertically  and  horizontally  polarized  specularly  reflected  light  arc  measured,  and  usually  in 
remote  sensing  only  the  four  components  of  the  modified  Mueller  mnlrix  tiiaf  relate  to  the  vertically 
and  horizontally  polarized  intensities  are  retained. 

The  TASC  instrument  produces  six  incident  Stokes  vectors  and  measures  six  corresponding 
reflected/transmitted  Stokes  vectors.  Througli  combinations  of  these  mea,surements  all  sixteen 
elements  of  the  Mueller  matrix  are  determined,  the  edundancy  in  the  number  of  measurements  is  used 
to  minimize  errors.  One  of  the  unique  aspects  of  this  instrument  is  that  the  receiver  can  be  rotated  in 
and  out  of  the  plane  of  incidence  (defined  by  the  incident  electromagnetic  wave  vector  and  the  normal 
to  the  mean  surface).  Thus  bi.static  measurements  can  be  made  in  47r.  Two  coherent  light  sources 
(A  =  0.6328  /im  and  A  =  1.063  /zm)  are  currently  used  in  the  operation  of  the  scatterometer.  The 
instrument  can  be  retrofitted  to  include  additional  light  sources. 


2.  SYSTEM  DESCRIPTION^ 


The  system  is  designed  such  tliat  the  transmitter  can  rotate  in  an  arc  in  a  vortical  plane  wliile 
the  receiver  can  rotate  in  both  vertical  plane.s  and  liorizontal  i)lanes  (with  res])ect  to  the  mean  plane  of 
the  sample).  The  sample  is  at  a  distance  of  50  cm  from  the  receiver.  It  is  ezriented  such  that  the 
normal  to  the  mean  plane  of  the  sample  is  along  the  /-axis  (see  Figure  1).  Tlie  sample  holder  can 
rotate  the  sample  in  the  x~y  plane  to  vary  the  aziinntli  angle  ((//)  of  the  incident  wave  vector. 
Variation  of  the  incident  wave  vector  in  the  y-z  platie  (0  <  <  -f  13*5  witli  resj>ect  to  t  lie  /-axis, 

Figure  2)  is  achieved  by  rotating  the  optical  table  on  whicii  the  sources  are  mounted.  I'lie  receiver  (in 
the  .scattered  direction)  can  rotate  in  an  180'  arc  (measured  fiann  the  z^axis),  rhus  t.he  z-.levation  angle 
(<?*')  of  the  scattered  wave  vector  is  varied.  Tlie  receiver  is  rotated  in  lUv.  \~y  ])laiie  by  the  receiver  arm 
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rotating  in  a  180'  arc  around  tlie  z-axis,  thus  the  azinuilli  anul^’  (O-^)  of‘  tin*  scattered  wave  vector  is 
varied.  The  sources  are  aligned  such  tiiat  the  beams  have  a  common  path  upon  exiting  the  beam 
combiner  (Figure  3).  The  system  is  currently  excited  by  2  laser  sources  (see  Table  I), 


source  #1 

source  #2 

Laser  type: 

lleNe 

Nd:Yag 

Wavelength  (/im): 

0.C328 

1.063 

Power,  mW  (CW):1 

7 

10 

Table  1.  Laser  sources. 


Upon  transmission  tlirough  the  beam  combiner,  the  beam  encounters  a  calcite  polarizer  which 
is  used  to  set  the  polarizatiop.  state  of  the  beam  before  it  enters  the  source  polarization  optics.  The 
beam  is  chopped  (by  an  AC  synclironous  motor  turning  fan-like  blades)  in  order  to  detect  the  scattered 
signal.  The  beam  is  partially  deflected  to  a  reference  detector  to  account  for  laser  power  fluctuations. 
This  reference  power  is  also  used  as  a  synchronizing  signal  for  the  lock-in  amplifier  of  the  receiver. 
Upon  reflection  from  the  combined  beam  turning  mirror,  the  laser  beam  is  directed  into  the  source 
polarization  optic  components.  These  components  include  a  halfwave  plate  and  a  quarterwave  plate. 
They  are  mounted  in  rotary  stages  that  are  computer  controlled.  Each  laser  beam  has  its  own  set  of 
source  polarization  optics.  The  source  polarization  optics  are  controlled  co  produce  six  different 
polarization  states:  Vertical  (p  or  electric  field  parallel  to  the  plane  of  incidence),  Horizontal  (s  or 
electric  field  perpendicular  to  tlie  plane  of  incidence),  Right  circular,  Left  circular,  linear  polarizations 
+45*  and  -45*  with  respect  to  the  plane  of  incidence.  After  the  desired  polarization  state  is  generated 
the  beam  is  passed  through  the  optical  table  and  down  towards  the  sample  (see  Figure  2). 

Mounted  on  the  receiver  arm  is  the  receiver  assembly.  Tliis  assembly  consists  of  a  quarterwave 
plate,  a  polarizer,  a  preamplifier,  and  a  detector.  The  detectors  for  both  wavelengths  are  made  of 
silicon.  They  consist  of  filters  and  other  optical  components  which  enh.ance  operation  at  the  selected 
wavelength.  The  receiver  polarizer  and  quarterwave  plate  are  mounted  in  rotary  stages  that  are  similar 
to  those  of  the  source  polarization  optics.  Tliis  allows  for  computer  control  of  the  receiver  polarization 
(the  same  six  polarization  states  as  for  the  transmitter).  The  whole  system  is  controlled  by  a  software 
package.  The  motorized  stages  currently  operational  in  this  machine  are: 

Source  components: 

halfwave  plate 
source  quarterwave 
source  incident  angle 
Recei  /er  components: 

quarterwave  plate 
halfwave  plate 

receiver  scattered  angle  (elevation) 
receiver  scatter  plane  (azimuth) 

Additional  optional  computer  operated  components  consist  of;  sample  xy  and  z  translation, 
beam  expansion,  beam  focus,  and  sample  rotation.  The  instrument  has  the  ability  to  operate  in  the 
retro  (backscatter)  mode  by  replacing  the  mirror  that  directs  the  laser  beam  down  to  the  sample  by  a 
beam  splitter  (see  Figure  3).  The  backscatter  mode  is  the  mode  of  operation  most  commonly 
a.ssociated  with  active  remote  sensing. 
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3.  SAMPLE  MEASUREMENl'S 


Figures  4a  and  4b  show  scans  of  the  incident  beams  with  a  receivtn  aperture  of  1.07  uini. 
From  these  scaii.s  we  estimate  that  the  beam  diameters  are: 


widtii 

N(J:Yag 

lleNc 

1/0 

l/e2 

3.24  mm 

5.04  mm 

1.8C  mm 

2.70  mm 

Table  II.  La.ser  Beam  widths. 


In  figures  5a  and  r)!>  t!ie  Mueller  matrix  ehnnenls  are  |)lotted  for  transmission  througli  a 
polarizer.  F'or  an  ideal  i)olariz<'r  with  the  angle  a  I )e tween  tlic  transmission  axis  of  the  polarizer 
(parallel  to  the  transmitted  electric  fiehl)  and  the  x-axis  (normal  to  the  plane  of  incidence),  tlie  Mueller 
matrix  is  given 


1  to.s(2o)  sin{2(\)  0 

co.s(2o)  co.s“{2a)  (:o.s(2o)  .srn(2o)  0 

A'7Ti(2a)  ro.‘?(2a)  .‘>nd2fr)  s/n“(2o)  0 

0  0  0  0 


(1) 


The  horizontal  axes  on  the  graphs  is  o  measure<l  in  <iegrees.  N(jtice  that  the  element  is  ideally  0.5 
(this  element  relates  the  total  incident  |)ower  to  the  total  iTansmitted  power).  It  fluctuates  slightly 
below  0.5  due  to  the  non^ideal  proj)erties  of  the  polarizer.  Ideally  the  seven  elements  show  in  Figure  51; 
should  be  zero.  They  also  exhibit  a  slight  dependence  on  the  rotation  angle. 

Since  the  Mueller  matrix  contains  complete  information  about  the  intensities  and  the  relative 
phases  of  polarized  scattered  ligiit,  it  has  very  general  applications.  For  example,  in  ellipsornetry'^  the 
measurement  that  is  of  intiuest  i.s  the  ratio  of  the  complex  reflection  coefficients  and  for 

specularly  reflected  light.  1'his  ratio  (tiie  so-called  ellij.)soim’tiir  function)  is  commonly  expressed  as 
follows; 


VV 


(2) 


where  ^  aiifl  A  are  known  as  the  elli))som(U ric  angles  or  ellipsometric  paranieteis.  I'ollowing  Azzamf 
assuming  that  the  surface  is  i)erfectly  flat  and  no  depolarization  occurs,  tiie  eicnnents  of  Mueller  matrix 
satisfy  the  .special  relationsIii))s  =  11^22^ 

the  ellip.sometrir  angles  can  obtained  uniquely  from  tiie  Muefh'r  matrix  elements 


:j/t7Y*ro.s 


(3a) 
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A  =  Ayrinv 


(36) 


Care  is  taken  in  interpret ing  3b  so  that  A  is  sol  in  llie  eorioc  i  finadram.  In  practice  tlio  assumption 
that  the  surface  exhibits  no  depolarization  is  not  strictly  satisfied.  The  nieasurements  taken  off  an 
isotropic  gold  reflector  at  th.c  incident  angl<*  of  Go  and  wavelength  of  0.0328  /iin  are^ 


M  = 


1.000 

-0,080 

•0.014 

-0.003 

-0.009 

0.988 

-O.Oll 

-O.OOS 

0.000 

0.009 

-0.450 

0.886 

0.006 

-0.007 

-0.894 

-0.'157 

(4) 


The  corresponding  cllipsoinetric  angle  'P  rang(^s  from  42.7!  to  43.02'  and  A  range  from  116.69''  to 
117.28' depending  on  which  elements  of  the  Mueller  matrix  arc  used  to  compute  these  angles. 

If  there  is  some  depolarization  of  the  incident  liglU  by  tlie  targ^-t,  the  ellipsometric  parameters 
should  be  extracted  from  the  Mueller  matrix  as  follows. 


vj/  =:  l^Arccosi 


"'ll  ^”^22  / 


A  =  Avciam 


f  "'34  -  "'43 
\”'33  +  ^"44 


(5a) 

(56) 


As  above,  care  should  be  taken  in  interpreting  Arcia}i[')  to  oblain  A  in  the  correct  Cjuadrant.  For  a 
relative  smooth  surfaces  tiie  most  significant  elements  of  the  Mueller  matrix  used  in  conjunction  with 
cllipsometry  are  (see  results  show  in  (4)  ai)ove), 
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sp’  sp 


ps’  ps 


nil 2  —  <  ^  PP^  PP  ^  ~  ^  ss^  ss  ^  d-  ^sp^  sp  ^  ^  ^'ps^'ps  ^ 
"'21  ~  ^  ^'pp^'pp  ^  ^'ss^’ss  >  "  ^’6'p'\sp  ^  d-  <  ^'ps^'p^i  ^ 

7^22  “  ^  pp^'pp  ^  ^  ^'ss^'ss  ^  si)  ^  ^  ])S^'  ps  ^ 

”'3:5  -  >+%('<  > 

=  5vi  <  >  +  itn  <  r  ,  > 

-  -  3w  <  yppi'l,,  >  +  3ni  <  > 


'■U 


’  /7;)’  .vs  ^  ^  jifi’  sp  ^ 


(6a) 

(6b) 

(6r) 

{6d} 

(6e) 

(6/) 

(fir/) 

(6/1) 


in  which  <  •  >  denotes  tin*  statistical  avejage.  +  denotes  the  complex  conjugaie,  -  )  and  hn(-) 
denotes  the  real  and  imaginary  parts  of  (he  argument.  resp(*rt fully .  d’hn.s  the  ellipsoiiKUric  aiiglcs  (5) 
can  be  obtained  a.s  ibllows  from  the  d(Tmitioii  of  the  ellipso'Met  ric  parang  ters: 
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-  co^(2v) 


''pp^'vv 

<  ''])]>’’ ]>]> 


>  - 


>  +  <  ’■.■,s''s.s  > 


--  ()Nj2-t  ’I'oii 
'"11  +  >"22 


('«) 


^a?i(A)  - 


3)n  <  > 

^  '  pjj'  ss  ^ 


’"31  -  ”M:i 
’"33  +  '".m' 


(76) 


Using  his  experimental  data  (4)  Azzani^  oblr;in.s  tin-  following  vahios  for  the  ellipsometric  angles; 
^  =  42485*  and  A  =  117,00^  Assuming  tlmt  the  gold  is  optically  tnick  one  can  extract  the  complex 
index  of  refraction  from  these  values  for  p  (2)  using  the  weU  know  relation'^' 


N  =  n  —  jk  ~  sin{0\ 


1  +  tcw(O) 


Ij- 

1  -f- 


(B) 


The  corresponding  value  for  the  index  of  refi action  is  /V  =  0.27  -  ^'3.02.  Tlic  publisl:e(l  values^  for  the 
index  of  refraction  of  gold  at  0.633  //m  is  approximately  N  =  0.183  -  j  3,00. 

In  an  experiment  conducted  at  the  Univeioity  of  Nei)r  ask  a- Lincoln  a  ;:jilicon  wnfer  was  coated 
with  a  1000  Angstroms  layer  of  Nickel.  A  1000  Angstroms  layer  of  gold  coated  this  surface.  Tlie 
sample  was  scanned  (specularly)  by  the  scatterometcr  between  1  to  85  in  steps  of  T,  the  resulting 
values  of  'P,  A,  and  N  are  shown  in  figure  C,  For  the  same  set  of  [Miaintleis  used  by  Azzam'^  the. 
M  uf'ller  matrix  obtained  for  the  experiments  witli  the  scatterometcr  is  ns  follows 


1.000 

0.042 

-0.022 

-0.002 

0.048 

{)Am 

0.014 

0.016 

0.007 

0.014 

-0.550 

0.824 

!L022 

0.000 

-0.827 

-0.558 

Tlie  results  given  in  (9)  for  the  incident  angle  of  65  correspond  to  llie  ellipsometric  parameters  of 
4^  =  43.71*  and  A  =  124.08".  The  complex  index  of  refraction  is  computed  rus  yV  r:  0.20  —  j  3.54. 

Note  that  in  reference  3  the  second  element  (7.^)  the  stokes  vector  is  (jefiiied  ;us 

L,=:  <  >  (10) 

while  using  tiic  convenii.)n  introduced  by  I3oin  and  Wolf*  (ami  adtjpted  l)y  ns)  the  second  element  of 
the  Stokes  ”ector  is  defmed  as 


=  <  E,El  >  ^  <  >  .  (11) 

As  a  result  there  arc  si^n  differences  in  the  elements  of  the  Mueller  matrix  iu j.j  and  (j=:l,3,4)  as 
defined  by  Azzam  ^  and  ilorn  and  Wolf^ 
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4,  CONCLUSION 


Mt^asuronirnt.  of  the  Mueller  inairix  tliai  cuaraelerize  seatttTefl  light  from  surfaces  can  yield 
more  information  aLoat  tin  material  and  its  surface  than  measurements  taken  by  commonly  used 
t,eehni(|ii  's.  In  this  pajx*.'  \v(“  have  disen.ssfMl  tin*  nK’asurcmen;  of  well  know  optical  properties  of  a  flat 
optically  thick  gold  film  and  the  comph'tv*  characterizailon  of  a  well  know  optical  devict ,  a  linear 
polarizer.  d’his  o[>ti(fl  polarimel i’i('  >.catteroiin’‘er  will  hr  used  in  coiijnnci ion  with  a  scanning 
1  unneling/atomic  lore(‘  .nicro.scojie  to  validate  coated  and  uiKanited  rough  surface  scattering  tlieories  in 
controlled  experiments  in  ordtu'  to  felicitate  the  detection  and  icieiit iHcat ion  of  chemical  contaminants 
of  rough  surfaces, 
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Tr;4nsiniUer  theta  rotation 
(Incident  direction) 


Optical  table 


Figure  2.  Schematic  of  the  Optical  Polarimetric  Scatterometer. 
Beam  path  is  denoted  by . 
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Combined  tuning  mirror 


Figure  3.  Optical  table  layout. 
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Figure  6a.  Ellipsometric  angles  Psi  and  Del. 
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ABSTRACT 

The  Fredholm  equation  representing  the  light  scattered  by  a  weakly  absorbing  spherical 
particle  or  a  narrow  distribution  of  spherical  particles  is  inverted  to  obtain  the  particle  size 
and  refractive  index.  The  solution  is  obtained  by  expanding  the  distribution  function  as  a 
linear  combination  of  a  set  of  orthonormal  basis  functions.  The  set  of  orthonormal  basis 
functions  is  composed  of  the  Schmidt-Hilbert  eigenfunctions  and  a  set  of  supplemental 
basis  functions  which  have  been  orthogonalized  with  respect  to  the  Schmidt-Hilbert 
eigenfunctions  using  the  Gram-Schmidt  orthogonalization  procedure.  The  orthogonality 
pioperties  of  the  basis  functions  and  of  the  eigenvectors  of  the  kernel  covariance  matrix  are 
employed  to  obtain  the  solution  which  minimizes  the  residual  errors  subject  to  a  trial 
function  constraint.  The  inversion  process  is  described,  and  results  from  the  inversion  of 
several  synthetic  data  sets  are  presented. 
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NOMENCLATURE 

Ej  Expansion  coefficients  for  the  unconstrained  solution. 

Ej  Expansion  coefficients  for  the  constrained  solution. 

a|  Expansion  coefficients  for  the  trial  function. 

Average  of  the  angular  scatteiing  cross  section  (fim^). 

cfy®  Average  of  the  normalized  and  imprecision  weighted  angular 

SCci 

scattering  cross  sections  (pm'2). 

Angular  scattering  cross  sections  (pm^). 

c^  Normalized  and  imprecision  weighted  angular  scattering  cross 

sections  (pm'^). 

f  (x,n,k)  Distribution  function. 

f(x)  Particle  size  distribution  function 

fi(x,n)  Trial  function 

h(k)  Ratio  of  the  scattering  kernels  evaluated  at  a  finite  value  of  k  to  the 

scattering  kernels  evaluated  at  k  equal  to  zero, 
k  Imaginary  part  of  the  reftxictive  index, 

kj  Lower  limit  on  the  range  of  imaginary  refractive  indices, 

kf  Upper  limit  on  the  range  of  imaginary  refractive  indices, 

kj  Retrieved  imaginary  part  of  the  refractive  index. 

dlC* 

— ^  (Q,x,n,k)  Differential  scattering  cross  sections  (pm^). 


dCf'^s 


(x,n,k)  Differential  scattering  cross  sections  that  have  been  averaged  over 
the  solid  angle  subtended  by  the  detectors  (pm^). 

(x,n,k)  Imprecision  weighted  differential  scattering  cross  sections. 

Number  of  inputs 

Real  part  of  the  refractive  index. 

Lower  limit  on  the  range  of  real  refractive  indices. 

Upper  limit  on  the  range  of  real  refractive  indices. 

Retrieved  real  part  of  the  refractive  index. 

Kernel  covariance  matrix. 

Number  of  supplemental  basis  functions 

The  element  of  the  i***  eigenvector  of  the  kernel  covariance  mauix. 
Size  parameter. 

Lower  limit  on  the  range  of  size  parameters 
Upper  limit  on  the  range  of  size  parameters 

Experimental  error  in  the  j***  measurement  (pm^). 

Normalized  and  imprecision  weighted  experimental  errors  (pm'^). 
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5(x)  Dirac  delta  function. 

AC'L^  Estimate  of  the  imprecision  in  the  measurement  (|J.m^). 

SCH 

Af  Relative  error  in  the  retrieved  distribution  function. 

AQ  Solid  angle  subtended  by  the  detector  (sr) 

A  Wavelength  of  the  laser  beam  (|.im). 

Aj  Eigenvalues  of  the  kernel  covariance  matrix 

C>j(x,n)  Basis  functions. 

(j)j(x,n)  Supplemental  basis  functions. 

$j(x,n)  Orthogonalized  supplemental  basis  functions. 

Cl  Scattering  direction. 

INTRODUCTION 

Techniques  for  solving  inverse  scattering  problems  have  received  considerable 
attention  in  the  literature  and  are  of  great  interest  due  to  the  wide  range  of  potential 
applications  in  areas  as  diverse  as  combustion,  meteorology,  geology,  and  ftoengineering. 
The  wide  variety  of  applications  is  primarily  due  to  the  fact  that  properties  of  a  physical 
sample  can  be  determined  from  the  interaction  of  the  sample  with  radiation  from  a  known 
source.  For  instance,  measurements  of  the  light  scattered  by  a  particle  provide  an  indirect 
way  of  determining  the  particle's  size  and  optical  properties.  Twomey^  and  Bottiger^ 
describe  and  compare  most  of  the  schemes  currently  used  to  invert  light  scattering  or 
spectral  extinction  measuremenis  for  the  particle  size  distribution  function  (PSDF). 
Recently,  several  tecnniques  not  described  by  Twomey  or  Bottiger  have  appear^  in  the 
literature^'^.  Since  the  information  content  in  a  set  of  scattering  or  extinction  measurements 
is  quite  limitedh9-n^  niost  inversion  techniques  require  the  use  of  a  priori  information 
regarding  the  PSDF  and/or  careful  optimization  of  the  inputs.  Indeed,  the  primary 
difference  between  most  inversion  schemes  is  the  way  the  a  priori  information  is 
incorporated  or  the  inputs  are  optimized.  Also,  other  than  the  sequential  gradient 
restoration  algorithm^,  all  the  techniques  are  limited  by  the  fact  that  the  complex  refractive 
index  of  the  particles  must  be  known.  This  paper  describes  an  inversion  scheme  that  is 
capable  of  retrieving  the  size  and  optical  properties  of  a  weakly  absorbing  spherical  particle 
or  of  a  narrow  distribution  of  non-absorbing  spherical  particles.  A  description  of  the 
inversion  technique  is  given  with  an  emphasis  on  the  actual  mechanics  of  the  inversion 
process.  Hie  results  from  several  inversions  of  synthetic  data  sets  are  also  presented. 

THE  SCATTERING  EQUATION 

In  the  development  of  this  inversion  process,  attention  was  focused  on  simulating 
an  experiment  in  which  a  multi-channel  polar  nephelometer  is  used  to  measure  the  light 
scattered  from  weakly  absorbing  particles.  The  nephelometer  uses  an  unpolarized  red  ruby 

laser  (A  =  0.67  pm)  as  a  light  source  and  has  detectors  positioned  every  4*  from  20’  to 
160*.  Therefore,  the  available  set  of  measurements  consists  of  measurements  of  the  power 
scattered  in  36  directions.  The  ratio  of  the  power  scattered  in  the  direction  of  a  particular 
detector  to  the  incident  irradiance  is  referred  to  as  an  angular  scattering  cross  section.  The 

angular  scattering  cross  section  measured  by  the  detector,  is  related  to  the 

SC3 

unknown  distribution  of  sizes  and  optical  properties  by  a  Fredholm  equation, 
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(1) 


kf  rif  Xf 

Cjca=  J  J  J  I  f(x,n,k)  ^(Q,x,n,k)  dx  dn  dk  dQ  +  6cj 


Aft  *'i 

kf  Hf  Xf 


=  AQ 


jn 

kj  iij  X, 


f  (x,n,k) - (x,n,k)  dx  dn  dk  +  5C^^,, 

dn 


sea 


The  ^^i2,x,n,k)  are  differential  scattering  cross  sections  and  are  often  referred  to  as 
dQ 

scattering  kernels.  Assuming  the  particles  are  spheres,  the  differential  scattering  cross 
sections  can  be.calculated  from  Mie  theoryl2,i3. 

The  following  assumptions  are  made  in  order  to  simplify  Equation  1.  For  weakly 
absorbing  particles  (k<~10'3),  the  scattering  kernels  can  be  approximated  by  the  product  of 
a  function  that  depends  only  on  k  and  the  scattering  kernel  with  k  set  equal  to  zero. 


df2 


dC 


.we 


(x,n,k)  ~h(k) 


on 


(x,n,0) 


(2) 


It  is  assumed  that  if  a  distribution  of  particles  is  present,  all  the  particles  have  the  same 
optical  properties. 

f  (x,n,k)  =  f(x)  8(n-n5)  SCk-kj)  (3) 

Equation  1  now  simplifies  to 


cj^=AQh(ks)J  J  f(x)5(n-ns)-^(x,n,0;dxdn+5CJ^  (4) 

Ilj  Xj 


Neglecting  the  error  in  the  measurements,  the  average  of  the  measurements  can  be 
approximated  by  the  the  average  of  the  right  hand  side  of  Equation  4. 


pavg^  _l_y  pj 
"sea  m  ^  .sea 

j=l 

m  "f  Xf 

«  ~  ^  AQ  h(ks)  J  J  f(x)5(n-ns) - (x,n,0)  dx  dn  (5) 

‘  j=l  nj  Xj 

The  unknown  function,  h(k),  can  be  eliminated  from  Equation  4  by  normalizing  by  the 
average  of  the  measurements.  Earlier  investigations  have  also  shown  that  it  is  beneficial  to 
weight  each  measurement  and  scattering  kernel  by  the  corresponding  imprecision 
estimatel3.l4_  These  simplifications  allow  the  Equation  4  to  be  rewritten  as 
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(6) 


nf  Xf 


f(x)  6(n-ng) 


- <x,n,0)  dx  dn  +  5cL 

dQ  ** 


where 

c*  =  d  /  C®''®AC’ 

sea  sea  /  sea  sea 

5d  =  5d  /  C®''^  Ad 

sea  sea/  sea  sea 


(7) 

(8) 


dQ 


(x.n.O) 


(x.n,0)  /  A(4. 


(9) 


C^vg 

sea 


r.f  Xf 

j  I  f(x)5(n-ns) 

Hi  Xj 


dC^'S 

da 


(x,n,0)  d;:dn 


(10). 


EXAMPLE  INVERSION 

A  linear  inversion  procedure  is  used  to  invert  Equation  9  and  retrieve  the  real  part  of 
the  ?vfrH,e*:  i  .  c  index.  Constrained  linear  inversion  is  used  to  retrieve  the  PSDF.  The  value 
v-l  liic  imaguiary  part  of  the  refractive  index  is  obtained  by  comparing  the  measured 
scattering  pattern  with  the  scattering  pattern  calculated  using  the  retrieved  real  refractive 
index  and  PSDF.  The  value  of  the  imaginary  refractive  index  that  results  in  the  smallest 
residual  enors  is  taken  to  be  the  retrieved  imaginary  refractive  index.  There  arc  five  major 
steps  in  th;  inversion  process:  preliminary  analysis  of  the  measurements,  selection  of  the 
inputs  from  the  available  measurement  set,  retrieval  of  the  real  part  of  the  refractive  index 
using  the  unconstrained  solution,  retiieval  of  the  PSDF  using  the  constrained  solution,  and 
finally,  retrieval  of  the  imaginary  part  of  the  refractive  index  by  matching  the  measured  and 
calculated  scattering  patterns.  An  example  inversion  is  described  along  with  esentation 
of  the  mathematical  formulation  in  order  to  illu.strate  the  mechanics  of  i:..,  inversion 
process.  An  effort  has  been  made  to  keep  the  description  of  the  mathematics  brief,  but  still 
provide  the  reader  v.ith  all  the  equations  needed  to  actually  perform  a_n  inversion.  Complete 
developments  of  the  mathematics  of  b.version  are  available  elsewhere*. 

PRELIMINARY  ANALYSIS  OF  THE  MEASUREMENTS 

Angular  scattering  ctoss  sections  should  be  calculated  for  several  different  sizes  and 
c^hcal  properties  within  the  expected  ranges  before  attempting  to  invert  any  measured 
values.  Particular  attention  should  be  given  to  the  value  of  the  most  forward  angular 
scattering  cro.ss  section  available  and  the  average  of  the  angular  scattering  cross  sections. 
These  parameters  will  serve  as  a  guide  in  selecting  the  trial  function  useo  in  obtaining  the 
constrained  solution.  Tlie  range  of  sizes  and  optical  properties  considered  in  the  example 
inversion  are  listed  in  Table  1.  Table  2  'ists  the  average  and  20'  angular  scattering  cross 
sections  for  12  different  sizes  and  3  set.s  of  optical  properties. 


Table  1.  Range  of  Sizes  and  Optical  Properties 


Diameter  Range 

Size  Parameter 

Real  Refractive 

Imaginary  Retractive 

(pm) 

Runge 

Index  Range 

‘  y  Range 

Table  2.  Average  and  20°  Angular  Scattering  Cross  Sections 


Diameter 

Size 

Refractive  Index 

(pm) 

Parameter 

1.5  +  i  1(5^ 

2.0  +  i  10^  1 

laMl 

(3pm?) 

mmii 

I^S!S 

0.1 

0.5 

3.3E-7 

3.6E-7 

7.2E-6 

7.9E-6 

2.2E-5 

0.5 

2.3 

3.1E-4 

3.1E-3 

1.2E-2 

7.7E-2 

0.1 

1.0 

4.7 

0.1 

0.7 

0.4 

wm 

0.3 

2.0 

■01 

l.lE-2 

0.2 

0.2 

0.6 

0.7 

3.0 

14.1 

3.4E-2 

0.6 

0.3 

1.7 

1.1 

^'i.O 

18.8 

0.1 

0.9 

0.5 

BiH 

1^ 

5.0 

23.4 

0.1 

1.9 

0.6 

3.8 

0.9 

3.5 

6.0 

28.1 

0.2 

2.3 

1.1 

4.6 

1.1 

4.5 

7.0 

32.8 

0.3 

4.1 

1.1 

6.2 

1.5 

4.8 

8.0 

37.5 

0.3 

3.9 

1.7 

7.7 

1.7 

6.6 

9.0 

42.2 

0.6 

8.0 

1.7  , 

9.8 

2.2 

10.0 

46.9 

0.6 

6.6 

warn 

11.0 

2.8 

11.5  1 

b=:ss=ss=srJ| 

Synthetic  measurements  representing  the  light  scattered  by  a  single  spherical  paiticle 
were  calculated  using  Equation  1 .  The  size  and  the  optical  properties  of  the  particle  were 
randondy  selected  from  the  ranges  specified  in  Table  1,  so  the  actual  parameters  of  the 
distributinu  function  were  not  known  until  after  the  inversion  had  been  completed. 
Gaus.si- M  distributed  random  noise  was  added  to  each  synthetic  measurement  in  order  to 
simulate  actual  eKperiniental  conditions.  TTie  angular  scattering  cross  sections  are  nlotted  in 
Figure  1,  and  the  imprecision  estimates  shown  in  the  figure  are  equal  to  the  standard 
deviation  of  the  random  noise.  The  standard  deviation  of  the  random  noise  was  equal  to 
10%  of  the  er;  or  free  measurements.  The  average  of  these  angular  scattering  cross  sections 
is  0.67  pm^  and  the  20°  angular  scattering  cross  section  has  a  value  of  2.6  pm^. 
Comparison  of  the  20°  angular  scattering  cross  section  and  the  average  of  the  angular 
scattering  cross  sections  with  the  values  in  Table  2  indicates  that  the  pardcle  has  a  diameter 
of  approximately  4  to  5  pm  (a  size  parameter  between  19  and  23). 
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INPUT  SELECTION 

The  scattering  kernels  are  not  mutually  orthogonal  functions,  so  a  large  number  of 
measurements  may  only  contain  a  few  measurements  that  are  independent  of  the  rest''. 
Therefore,  it  is  necessary  to  select  a  set  of  inputs  from  the  available  set  of  measurements. 
An  algorithm  similar  to  that  used  by  Capps  et  al^  is  used  to  determine  which  measurements 
to  use  in  the  inversion  process.  A  kernel  covariance  matrix  is  calculated  using  the 
scattering  kernels  corresponding  to  the  complete  set  of  measurements,  and  the  eigenvalues 
and  eigenvectors  of  the  kernel  covariance  matrix  are  calculated.  The  kernel  covariance 
matrix  is  defined  as 


dC^'^S 

— —  (x,n,0)  dxdn 
dQ 


(11). 


Once  the  eigenvalues  are  known,  an  expression  derived  by  Twomey ' '  for  the  relative  error 
(the  square  root  of  the  ratio  of  the  square  norm  of  the  error  in  the  distribution  function  to 
the  square  norm  of  the  distribution  function)  is  used  to  determine  whether  or  not  the 
selected  inputs  can  be  successfully  used  in  an  inversion  process. 


If  the  relative  error  given  by  Equation  12  is  too  large,  the  largest  off  diagonal  element  of  the 
kernel  covariance  matrix  is  used  to  identify  the  two  most  nearly  dependent  measurements. 
The  sum  of  the  squares  of  the  off  diagor  matrix  elements  is  calculated  for  each  row 
corresponding  to  the  two  must  redundant  measurements.  The  largest  of  these  sums 
identifies  the  measurement  that  is  most  nearly  dependent  on  the  rest  of  the  measurements, 
and  that  measurement  is  eliminated  from  the  set  of  inputs.  A  new  kernel  covariance  matrix 
is  then  calculated,  and  the  process  is  repeated  until  the  relative  error  calculated  from 
Equation  12  is  small  enough.  In  this  study,  the  best  results  were  obtained  when  the  relative 
error  is  slightly  less  than  1.  For  the  angular  scattering  cross  sections  shown  in  Figure  1, 
27  to  30  of  the  36  measurements  were  eliminated  from  the  input  set  before  a  relative  error 
less  thj  .i  1  was  achieved.  The  variation  in  the  number  of  inputs  was  due  to  variations  in 
the  range  of  real  refractive  indices  as  discussed  in  the  next  sec'mn. 

RETRIEVAL  OF  THE  REAL  PART  OF  THE  REFRACTIVE  INDEX 

Once  a  set  of  inputs  has  been  selected,  an  unconstrained  solution  is  obtained  by 
expanding  the  distribution  function  as  a  linear  combination  of  the  Schmidt-Hilbert 
eigenfunctions. 


f(x)  5(n-ns)  ^aj<I>j(x,n) 


The  unconsu'ained  expansion  coefficients  are  calculated  from 


(13) 


(14) 


fl'i 


where  the  X.j  and  are  the  eigenvalues  and  eigenvectors  of  the  kernel  covariance  matrix. 
The  Schmidt-Hilbert  eigenfunctions  are  obtained  from 


m 


Oj(x,n)  = 


dC"’'* 

uj  (x,n,0)) 
(U2 


for  l^j  S  m 


(15). 


The  value  of  the  real  part  of  the  refractive  index  and  the  unconstrained  PSDF  are 
calculated  from  the  unconstrained  solution. 

"f  *f  m  "f  m 

y/(n^)  =  J  J  W(n)X  aj<I>j(x,n)  dx  dn  /  J  |  X  ajOjfx.n)  dx  dn 

nj  xj  j=l  /  nj  xj  j=l 


ns  =  W-l(W(ns)) 


f(x) 


If 

^  m 

^  ajOj(x,r)  dn 
j=l 


(16) 


(17) 


The  weighting  function,  W,  is  used  to  increase  the  sensitivity  of  the  unconstrained  solution 
to  changes  in  the  real  refractive  index.  A  weighting  function  that  proved  to  be  useful  in  this 
study  is  the  phase  shiftl^  squared,  x2[n-l]2.  In  practice,  it  is  usually  necessary  to  vary  nj 
and  nf  to  ensure  that  the  retrieved  refractive  index  is  close  to  the  actual  value.  When 
inverting  the  example  data  set,  the  entire  range  of  refractive  indices  (1.1  -  2.0)  was  first 
considered,  and  the  retrieved  real  refractive  index  was  1.47.  The  range  of  refractive  indices 
was  then  narrowed  to  1.3  - 1.6,  and  the  retrieved  refractive  index  was  1.43.  This  process 
was  continued  until  the  retrieved  value  of  the  real  refraedve  index  converged  to  1.42.  TTie 
unconstrained  PSDF  is  shown  in  Figure  2. 


Figure  2.  Unconstrained  PSDF 
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RETRIEVAL  OF  THE  PSDF 

The  unconstrained  solution  satisfies  Equation  6  for  the  set  of  inputs,  and  therefore, 
is  a  mathematically  correct  solution.  However,  the  PSDF  obtained  from  the  unconstrained 
solution  displays  characteristics  such  as  high  frequency  oscillations  and  negative  values 
which  make  it  physically  unrealistic.  These  characteristics  are  due  to  errors  in  the 
measurements  and  to  the  limited  information  content  of  the  measurements.  Although  it  is 
not  possible  to  eliminate  the  error  in  the  measurements,  the  difficulty  associated  with  the 
limited  information  content  can  be  dealt  with  through  the  introduction  of  a  priori 
information  in  the  form  of  a  trial  function  constraint.  Of  course,  the  nature  of  the  trial 
function  will  depend  on  the  particular  conditions  under  which  the  measurements  are  made, 
and  can  only  be  determined  after  careful  consideration  of  the  particular  experiment.  If 
measurements  are  made  of  the  light  scattered  by  a  single  particle  or  by  an  ensemble  of 
nearly  identical  particles,  the  unconstrained  .solution  and  the  preliminary  analysis  of  the 
measurements  provide  enough  information  to  successfully  chose  a  trial  function.  In  our 
example  inversion,  it  is  known  that  the  measurements  are  of  light  scattered  by  a  single 
particle.  Ba.sed  on  this  fact,  the  form  of  the  trial  function  is  chosen  to  be 

F(x,n)  =  5(x  -  Xi)5{n  -  n^)  (18) 

Based  on  the  preliminary  analysis  or  the  measurements,  Xj  is  expected  to  be  in  the  range  of 
19  to  23.  The  exact  value  of  Xi  is  obtained  by  examining  the  unconstrained  PSDF  shown 
in  Figure  2.  In  this  case,  there  are  no  prominent  peaks  within  the  expected  size  range. 
However,  the  expected  size  range  only  serves  as  a  rough  guide  in  selecting  the  trial 
function,  and  there  is  a  fairly  prominent  peak  in  the  unconstrained  PSDF  at  x  =  25.1. 
Therefore,  X(  is  cho.scn  to  be  25. 1. 

The  imposition  of  the  trial  function  constraint  requires  that  the  trial  function  arid  the 
unknown  distribution  function  be  expanded  as  linear  combinations  of  a  set  of  orthonormal 
basis  functions.  However,  adequate  representations  of  these  functions  cannot  be  obtained 
using  the  Schmidt-Hilbert  eigenfunctions  alone.  Therefore,  a  set  of  supplemental  basis 
functions  or  "p.seudo-empirical  eigenfunctions"10  must  be  introduced.  The  additional  basis 
functions  are  obtained  by  orthogonal izing  a  set  of  orthonormal  functions  with  respect  to  the 
Schmidt-Hilbert  eigenfunctions.  The  supplemental  orthonormal  functions  used  in  the 
example  inversion  were 


(})j(x,n)  =  6(x  -  Xj)5(n  -  n^)  forl<j<101  (19), 

where  the  xj  are  evenly  spaced  throughout  the  size  range.  The  supplemental  basis 

functions  are  calculated  by  orthogonalizing  the  ({)j(x,n)  v.'itli  respect  to  the  Schmidt-Hilbert 

eigenfunctions  using  the  Gram-Schmidt  orthogonalization  procedure.  Some  of  the  (})j(x,n) 
will  lie  entirely  in  the  space  spanned  by  the  lower  order  basis  functions  and  will  be 
eliminated  by  the  orthogonalization  procedure.  Therefore,  the  number  of  supplemental 

basis  functions,  p,  will  be  less  than  the  number  of  (j)j(x,n).  The  number  of  supplemental 
basis  functions  used  in  the  example  inversion  was  93. 

i-1^  ’'r 

(|)j(x,n)={J)j(x,n)  (j)j(x,n)  J  J  ())j(x'.n')Oj(x',n')  dx'  dn'  for  1  <  j  <  101 

i=l  iij  Xj 


Oj(x.ii)  -  5,(x,n;  /ii  $|(x'.n 


nf  xf 


i/2 


jdx'dn'y  form<j<m-i-p  (20) 
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The  tnal  function  and  the  unknown  distribution  function  can  now  be  accurately 
expressed  in  terms  of  the  basis  functions. 


fi(x,n)  =  y  ,a:<I>i(x.n) 
j=l 

(21) 

fix)  6(n-ns)  =  ^aj<l>j(x,n) 

.i=l 

(22) 

The  expansion  coefficients  for  the  trial  function  are  obtained  from 


If 

a]=ll  fi(x,n)<I>j(x,n)  dx  dn 

n;  Xj 


(23). 


The  constrained  expansion  coefficients  are  found  by  minimizing  the  residual  errors  subject 
to  the  trial  function  constraint.  A  performance  function  is  defined  as 


m 

Q-l[ 

j=l 


"f  Xf 


^sca" 


J  J  5^ai^i(x,n)--^x,ns,0)  dxdn))  -  J 


i=i 


r  r  in  2 

+  yJ  j  <I>i(x,n) -]^a|<l>i(x,n)]  dxdn  (24). 

"i  Xj  i=i  isl 

The  performance  function  is  proponional  to  the  residual  errors  in  the  retrieved  solution  and 
to  the  square  norm  of  the  difference  between  the  unconstrained  solution  and  the  trial 

function.  The  weighting  parameter,  y,  determines  the  relative  importance  of  the  trial 
function  constraint.  Minimizing  the  performance  function  with  respect  to  the  exoansion 
coefficients  gives  the  following  expression  for  the  constrained  expansion  coefficients 

ajXj  +  yaj 

a^  = - for  1<  j  5  m 

J  Xj  +  y 

aj  =  aj  for  m  <  J  ^  m  +  p  (25). 

Clearly,  the  value  used  for  y  will  be  important  in  the  inversion  process.  It  can  be 
shown  that  the  square  norm  of  the  error  introduced  by  applying  the  constraint  is  minimized 
if  the  parameter  known  as  the  residual  relative  variance  (RRV)^  *  is  minimized  with  respect 

to  y.  The  partial  derivative  of  the  RRV  with  respect  to  y  is  given  by 
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dRRV 


=  I  4Y(a,  ■  a;)2  ■ 


9RRV 

The  optimal  value  of  y  is  obtained  by  increasing  y  until - is  approximately  zero.  In 

dy 

3RRV 

the  example  inversion,  at  y  =  86.3, -  =  -5.0E-08.  Once  the  optimal  value  of  y  is 

dy 

determined,  the  constrained  solution  can  be  calculated  from  Equation  21.  The  PSDF  is 
then  obtained  by  integrating  the  constrained  solution  over  the  range  of  refractive  indices. 

'’f  m+p 


"f  m+p 

=  j  X  aJOj(x,r 


n-  j=l 

The  constrained  PSDF  for  the  example  inversion  is  plotted  in  Figure  3. 
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Figure  3.  Constrained  PSDF 

RETRIEVAL  OF  THE  IMAGINARY  PART  OF  THE  REFRACTIVE  INDEX 
A  value  for  the  imaginary  part  of  the  refractive  index  can  now  be  obtained.  An 
initial  guess  of  the  imaginary  refractive  index  is  made  and  the  scattering  pattern  is  calculated 
using  Equation  1.  The  value  of  the  imaginary  part  of  the  refractive  index  can  be  adjusted 
until  the  measured  and  calculated  scattering  patterns  are  in  close  agreement.  If  it  is  not 
possible  to  bring  the  measured  and  calculated  scattering  patterns  into  agreement  by 
adjusting  the  value  of  the  imaginary  refractive  index,  the  inversion  process  should  be 
repeated  using  a  different  trial  function.  For  the  example  inversion,  the  value  of  the 
imaginary  part  of  the  refractive  index  that  gave  the  lowest  rms  residual  error  was  10'3.  The 
measured  and  calculated  scattering  patterns  are  compared  in  Figure  4.  TTie  relatively  large 
discrepancy  between  the  calculated  and  measured  20'  angular  scattering  cross  section 
indicate  that  the  size  parameter  selected  for  the  trial  function  is  too  large.  The  relatively 
good  agreement  between  the  calculated  and  measured  scattering  cross  sections  in  the  100' 
to  150'  range  indicate  that  the  retrieved  value  of  the  real  refractive  index  is  close  to  the 
actual  value.  Figure  2  is  again  used  to  select  a  value  for  a  new  trial  function.  'Fhe  largest 
peak  at  a  size  parameter  less  than  25.1  is  at  x  =  20.1.  A  new  constrained  solution  is 
calculated  as  before.  Using  the  new  constrained  solution,  the  closest  agreement  between 
the  measured  and  calculated  .scattering  patterns  is  obtained  for  an  imaginary  part  of  the 


refractive  index  of  The  new  calculated  scattering  pattern  in  compares  well  with  the 
measured  scattering  pattern  as  shown  in  Figure  5. 


■  Calculated  AngUiar  ScaUc  ring  Cross  Sections 
o  Measured  Angular  Scattering  Cross  Sections 
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Figure  4.  Comparison  of  the  Measured  and  Calculated  Scattering  Patterns  with  =  25.1 


a  Calculated  Angular  Scattering  Cross  Sections 
□  Measured  Angular  Scattering  Cross  Sections 
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Figure  5.  Comparison  of  the  Measured  and  Calculated  Scattering  Patterns  with  =  20.1 

SUMMARY  OF  THE  EXAMPLE  INVERSION 
The  retrieved  and  actual  size  and  optical  properties  of  the  particle  in  the  example 
data  set  are  compared  in  'fable  3. 

Table  3.  Comparison  the  Particle  Size  and  Optical  Properties  with  the  Retrieved  Values 


INVERSION  OF  MORE  SYNTHETIC  DATA  SETS 
In  order  to  further  test  the  inversion  process,  J.R.  Bottiger  provided  the  authors 
with  6  sets  of  synthetic  light  scattering  measurements.  The  authors  were  told  that  the 
measurements  corresponded  to  the  light  scattered  by  narrow  distributions  of  non-absorbing 
spheres,  but  no  other  information  was  given.  The  results  of  the  inversions  are  shown  in 
Table  4. 
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Table  4.  Comparison  of  the  Actual  and  Retrieved  PSDFs  and  Refractive  Indices 


fM 

Retrieved 
Mean  Size 
Parameter 

Actual 
Mean  Size 
Parameter 

Retrieved 

Geometric 

Standard 

Deviation 

Actual 

Geometric 

Standard 

Deviation 

Retrieved 

Refractive 

Index 

Actual 

Refractive 

Index 

1 

10.1 

wmmm 

1.08 

1.11 

1.33 

mtmm 

2 

Wj 

wmssm 

1.11 

1.11 

1.46 

1.45 

3 

■1^01 

wmissm 

1.09 

1.35 

1.45 

1.45 

4 

48.9 

35.0 

1.03 

1.11 

1.56 

1.55 

5 

47.4 

35.0 

1,04 

1.22 

1.56 

1.55 

6 

55.0 

55.0 

1,02 

1.33 

■usait 

The  actual  PSDFs  are  plotted  in  Figure  6  for  all  6  cases.  Although  the  PSDF  for 
case  4  has  the  same  geometric  standard  deviation  as  the  PSDFs  for  cases  1  and  2,  the 
PSDF  for  case  4  is  actually  broader  than  those  for  cases  1  and  2.  These  results  show  that 
the  technique  is  successful  when  the  distributions  are  narrow  (cases  1,  2  and  6),  but  has 
difficulty  when  the  distributions  are  broad  (cases  3,  4,  and  5).  This  is  due  to  the  fact  that 
as  the  PSDFs  become  broader,  the  scattering  pattern  becomes  smoother,  and  probability  of 
finding  another  PSDF  that  will  produce  a  similar  scattering  pattern  increases.  It  is 
interesting  to  note  that  even  when  the  retrieved  distributions  differed  from  the  actual 
distributions,  the  refractive  index  was  retrieved  accurately. 


Figure  6.  Particle  Size  Distribution  Functions 
CONCLUSIONS 

An  inversion  technique  that  retrieves  the  particle  size  distribution  function  and  the 
refractive  index  of  weakly  absorbing  spherical  particles  from  synthetic  measurements  of 
scattered  light  has  been  developed.  The  solution  is  obtained  by  expanding  the  distribution 
function  as  a  linear  combination  of  orthonormal  basis  functions.  The  orthogonality 
properties  of  the  basis  functions  are  used  to  find  the  expansion  coefficients  which  minimize 
the  residual  errors  subject  to  a  trial  function  constraint.  The  technique  is  shown  to  be 
capable  of  retrieving  the  size  and  optical  properties  from  noisy  measurements  of  the  light 
scattered  by  a  weakly  absorbing  sphere.  The  technique  was  also  used  to  retrieve  the  PSDF 
and  refractive  index  from  synthetic  measurements  of  the  light  scattered  by  narrow  log 
normal  distributions  of  non-absorbing  spheres  in  a  blind  test.  Attempts  to  retrieve  the 
PSDF  were  less  successful  when  the  distributions  were  not  narrow,  but  the  refractive  index 
was  still  retrieved  accurately. 
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ABSTRACT 

The  Gaussian  model  for  the  extinction  coefficient  is  often  made  in  optic  data  inversion.  To 
obtain  the  frequency-dependent  real  refractive  index  therefrom  via  the  Kramers-Kronig 
relations,  it  is  necessary  to  overlook  certain  symmetry  properties  of  the  extinction 
coefficient.  A  precise  measure  of  error  for  using  the  Gaussian  model  is  derived.  Also,  a 
physical  basis  of  the  Gaussian  model  is  presented  by  showing  that  the  dynamic 
susceptibility  of  a  semiclassical  ideal  gas  has  an  identical  structure.  The  Gaussian  model 
therefore  may  be  viewed  as  the  scattering  of  light  by  a  semiclassical  ideal  gas.  The  use  of 
the  Kramers-Kronig  relations  in  nonlinear  optical  problems  is  being  investigated. 


INTRODUCTION 

The  Hilbert  transforms  are  well  known  mathematical  techniques  for  relating  the  real 
and  imaginary  parts  of  an  analytic  function.  The  transforms  are  found  useful  in  a  variety 
of  physical  problems.  In  these  applications,  one  finds  that  functions  of  physical  interest 
very  often  satisfy  restrictive  symmetry  properties  owing  to  the  causality  principle  among 
others.  The  Hilbert  transforms  in  these  specialized  applications  are  commonly  referred  to 
as  the  Kramers-Kronig  relations.  In  optics  one  is  interested  in,  e.g.,  the 
frequency-dependent  complex  refractive  index.  The  Kramers-Kronig  relations  allow  one 
to  calculate  the  real  refractive  index  from  the  measured  extinction  coefficient.  This  is  an 
example  of  optic  data  inversion. 

Let  W  be  a  physical  quantity  of  interest  depending  on  some  physical  parameter 
denoted  by  z,  where  the  real  part  of  z  may  denote  the  angular  frequency  u,  the  energy  e,  or 
the  wavelength  A.  Then  one  can  decompose  W  into  the  real  and  imaginary  parts; 

W{z)  =  Wi(z)  +  i  W2(z)  .  (1) 

The  Kramers-Kronig  relations  assert  that 


and 
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(2b) 


W!{z)  =  -ipr 

J-® 

where  P  denotes  the  Cauchy  principal  value.  In  deriving  the  above  relations,  one  assumes 
that  W(z)  is  analytic  in  the  upper  half  of  the  complex  z  plane  such  that  W(z)  -•  0  as 
Jz|  -toD.  In  physical  applications,  one  finds  that  Wi(z)  is  an  even  function  of  real  z  and 
W2(z)  is  an  odd  function  of  real  z,  known  as  crossing  symmetries.  Observe  that  the 
"susceptibility"  sum  rule  follows  from  (2a)  by  setting  z  =  0: 


Wi(z=0)  =  -  ^  r  W2(z)  z-‘  dz 

*'  n 


'  —tr 


(3) 


where  W2(z)  is  the  scattering  law,  subject  to  detailed  balance. 

Now  turning  to  optical  applications,  let  z  denote  the  angular  frequency  wand  W  the 
complex  frequency  dependent  refractive  index  n.  In  the  customary  notation, 

a(w)  =  ni(w)  +  i  n2(w) .  (4) 

The  extinction  coefficient  H'Jui)  is  measurable  or  at  least  raodelable.  Hence,  given  this 
input,  one  can  in  principle  calculate  the  real  refractive  index  ni(w)  as  a  function  of  the  real 
frequency  u>.  Physically  the  frequency  w  is  a  real  positive  number.  Hence,  (2a)  is  unsuited 
to  opticd  applications.  Taking  note  of  the  crossing  symmetries: 


ni(-w)  =  n,(w) 


(5a) 


and 


n2(-a;)  =  -  n2(w)  , 


(5b) 


one  can  rewrite  (2a)  as  follows: 


u>'  dui' 

a;5  -  oil'  2 


(6) 


where  now  the  measurable  frequency  w'  is  limited  to  positive  numbers  only.  It  is 
important  to  recognize  that  (6)  is  valid  strictly  if  n2(w)  is  an  odd  function  of  w.  What  if 
n2(w)  is  not  exactly  an  odd  function,  is  Eq.  (6)  still  applicable  perhaps  approximately?  If 
so,  what  may  be  measures  of  the  approximate  validity  of  Eq.  (6)?  Our  work  provides 
answers  to  these  practical  questions,  described  briefly  in  the  following  two  sections.  For 
complete  detail,  we  refer  the  reader  to  our  original  work.i  Also  the  previous  relevant 
references  may  be  found  therein. 


92 


DATA  MODELING 


In  an  experiment  arranged  to  measure  the  extinction  coefficient,  it  is  desirable  to 
express  the  measured  values  by  some  convenient  function.  That  is,  to  find  a  function  to  fit 
the  measured  data. 2  Typically,  the  trial  function  62(0;)  is  a  well-behaved  function  like  a 
Gaussian; 


n2(a;)  =  A 


(7) 


where  A  and  B  are  two  adjustable  parameters.  The  Gaussian  trial  function  is  evidently 
peaked  at  a;  =  Uo-  In  such  a  fitting,  one  does  not  know  a  priori  the  significance  of  A,  B  and 
(Jo-  One  hopes  that  the  physical  meaning  can  be  deduced  ultimately  from  some  basic 
optical  models  of  scattering. 

It  is  known  that  the  trial  form  represents  the  measured  values  of  the  extinction 
coefficient  rather  accurately  for  a  large  interval  of  the  frequency  in  a  number  of  optical 
systems.  But  can  one  obtain  an  accurate  value  of  the  real  refractive  index  ni(a'')  therefrom 
using  Eq.  (6)?  We  observe  that  62(0;)  is  not  an  odd  function  of  w.  It  is  neither  even  nor 
odd  in  the  frequency.  Strictly  speaking,  we  are  unable  to  use  Eq.  (6)  since  it  requires  an 
odd  function  for  ii2(uj).  The  trial  function  62(0;),  while  evidently  quite  accurately 
representing  the  tiue  function  n2(a;),  fails  to  meet  the  fundamental  condition  of  the  true 
function.  To  overcome  this  difficulty,  we  consider  a  modification  of  the  trial  function: 


9 

62(0;)  -♦  ri2{ui)  =  A 


— B(a/— _  — B(w+Wo)^ 


(8) 


Now  observe  that  112(0;)  is  an  odd  function  of  u,  satisfying  the  fundamental  requirement  of 

/ 

the  true  but  still  unknown  function  n2(o;).  Also  observe  that  if  B  >>  1,  then  n2(a;)  w 
n2(o;).  Hence,  if  B  is  large  enough,  our  new  trial  function  (8)  can  accurately  represent  the 
true  function  n2(o;)  and  at  the  same  time  it  can  also  meet  the  fundamental  requiiement  of 
the  crossing  symmetry.  Hence,  one  can  now  use  Eq.  (6)  and  obtain  the  real  refractive 
index  therefrom. 

To  understand  the  accuracy  of  (8)  as  a  function  of  B,  we  shall  examine  the  new  trial 

function  for  the  entire  range  of  u:  -oo  <  w  <  m.  The  first  term  on  the  rhs  of  (8)  is  peaked 

at  w  =  cJo,  while  the  second  term  is  negatively  peaked  at  a;  =  —  Wq.  The  two  terms 

overlap,  the  amount  of  overlapping  depending  on  the  size  of  the  value  B.  If  B  0,  the 

overlap  is  maximal.  If  B  oo,  there  is  no  overlap.  In  fact,  as  B  -•  cd  (also  A  -•  0),  the  rhs  of 

(8)  becomes  two  delta  functions  peaked  at  a;  =  *  Uq.  If  there  is  to  be  little  or  no  overlap, 
/ 

then  clearly  112(0;)  »  0  if  0;  k  0.  Thus,  for  practical  purposes,  if  there  is  little  overlap  in  a 

trial  function,  the  required  oddness  of  a  trial  function  is  of  little  practical  significance. 

/ 

Thus,  one  could  use  62(0;)  in  place  of  n2(a;).  It  is  possible  to  provide  a  quantitative 
measure  for  estimating  errors  for  this  replacement,  described  in  the  next  section. 
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SCATTERING  BY  A  SEMICLASSICAL  GAS 


We  find  that  the  extinction  coefficient  of  the  form  (8)  is  exactly  realized  in  the 
dynamic  structure  factor  in  the  scattering  of  light  by  a  semiclassical  ideal  gas,  also  known 
as  a  Boltzmann  liquid  in  the  thermal  scattering  theory.  For  this  system,  one  can  construct 
a  complete  dynamical  theory  by  means  of  linear  response  theory.  Hence,  it  is  possible  to 
provide  a  quantitative  measure  of  errors  in  the  trial  functions  for  the  extinction  coefficient. 

By  a  semiclassical  ideal  gas,‘  we  mean  an  assembly  of  identical  noninteracting 
particles  of  mass  m  each.  The  positions  and  momenta  of  particles,  ri  and  pi,  respectively, 
do  not  commute  but  obey  the  usual  commutation  relation:  [ri,  pj]  =  i  Ti  ^ij.  The 
equilibrium  state  of  this  assembly  is  to  be  described  by  the  Boltzmann  distribution.  If 
scattered  by  light,  each  particle  in  the  assembly  acts  as  a  free  independent  scatterer.  When 
the  particles  become  very  massive,  the  model  represents  scattering  from  single  fixed  atoms 
or  nuclei. 

The  total  energy  of  the  assembly  is 

N 

H  =  X  PjV2m  (9) 

j  =  1 

where  N  is  the  total  number  of  particles  in  a  unit  volume.  The  system  is  assumed  to  be 
translationally  invariant.  Let  />(r)  be  the  density  operator  at  the  position  r  defined  in  the 
usual  way 


N 

/5(r)  =  S  <5(r-rj)  . 
j  =  1 


(10) 


Then,  for  a  wave  vector  k,  we  can  define 

N 

r  ik.r  Y  ik.rj 

\  =  J  d^r  e  p(r)  =  2^e  (11) 

The  time  dependent  susceptibility  X)t(t)  has  the  well-known  definition  in  terms  of  the 
density  operator: 

Xj^(t)  -  iN"^  <[p^(t),  P_uj>  if  I  >  0 

=^0ift<0,  (12) 

where  the  angular  brackets  mean  the  thermal  average.  Fo-  our  model  defined  by  (9),  we 
have  shown  that 

Xj^(t)  =  2  sin(wot)  if  t  >  0 


---  0  if  t  <  0 


9/r 


(13) 


where  Uq  =  h  k^/2m,  the  recoil  frequency,  a  =  Uo/j3  h,  j3  is  the  inverse  temperature. 

The  frequency-dependent  susceptibility  X(w),  now  suppressing  the  k  index,  follows 
from  (13): 


^  rO) 

X(u)  = 

Jn 


dt  6“*“*  X(l)  =  X,(w)  +  i  Xiiu)  , 


X.M  =  (l/fa-)|D(7j-D(7ji 


X2(a;)  =  fw/Ta 


4-' 

:-4  - 


-e-1 


where 


(14) 

(15a) 

(15b) 


7^  =  (a;  ±  ojo)/(?E  (16a) 

and 

_v 

D(y)  =  e~^*  I  dx  e^* .  (16b) 

Jq 

Here  D  is  Dawson’s  integral.  Observe  that  7^(— w)  =  -  7^(uj)  and  D(— y)  =  D(y).  Hence, 
Xi(w)  and  X2(a;)  are,  respectively,  even  and  odd  functions  of  a;. 

We  observe  that  X2(w)  is  exactly  in  the  form  of  given  by  (8)  if  we  identify 
A  =  —  fz/la  and  B  =  l/4a.  Referring  to  (15a,b),  let  us  write: 

Xi(a;)  =  Xi  ■‘■(w)  +  Xi  ”(w)  ,  i  =  1  or  2  .  (17) 

Then,  112(0;)  =  X2  ~(o').  Hence,  one  can  at  once  write  down  the  measure  for  errors  or  the 
difference  betv/een  ni(a;)  and  ni(a;)  as: 


An(a,)  =  n,(a,)  -  =  X,(a.)  - 1 P  J" 


•'  0 

Hence, 

An,(a;)  =  X,+(o;)  =  -iD(7.). 

fa 


(18) 


(19) 
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The  magnitude  of  Ani(u;)  evidently  depends  on  nonzero  values  of  X2  ^(w)  for  u  >  0.  If  a 
or  B'l  is  small,  the  magnitude  of  Anifw)  becomes  small.  This  is  precisely  what  has  been 
observed  in  some  recent  numerical  studies.  2  The  dynamical  susceptibility  of  a  semiclassical 
ideal  gas  thus  provides  an  effective  measure  of  accuracy  for  trial  functions  employed  in 
practical  use  of  the  Kramers-Kronig  relations. 


CONCLUSION 

We  have  shown  that  the  Kramers-Kronig  relations  can  be  expressed  to 
accommodate  positive  values  of  the  frequency  only.  The  frequency-dependent  real 
refractive  index  can  then  be  calculated  therefrom,  given  the  extinction  coefficient.  The 
extinction  coefficient  can  be  measured  and  it  is  often  modeled  by  trail  functions  such  as  the 
Gaussian.  If  the  measured  values  are  sharply  peaked  at  some  nonzero  frequency,  one  may 
ignore  that  the  extinction  coefficient  must  be  an  odd  function  of  the  frequency.  If  not  very 
sharply  peaked,  the  errors  can  be  corrected.  We  have  provided  a  particular  correction 
formula  if  the  extinction  coefficient  is  modeled  by  a  Gaussian. 

We  have  found  a  theoretical  basis  for  understanding  the  Gaussian  model  for  the 
extinction  coefficient.  A  semiclassical  ideal  gas  gives  rise  to  the  dynamic  susceptibility, 
whose  imaginary  part  has  precisely  the  triS  form  of  the  extinction  coefficient.  The 
semiclassic^  ideal  gas  model  is  a  fluid  model  used  in  thermal  scattering  theory  used  for 
studying  the  scattering  of  light  by  fixed  atoms  or  nuclei.  The  correspondence  between  the 
semiclassical  gas  and  the  Gaussian  model  for  the  extinction  coefficient  allows  us  to 
interpret  the  peak  position  as  the  recoil  frequency  in  the  light  scattering.  The  other 
parameters  A  and  B  which  occur  in  the  Gaussian  model  of  the  extinction  coefficient  have 
similar  interpretations.  A  further  extension  of  the  use  of  the  Kramers-Kronig  relations  in 
nonlinear  optical  problems  is  in  progress. 
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ABSTRACT 

The  non-zero  elements  of  the  4X4  Mueller  matrix  were  computer  visualized  over  the 
mid  infrared  region  of  the  electromagnetic  spectrum  where  vibrational  states  of  organophos¬ 
phorous  and  simulant  molecules  (contaminant  analyte)  are  excited,  and  over  CO2  laser  beam 
backscattering  angles  (normal-to-ublique  incidence)  from  randomly  surfaces  that  contain  these 
liquid  contaminant  organic  layers.  Predictions  of  the  Mueller  elements  were  computed  from  a 
full  wave  model  of  electromagnetic  scattering  reported  by  E.  Bahar  and  co-workers.  The  non¬ 
zero  elements  were  displayed  and  recorded  in  a  multi-dimensional  format,  as  geometry  of  the 
scattering  surface  changes  from  a  specular  to  I.ambertian-like  reflector  of  infrared  radiation. 
The  surface  may  contain  multiple  contaminant  layers  that  are  targeted  for  detection  by  analyz¬ 
ing  Mueller  elements  at  beam  energies  tuned  to  vibrational  resonances  of  the  contaminant 
then  off-resonance.  In  a  related  problem  regarding  standoff  detection  of  biological  simulants 
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we  present  measured  Mueller  matrices  of  a  chiral  amine,  on  and  off  vibrational  resonance, 
emphasizing  elements  [1,4]  and  [4,1];  identifiers  of  Vibrational  Circular  Dichroism,  and  ele¬ 
ment  pairs  [1,2],  [2,1]  and  [3,2],  [2,3].  Together,  these  elements  appear  to  be  features  of  iden¬ 
tification  of  chiral  matter  by  elastic  polarized  scattering  on-off  beam  energies  of  molecular 
resonance  by  the  analyte  molecules.  Future  work  calls  for  refining  this  technology  toward 
optimum  solution  of  the  chemical/biological  standoff  detection  problem. 


INTRODUCTION 

We  apply  elastic  polarized  infrared  (IR)  scattering  for  the  remote  sensing  of  contaminant 
layers  (analytes)  spread  across  terrestrial  and  other  (background  interferent)  scatterers.  In  one 
problem,  the  analyte  is  a  liquid  layered  surface  that  is  randomly  rough  on  the  micrometer 
scale.  A  full  wave  model  of  EM  scattering  is  applied  to  predict  elements  of  the  Mueller  matrix 
by  scattering  from  an  area  of  statistically  derived  mean-squared  heights  and  spatial  slopes. 
This  model,  in  present  form,  provides  closed  form  solutions  of  Maxwell's  equations  assuming 
single-scut*:r:ng  by  isotropic  surfaces  of  random  geometry.  I’he  code  RETRO(IO)  is  a  10*  ver¬ 
sion  of  numerical  implementation  of  full  wave  theory. 

Analytes  of  specific  interest  include  DMMP^^^  DIMP^"^  SF96,  and  TBP,  simulants  of 
the  chemical  G  and  VX  liquid  agents.  Absorption  of  IR  radiation  by  the  analyte  is  key  for  its 
detection.  All  these  organophosphorous  and  silcon-based  hydrocarbons  exhibit  fundamental 
IR  vibration  modes  within  primary  atom  groups.  The  phosphorous  linkages  P»0,  P-CH^,  and 
P-O-C  in  DMMP,  DIMP,  and  TBP  are  driven  into  normal  modes  of  rocking,  bending,  and 
stretching  vibrational  states  by  tuning  of  energy  of  the  incident  ellipsometer  beam  source.  In 
SF96,  a  silicon  based  hydrocarbon,  Si-O-Si  and  Si-CHj  are  groups  exhibiting  normal  IR  vibra¬ 
tional  modes. 

The  optical  bandwidth  of  the  ellipsometer  instiument  is  9  -  12,5  The  experiment  is 
designed  to  excite  at  least  one  IR  resonance,  then  rapidly  detune  to  a  non-resonant  energy  in 
the  incident  beam  (an  energy  for  establishing  a  reference  Mueller  matrix).  We  then  ascertain 
those  Mueller  elements  in  backscattering  most  susceptible  to  the  targeted  analyte  mass  under 
resonance-reference  beam  energy  irradiation  conditions.  We  have  and  continue  to  develop 
mathematical  algorithms^^'^^  that  access  the  entire  16-element  Mueller  matrix  field  of  elements 
(the  non-susceptible  elements  themselves  are  iriformation  used  in  making  detection  decisions) 
and  operate  (map)  into  feature-space,  where  classification  of  the  analyte  is  done. 

In  another  remote  detection  problem  of  interest  to  us,  chiral  matter  (crystalline  and 
saturated  in  solution)  is  targeted  for  detection.  (Chirality  is  handedness  of  the  asymmetric 
molecule,  Chiral  molecules  cannot  be  superimposed  on  their  mirror  image.)  The  chira!  com¬ 
pounds  of  interest  in  our  trial  experiments  include  various  amines  and  sugars  that  react  dif¬ 
ferently  to  R-  and  L-circularly  polarized  IR  radiations,  as  in  some  organisms  which  we  are 
interested  in  screening.  Important  features  for  the  detection  of  chiral  molecules  are  Mueller 
elements  [1,4]  and  [4,1].  These  elements  describe  the  transform  between  left  right  and  right 
left  circular  polarizations  between  input  beam  and  scattered  radiance.  This  information 
correlates  to  dextro  and  levo  optical  rotational  behavior  by  the  chiral  structure  and  is  a  direct 
measure  of  Vibrational  Circular  Dichroism  (VCD),  when  the  energy  of  the  probe  beams 
matches  vibrational  resonance  of  the  molecule.^^^ 

VCD  is  a  non-Born  Oppenheimer  phenomena  caused  by  coupling  of  electronic  and 
nuclear  motions.  Nuclear  motion  of  parent  atoms  causes  a  slight  asymmetry  in  the  way  left- 
handed  and  right-handed  circular  polarizations  interact  with  the  chiral  molecule.  Measure¬ 
ments  on  low-molecular  weight  chirals  compliment  the  VCD  quantum  calculations  now  being 
performed  by  two  of  us  (Zeroka  and  Jensen).  These  calculations  provide  a  means  to  under¬ 
stand  fundamental  properties  of  VCD  on  molecular  structures  that  are  simpler  but  similar  to 
some  organisms;  a  basis  to  build  on  the  more  complex  biological  structures.  Much  of  the 
work  conducted  in  our  laboratory  involves  selecting  the  proper  basis  wavefunction  sets, 
optimizing  scaled  force  fields,  and  determining  the  correction  factors  to  the  raw  quantum 
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calculations  on  these  molecules. 

In  addition  to  VCD  Mueller  elements  [1,4]  and  [4,1],  visual  inspection  of  the  raw  experi¬ 
mental  data  suggest  that  element  pairs  [1<2],  [2,lj  and  [3,2],  [2,3]  contain  identification  infor¬ 
mation  on  some  chiral  amine  crystals  under  irradiation  by  the  resonance-reference  energy 
beams.  We  include  experimental  data  on  L-Alanine,  a  compound  that  exhibits  these  proper¬ 
ties. 


RESULTS 

A  presentation  of  full  wave  predictions  from  randomly  rough  substrates  wetted  by 
DMMP,  DIMP,  SF96/  TBP,  diesel  oil,  three  fatty  acids,  soot  pellets,  and  other  contaminant 
layers  are  given  in  our  previous  work.^^'^'^^  Several  conclusions  were  drawn:  (1)  as  expected, 
the  rougher  the  surface  (the  greater  its  spatial  mean  slope)  the  more  diffuse  it  is  a  reflector  of 
the  IK  beam,  (2)  on  vibrational  resonances  of  the  analyte,  the  off-diagonal  Mueller  elements 
[1,2]  and  [3,4]  exhibit  strong  signal  intensities  about  ==  30P  beam  incidence.  This  signal  pro¬ 
pagates  through  a  polarity  reversal  as  the  surface  roughness  parameter  of  mean-squared  slope 
increases.  The  peak  in  this  signal  also  appears  to  shift  slightly  toward  oblique  incidence.  This 
behavior  was  accurately  tracked  in  visualization  code  applied  to  the  full  wave  data  base.^^^ 

The  Mueller  matrix  sensor  built  here  at  CRDEC  is  a  2-photoelastic  modulator  design 
with  four  tunable  CO2  laser  of  separate  isotope  and  non  isotope  gas  mixtures.  It  is  a  monos¬ 
tatic  backscattering  system  automated  by  stepper-motor  computer  control.  A  full  description 
of  the  ellipsometer  sensor  including  optic  design,  electronic  sub-assemblies,  logic,  data 
acquisition/reduction/analysis,  and  calibration  is  provided  in  Reference  1,  We  have  made 
several  matrix  measurements  on  Arizona  road  dusts  (soils  of  various  particle  size  distribu¬ 
tions)  both  dry  and  wetted  by  some  of  the  above  organic  liquid  analytes.  We  have  yet  to 
analyze  these  data  and  make  comparisons  with  model  predictions.  These  analyses  will  be 
reported  at  a  later  time. 

The  current  data  base  consists  mostly  of  matrix  measurements  in  backscattering  by  vari¬ 
ous  crystalline  structures.  These  include  (:!:)  Tartaric,  Glutamic,  and  Aspartic  adds;  Cam¬ 
phor,  Glucose,  Sorbose,  Histidine,  Mannose,  Alanine,  Tyrosine,  and  Serine  wafers.  The  16 
element  matrix  field  is  measured  at  wavelengths  on  vibrational  resonance  of  the  molecule 
plus  a  reference  wavelength  of  no  vibrational  exdtation  for  comparison.  Angular  positioning 
of  the  sample  is  performed  typically  in  tenth-degree  resolution.  Our  interest  with  these 
materials  is  to  seek  out  their  chiral  property  inherent  in  elements  [1,4]  and  [4,1],  and  others 
that  react  to  the  laser-driven  molecular  resonance  conditions.  These  data  also  compliment 
theoretical  work  now  being  done  at  CRDEC  that  investigates  the  quantum  properties  of  VCD. 

Figures  1  and  2  are  examples  of  raw  data  collected  by  the  ellipsometer  instrument.  The 
L-Alanine  wafer  is  two  inches  in  diameter  and  quarter  inch  thick,  area  of  beam  surface  irradi¬ 
ation  is  0.8  in^,  and  the  collected  radiance  deviates  from  true  backscattering  by  less  than  0.5 
degree.  Figure  1  represents  the  Mueller  matrix  response  to  the  0.114  eV  beam  driving  a 
stretching  mode  in  the  NH^CHCHjCOjH  molecules.  Figure  2  is  the  same  measurement  after 
the  laser  was  detuned  to  0.130  eV,  off  the  resonance  band.  Three  pairs  of  active  elements 
about  normal  incidence  can  be  discerned,  without  mathematical  filtering,  viz;  [1,4]  and  [4,1], 
[1,2]  and  [2,1],  [2,3]  and  [3,2],  The  non-active  elements  complete  this  16-element  binary  map 
of  L-Alanine.  (One  envisions  a  16-node  neural  network  with  6  firing  neurons  and  10  dormant 
neurons.) 

An  initial  inspection  of  the  data  base  have  shown  few  vibrational  resonances  in  chiral 
sugar  and  amine  compounds  producing  measurable  activity  in  the  comer  [1,4]  and  [4,1]  ele¬ 
ments  and  associative  elements.  Much  of  the  work  in  tiiis  laboratory  investigates  why  this  is 
and  what  are  characteristic  quantum  effects  that  cause  the  slight  asymmetry  in  circular  polari¬ 
zations  on  vibrational  resonance  in  chirals. 
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Figure  1.  On-Resonance  Mueller  Matrix  Elements  of  L- Alanine,  X  s  10,88  meters 
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Figure  2.  Off-Resonance  Mueller  Matrix  Elements  of  L- Alanine,  \  =  9.52  jx  meters 
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CONCLUSION 

We  use  polarized  scattering  to  study  problems  of  remote  sensing  of  chemical  and  biolog¬ 
ical  contaminations  in  the  field.  Before  a  grand  leap  into  field  measurements  and  analysis  is 
done,  a  better  understanding  of  the  information  inherent  in  the  Mueller  matrix  is  needed 
through  modeling  and  control  experimentation. 

At  the  macroscopic  level,  investigations  were  made  on  applying  full  wave  theory  to  the 
detection  problem.  This  physical  optics  model  predicts  Mueller  matrix  elements  as  a  function 
of  topographic  mean  height/slope  and  refractive  index  of  the  scatterer.  The  present  form  of 
this  model  restricts  the  surface  as  an  isotropic  medium,  it  does  not  incorporate  multiple¬ 
scattering  effects  (depolarization),  and  cannot  describe  dichroism  (scattering  by  chiral  matter). 
We  hope  that  full  wave  theory,  or  another  analytical  theory,  can  accurately  encompass  these 
phenomena. 

At  the  microscopic  level  we  singled-out  elements  [1,4]  and  [4,1]  as  candidate  features  for 
possible  detection  of  biological  compounds  by  driving  the  chiral  molecule  into  vibrational 
resonance  and  detecting  Vibrational  Circular  EHchroism.  The  VCD  information  was  detected 
in  only  a  few  sugar  and  amine  compounds  over  all  vibrational  modes.  Moreover,  it  is  interest¬ 
ing  to  note  that  those  chirals  exhibiting  active  [1,4]  and  [4,1]  elements  have  associative  cle¬ 
ment  pairs,  such  as  elements  [1,2],  [2,1]  and  [2,3],  [3,2]  in  L-Alanine. 

Both  theory  and  experiment  progiains  continue,  with  goals  of  determining  if  and  how 
phase-sensitive  light  scattering  can  be  successfully  applied  and  developed  into  a  remote  sens¬ 
ing  device. 
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Abstract 

Using  a  new  technique  based  on  the  fanning  of  a  coherent  light  beam 
in  a  photorefractive  BaTiOs  crystal  angularly  resolved  forward  light 
scattering  from  quartz  fibers  of  radii  from  15  pm  to  30  pm  have  been 
successfully  measured.  Data  have  been  obtained  in  the  angular  range,  0°  to 
0.3°  and  they  are  in  good  agreement  with  theory. 

Introduction 

Light  scattering  by  small  particles  has  been  the  subject  of  intense 
investigations  for  many  decades.  However,  virtually  all  of  the  experimental 
work  to  date  has  been  limited  to  angles  from  near  forward  to  backward 
directions.’  2  The  limiting  experimental  factor  in  the  measurement  of 
forward  scattering  is  the  unscattered  incident  wave  which  is  superimposed 
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to  the  scattered  wave.  has  been  little  previous  experimental  success 

in  attempts  to  separate  the  two  waves  in  the  forward  direction. 

Wang  and  Greenberg^.^  used  the  microwave  analog  method  to  measure 
light  scr  tering  in  all  directions  including  0°.  They  used  microwave 
radiation  and  artificially  constructed  targets  to  simulate  light  scattering  by 
micron-size  particles  at  optical  frequencies.  Spinrad^  used  a  special  low- 
angle  scattering  meter  to  measure  volume-scattering  functions  down  to 
angles  as  small  as  0.1°  from  the  forward  direction.  Forward -scattering 
measurements  from  an  isolated  sphere  have  been  made  recently  by  using 
the  Guoy  phase  shift  that  occurs  at  the  waist  of  a  focused  Gaussian  beam.® 
However,  that  method  is  applicable  only  to  particles  so  small  that  the 
scattering  phase  shift  can  be  neglected  in  the  analysis.  By  contrast,  the 
present  research  is  directed  toward  particles  of  all  size,  including  larger 
ones  for  which  there  are  appreciable  scattering  phase  shifts. 

The  purpose  of  this  research  is  to  use  a  new  technique  based  on  the 
fanning  of  a  coherent  light  beam  in  a  photorefractive  BaTiOa  crystal^  and 
measure  the  forward  light  scattering  from  quartz  fibers  of  radii  from  15  pm 
to  30  pm  as  a  function  of  angle.® 

Photorefractivity 

Photorefractivity  is  the  ability  of  a  crystal  to  change  its  index  of 

refraction  by  interacting  with  incident  light  with  energy  less  than  the  band 

gap.  When  a  photorefractive  crystal  is  exposed  to  a  light  beam  the  charge 

carriers  (for  example,  electrons)  from  localized  impurities  (donors)  are 

excited  to  the  conduction  band  by  photoionization  process  and  diffuse  or 

drift  until  they  become  retrapped  by  other  impurities  (traps).  If  the 

intensity  of  incident  light  is  spatially  modulated  then  the  charge  density  of 
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the  crystal  is  accordingly  modulated  by  this  process.  This  spatially 
modulated  charge  distribution  induces  a  spatially  modulated  electric  field. 
This  static  electric  field  modulates  the  refractive  index  of  the  crystal 
through  the  linear  electro-optic  effect  and  forms  an  index  grating.  In  a 
diffusive  medium  like  BaTiOa,  this  modulation  of  refractive  index  is  spatially 
shifted  relative  to  the  modulation  of  the  light  intensity,  which  makes 
photorefractive  energy  coupling  possible.  The  incident  beam  is  diffracted  by 
this  grating  and  the  intensity  distribution  is  changed  inside  the  crystal, 
which  in  turn  changes  the  charge  distribution.  The  whole  process  is 
repeated  until  a  steady  state  is  reached. 

Beam  fanning  can  be  explained  as  a  photorefractive  amplification  of 
the  light  scattered  by  medium  inhomogeneities. lO  When  a 
photorefractive  crystal  is  illuminated  by  a  single  pump  beam  some  of  the 
light  is  scattered  by  impurities  of  the  crystal.  Even  though  this  scattered 
light  is  weak  it  can  be  amplified  through  photorefractive  coupling  with  the 
incident  beam.  In  a  BaTiOa  crystal,  the  photorefractive  gain  of  the  scattered 
light  is  especially  lai'ge  so  that  more  than  90%  of  the  incident  light  energy 
can  be  deflected  through  beam  fanning  process  alone.  The  extinction  ratio 
depends  on  a  number  of  factors,  such  as  the  angle  between  the  pump  beam 
and  the  crystal  c  axis,  the  polarization  of  the  pump  beam,  crystal  geometry, 
crystal  imperfections  and  aberrations  in  the  pump  beam. 

To  produce  the  photorefractive  effect,  photoinduced  charges  should 
migrate  from  regions  of  high  optical  intensity  to  regions  of  low  optical 
intensity  to  eventually  establish  a  static  charge  distribution.'^  A  finite  time  is 
required  for  the  charges  to  migrate.  This  time  t  is  known  as  the 
photorefractive  response  time;  it  is  inversely  proportional  to  the  intensity  of 
the  incident  beam.'^  The  response  time  becomes  quite  long  at  low 
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intensities  (e.g.,  for  BaTi03,  it  is  of  the  order  of  1  second  at  1  mW/cm^ 
incident  intensity).  If  the  spatial  character  or  the  phase  of  any  part  of  the 
beam  is  perturbed  rapidly  compared  to  x,  then  the  perturbed  portion  does 
not  undergo  fanning  and  is  transmitted  without  deviation.  As  a  result,  if  the 
scattered  light  has  time  dependence  which  is  faster  than  the  response  time 
of  the  crystal  then  it  can  pass  through  the  crystal  while  the  unscattered  light 
is  fanned  out.  I'his  is  the  basis  of  our  technique  to  separate  the  scattered 
and  unscattered  beams  and  could  be  applicable  to  suspensions  of  scatterers 
as  well  as  to  isolated  scatterers. 

Experimental  Results 

Fig.  1  schematically  illustrates  the  experimental  setup  for  the  angular 
resolved  measurement  of  forward  scattering  by  a  quartz  fiber.  The  cw  Ar-* 
laser  beam  (514.5  nm)  is  polarized  in  the  plane  of  the  figure,  which  also 
contains  the  c  axis  (illustrated  with  arrows)  of  two  BaTiOs  crystals.  Both 
crystals  are  0  -cut  and  approximately  5  mm  X  5  mm  X  5  mm  cubes.  To 
introduce  a  time  dependence  to  the  scattered  light  a  quartz  fiber  is 
mounted  on  a  1  rpm  synchronous  motor  that  rotates  it  in  a  circle  of  radius  3 
cm.  Adjustable  apertures  Al.  A2  and  A3  shield  the  crystals  and  the  detector 
from  stray  light.  Most  of  the  incident  light  is  fanned  out  of  its  direct  beam 
path  by  the  first  crystal.  However,  because  of  the  a.S3mimetric  nature  of  beam 
fanning,  some  of  the  light  is  left  on  one  side  of  the  beam.  This  remaining 
ligiit  is  fanned  out  by  the  second  crystal  leaving  less  than  1%  of  the  Incident 
light  in  the  background.  As  the  fiber  crosses  the  laser  beam  a  pulse  of 
sca(i('red  light  is  generated  in  this  dark  background.  The  angular 
di.stribution  of  tins  pulse  is  measured  with  an  optical  multichannel  analyzer 
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Intensity  (in  Arbitraiy  Unit) 


(OMA)  which  has  1024  detectors  per  inch.  This  signal  is  recorded 
computer  and  compaied  with  the  -suits  of  theoretical  calculations. 


Polarizer  Fiber  LI  L2  A3  L3  OMA 


Ar^  Laser  Crystals  Analyzer  Computer 

Figure  1  Experimental  set-up  to  measure  angular  resolved  forward 

scattering  by  a  quartz  fiber 


7000  - - 


Relative  Position  of  Detectors 

Figure  2.  The  profile  of  the  background  beam  before  and  after 

beam  fanning 
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Fig.  2  shows  the  profile  of  the  background  beam  pattern  before  and 
after  the  beam  fanning  is  established  without  a  fiber.  Before  beam  fanning  is 
established  the  laser  beam  profile  is  measured  for  short  period  of  time. 
Even  though  it  was  measured  for  relatively  short  period  (<  1  sec)  the 
measured  profile  shows  a  sign  of  beam  fanning.  Here  we  can  see  that  1) 
after  the  beam  fanning  the  extinction  of  the  background  beam  is  so  great 
that  intensity  of  the  background  beam  is  almost  zero  and  2)  even  though  the 
intensity  of  the  background  beam  is  very  small  it  is  not  zero  and  the  profile 
of  the  background  beam  is  asymmetric.  That  is  because  this  beam  fanning 
process  is  an  asymmetric  photorefractive  process. 


Scattering  Angle  (in  Degree) 

Figure  3.  The  interference  pattern  between  the  forward  scattered  beam  and 
the  background  beam  with  weak  beam  fanning 

Fig.  3  shows  one  oi  the  typical  measurements  of  the  forward  seattering 
trorn  a  (}uartz  fit)er.  nie  horizontal  axis  is  the  scattering  angle  in  degree  and 


109 


I 


the  vertical  axis  is  the  intensity  in  arbitrary  unit.  The  thick  curve  is  the 
measurement  and  the  thin  curve  is  the  calculation.  Because  the  background 
intensity  is  finite  what  is  measured  here  is  the  interference  pattern  between 
the  background  wave  and  the  scattered  wave.  In  this  measurement  the 
beam  fanning  is  relatively  weak  and  the  background  is  comparable  to  the 
scattered  signal.  In  calculating  the  interference  pattern,  two  fitting 
parameters,  the  amplitude  of  the  scattered  field  at  0°  and  tlie  position  of  0°, 
were  used.  The  uncertainty  of  angle  is  about  0.005°.  The  measurement 
shows  very  good  agreement  with  the  calculation.  In  this  graph  we  can  see 
the  most  characteristic  interference  pattern  of  0°  scattering.  The  intensity 
distribution  I{x)  at  the  detector  plane  is  the  result  of  the  interference 
between  the  scattered  field  E^{x)  and  the  background  field  E^{x)  which  is 
given  by 

;(x)  =  |E„{x)f  +|eJx)|'  +2|e,(x)||eJx)|cos(</)(x))  (1) 

Here  0(x)  is  the  phase  difference  between  two  fields  and  x  is  the 
position  at  the  plane  which  can  be  converted  into  the  scattering  angle.  I{x} 
is  the  interference  between  a  plane  wave  and  a  cylindrical  wave.  As  shown 
in  Fig,  4,  at  precisely  0°  the  phase  difference  between  the  scattered  field 
and  the  incident  field  is  about  3k/4  radian.  So  in  the  interference  pattern 
there  is  local  maximum  at  0^  and  this  small  peak  is  the  signature  of  0° 
position. 

Fig.  5  shows  the  forward  scattering  from  a  24,2  pm  fiber  with  strong 
beam  fanning.  Note  that  there  is  a  strong  interference  on  the  left  hand  side 
of  0°  while  no  clear  interference  on  the  other  side.  The  reason  is  that  the 
background  on  the  right  hand  side  of  0°  is  not  the  remaining  incident  beam 
fiftcr  beam  fanning  but  it  is  due  to  multiple  reflection  of  fanned  beam  and  is 
incoherent  with  the  laser  beam.  Therefore,  it  docs  not  interfere  with  the 
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forwaid  scattered  beam  as  in  the  measurement.  However,  in  the  calculation 
for  the  simplicity  the  coherent  background  is  assumed  and  we  have  the 
interference. 


Radius  (pm) 

4.  The  phase  difference  (x  «)  between  the  forward  scattered  beam 
and  the  background  beam. 
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Scattering  Angle  (in  Degree) 

Figure  5.  Measurement  of  forward  scattering  with  strong  beam  fanning 
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Phase  Difference 


Fig.  6  shows  S(0)*S(0)  versus  fiber  radius.  The  0°  readings  were 
made  by  producing  Fig. 5  for  all  different  fibers.  The  rapidly  oscillating 
curve  is  the  result  of  Mie  calculation.  The  data  show  good  agreement  with 
the  theory. 


0  10  20  30 

Radius  (|im) 

Figure  6.  S(0)*S(0)  versus  fiber  radius. 

Conclusions 

In  conclusion,  we  have  successfully  measured  the  0°  scattering  from  a 
quartz  fiber,  Angular  distribution  of  forward  scattered  light  has  been 
successfully  resolved  including  0°  using  this  technique,  BaTiOs  crystal  has 
proved  to  be  an  excellent  novelty  filter. 
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5.1  EiKUgy  Balance  Clu'cks  .  IS 

1  INTRODUCTION 

What  is  the  dilfenuici'  Ix'twetui  a  dro])let  of  wat(’r  in  a  cloud  and  a  layc'n’d  structuic' 
whose  coi(’  contains  a  germ  warfau'  agc’iit  which  is  from  th('  choice  of  coating  made  to 
a})])(‘.'jr  to  ordiiuny  visual  interrogation  to  lie  a  drop  of  water  or  to  as  a  grou])  bhuid  in 
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with  a  clourl  of  wat.('r  droph'ts  so  as  to  Ix'  diftiiMilt  to  soo  with  ordinary  multiple'  scat- 
tt'viup,  ('Xix'riniriits?  \VV  ,u;iv('  in  this  papc'i*  a  nu'thod  of  telling  the  difference  between  an 
('n(*apsulat(‘d  gt'nn  warfare'  age'iit  and  an  ordinary  droph't. 

W('  d('S(*rilx'  in  this  i)aixT  a  iiK'thod  of  <h't('rminiiig  when  a  cloud  is  likely  to  contain 
))iol()gi(’al  warfare'  age'iits.  Normally  mate'i  ials  in  a  ('loud  that  are  not  man  made  do  not  have' 
a  earc'fully  layt're'd  struetun'.  \V(‘  show  in  particular  how  to  use  scattcTcd  eleetroiuagiu'tie 
radiation  to  discriminatt'  bt'tween  lay('r('d  sph(’res  and  unlayered  spheres,  and  j)ro('('('d  to 
discuss  th('  ge'iK'ial  probh'iii  of  laja'H'd  i)articles  with  an  arbitrary  shape, 

Th('  basic  i(U'a.  is  to  s('parat('  a  i)otentially  highly  complex  problem  into  the  two  simpler 
])robl('nis  of  (i)  finding  tlx'  ('Xi)ansion  ('{X'fficients  of  the  scattered  radiation  which  i)roduced 
th(‘  iiK'asun'iiK'nts,  and  (ii)  using  tlu'  rc'dnudancy  of  droplet  parameter  information  eiu- 
l)odi(‘d  in  thes(‘  ('xpansion  coefficic'iits  to  discnininatx'  hc'twecni  en('a])sulate(l  materials  and 
naturally  occurring  cloud  droph'ts.  \V(‘  supi)()se  that  for  an  N  laja'red  sj)here  that  there  is 
a  transition  matrix  Q  n'lating  ('xi)aiision  coeffici('iits  representing  the  electric  and  magnetic 
vectors  in  tlu'  biological  warfare'  agc'iit  core  to  tlu'  expansion  coefficii'nts  rei)res('iiting  the 
('l<*(Uric  and  magix'tie  vc'ctors  in  the  region  surrounding  the  sjdiere.  The  representation 
of  tli('  ('h'ctric  and  inagiK'tic  vc'ctors  of  th('  seatt<'r('d  radiation  becomes  more  and  more 
rapidly  coiiv('rg('iit  as  you  move  away  from  the  s})h('rical  cloud  droplet,  while  the  known 
(‘Icctric  V('ct()r  of  the'  incoming  radiation  Ix'coiiU's  more  and  more  slowly  convergent. 


2  The  Problem  of  Noisy  Data 


McasuK'iJK’nts  always  havt'  ('iror,  and  tlu'  more'  diiiK'iisions  you  have  in  an  optimization 
prohleiii,  tli('  loiigc'r  it  takc's  to  s()lv('.  Do  you  try  to  find  the  l^est  fit  of  parameters  for  a 
one  or  two  layer  structure  to  a  limitc'd  iiuml)er  of  measurements  or  to  a  largo  number 
of  iiK'asni’eiiKUits,  solving  the'  t'litirc'  pr()l)l<'in  at  oiuv'  or  do  you  try  to  decompose  the 
])rol>l('ni.  \V('  shall  sugge^st  using  a  very  larg('  nmnbc'r  of  iiu'asun'inents,  and  hreaking  up 
th(‘  j)rol)h'in  into  two  snialh'r  i)arts.  A  clond  consists  of  many  particles  of  differing  sizes 
and  multi])l('  scattering  must  Ix'  takc'ii  into  account.  To  test  the  feasibility  of  the  theory, 
\v(‘  consich'r  tlx'  siniph'r  probk'in  of  s('att('riiig  from  a  single  cloud  droplet  and  attempt 
to  dct<*rniiiic  whctlx'!*  or  not  that  droph't  is  a  single  layt'n'd  structure  or  an  encapsulated 
l)iol()gical  vvarfar('  agc’iit.  In  the  first  ])art  \wr  ()l)tain,  ind('i)('nd('at  of  the  nature  of  the 
s])h(rical  ])aitich'  that  ])r()duc('d  tlu'  s<’att('r('d  radiation,  a  representation,  in  ter^iis  of 
sj)!HTical  liarmonics.  of  tli('  ('h‘(‘tric  vector  of  th('  scatt('r('d  radiation  that  produced  the 
incasurcinent .  d'hc  fa<'t  that  tlx'  coefficii'iit s  lux'dc'd  in  this  represc'ntatioii  redundantly 
repn‘s('iit  tlx*  laycK'd  structure'  atid  ('h'ctroinagnetic  ])r()p('rti('s  of  tlx'  scattering  body  then 
ciiahh’s  us  to  t(‘ll  what  kind  of  a  scatt('r('r  j)roduced  tlx'  iix'asui’enK’nts. 

2.1  Noiso  Removal 

\\*liat(‘V<T  set  of  nx'asurciiK'iits  W('  take*,  it  is  important  to  liav(‘  (‘uougli  of  them  that 
W('  can  ieiiio\'(’  uiisyst cinat i(’  noise  from  tlxx'  inea.sui'enK’iits.  If  tlx’  nois(’  is  unsystc’inatic 
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or  white,  tlien  even  if  tlu'  pure  signal  were  a  small  fraction  of  the  measurements,  it  could 
then  he  moved  by  an  integration  i>rocedure  or  a  local  averaging  procedure.  The  local 
tinu'  averae;<'  is 

fr  =  t-^Tp 

/  =  /  [S{T)  +  N{T)]dT  (1) 

Jr={)  JtzzO 

2.2  Fibonacci  Optimization 


We  use  a  kind  of  higher  dimensional  Fil)oaacci  optimization  using  planes  perpendiculai' 
to  the  hyperplane  of  values  that  are  needed  to  represent  the  electric  vector  of  the  scattered 
radiation.  The  measurement  is  determined  by  the  electric  vector  of  the  scattered  radiation 
])lus  the  system  noise  which  we  assume  we  can  nearly  remove  by  averaging  or  filtering 
processc's.  We  consider  hyi:)erplanes  each  defiiu-u  by  keeping  one  of  the  parameters  of 
interest  constant.  We  use  normalized  variables  such  as  th**  one  obtained  by  replacing  the 
permittivity  e  by  its  ratio  c/cq  to  free  space  permittivity.  Assume  that  we  move  along  lines 
liunnal  to  these  hyperplanes.  For  the  jth  hyperplane  we  move  from  our  initial  starting 
point  given  by  the  equation 


(1) 


along  the  vector 


(2) 


a  distance  of  r  giving  us  a  function  of  a  single  variable.  We  estimate  the  partial  derivative 
of  the  reciprocal  of  the  noiiiiegative  function  to  be  minimized  in  this  direction  given  by 
equation  (2).  We  use  these  estimates  of  the  partial  derivatives  to  give  us  an  estimate  of 
the  gradient  of  the  of  this  function.  If  we  move*  in  the  direction  of  the  gradient  we  will 
be  moving  in  the  direction  of  the  greatest  increase  of  the  function.  So  far  this  is  almost 
like  the  conjugate  gradient  method.  We  intersperse  now  Fibonacci  optimization  by  in  this 
direction  finding  the  location  of  the  minimum  of  the  function  of  a  single  variable  that 
moves  along  the  line  defined  by  the  estimation  of  the  gradient.  Said  differently,  if  v  is  the 
estimated  direction  of  the  gradient  of  the  reciprocal  of  the  function  to  be  minimized,  then 
we  attempt  to  minimize  the  function 


g(r)  =  /(?(°)+r-r,) 


We  at  this  stage  have  the  problem  of  minimizing  a  function  of  a  single  variable.  We  wish  to 
carry  out  this  minimization  without  any  comj)ntation  of  gradients.  Basically  we  imagine 
that  we  know  the  value  of  the  function  at  iM)ints  7*|  and  7*2  and  that  tlie  value  at  is  largcT 
than  the  value  at  7*2.  We  then  niov('  to  the  point  7‘*  given  l)y  adding  —  ;’i )  to  7'^, 

where  .s  is  a  positive  fraction.  We  then  compare  the  values  at  7*2^^  and  r*  and  rename  the 
l)()int  ill  the  set 

5  = 


at  which  (j  is  larger  7'j'^^  and  the  point  in  this  s('t  5  at  wlii(‘h  (j  is  smaller  7•2^^  We  ])ro- 
ce('(l  until  the*  differenei'  l)etw('en  ])oiiits  Ih'couk's  smalh’r  than  our  error  tolerance.  This 
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th('n  In'roinc's  our  lu’w  i)()int  f(n  starting  tli(‘  iimlticUinousioiial  iiiiniiiiization  process.  This 
UK'thod  is  i\  coinlnuatiou  of  tin'  uniltidiiiunisioiuil  conjugate  gradient  method  and  the  one 
diiniiisional  Fihonacc'i  optimization. 


3  Bioagents  Placed  in  the  Core  of  a  Layered  Sphere 


We  show  in  this  s('ction  how  to  d(*tect  a  biological  agent  in  a  cloud  when  the  agent 
is  ston'd  in  the*  con'  of  a  layc'ied  spheix'.  Tin*  sphere  materials  may  be  isotropic  in  the 
s('ns(*  that  th(‘  (‘l(M’troniagn(*ti<'  prop('rti(*s  of  each  layer  are  the  same  in  every  direction. 
Tlu'  splu're  i)r()i)erties  may  Ix'  anisotropic  in  the  sense  that  the  properties  arc  permittivity 
and  pc'inu'ability  only  and  thes(»  ])roperties  are  different  in  different  directions.  One  of  the 
('asi<'st  of  tlu’  anisotropic  splu'ies  to  deal  with  is  the  uniaxial  anisotropic  material  which 
has  our  i)roi)('rty  as  you  go  in  the  radial  direction  and  another  property  as  you  move 
tang(uitially  to  tlu'  splu'n'.  This  is  of  practical  concern  as  you  might  have  a  bioagent 
cor(‘  (‘ucapsulatc'd  l^y  an  oriented  molecular  layer  designed  to  make  it  difficult  by  ordinary 
mt^aiis  to  discriminatt*  In^tween  this  and  an  ordinary  droplet.  The  same  result  may  be 
thc’on'tically  achi(*V('d  for  a  i)ioag('iit  encapsulated  by  a  full  tensor  material.  Biauisotropic 
('nea))sulations  of  l)iological  agents  would  present  another  level  of  difficulty,  Biauisotropic 
niat('rials  might  Ix'  crt'atcxl  using  molecular  layers  with  a  twisted  and  intertwined  moleculai' 
stnict\ir('.  The  Faraday  (the  one  with  curl  of  the  electric  vector)  and  Ampere  (the  equation 
with  curl  of  the  magnetic  vector)  Maxwell  equations  both  have  the  form  of  a  tensorially 
l)i!iiiear  function  of  the  (‘h'ctric  and  magnetic  vectors  being  equal  to  the  curl  of  either  the 
('l('ctri(’  or  magix'tic  vector. 

3.1  Spherical  Harmonics  and  Orthogonality  Relations 


Ill  ordc'i*  to  understand  how  to  solvt'  th('  inverse*  proldem  systematically  when  you  kmiw 
that  that  tlx*  scatt('r(T  is  a  single  or  multiple  layered  spherically  symmetric  structure,  we 
ii(‘('d  to  have  some*  uiuh'rstanding  of  the  ortliogemality  of  vector  spherical  harmonics  whiefi 
dramatically  re*duc(*s  the  dimemsiemality  of  the  prolilem  of  detecting  an  e*ucapsulateHl  spluTe 
r()iitaini!]g  l)ie)le)gical  inate'rials. 

The'  l)asic  ide'a  of  the'  ceide*  is  th.'it  the  induced  and  s('atte*red  edectric  and  magnetic 
V(‘ct()is  can  \h\  feu*  (i)  isea-rojiie*,  (ii)  uniaxial,  (iii)  full  tensor  anisotropic,  (iv)  uuiaxially 
l)ianis()tr()])i(\  and  (v)  full  te-iisor  l)ianisotropic  spherically  symmetric  structures  be  ex- 
])ie's.s(‘el  ill  te'iius  e)f 
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wh<'n‘  fri  tlic  iluit.  voctors  pi'ri)riKlirular,  respectively,  to  the  r  =  0,  ^  =  0, 

aiul  0  =  0,  coordinate'  planes,  and  where  P,^{cos{B))  is  the  ordinary  Legendre  function 
d('fined  by  Rodrignos’s  fornmla 


Pn{=)  = 


(4) 


The  associated  Legendre  functions  P,’"  are  g;iven  by 


p;;‘(c)  =  (i 


(5) 


It  is  obvious  that  even  without  integrating  over  a  sphere  that  the  dot  product  of  either 
of  '®(m,7i)  with  zoFo.  Tlu"  orthogoiiality  of  the  functions  exp{im<f>)  and 

cxi){irri(f))  on  the  unit  circle  for  77?  ^  rh  show  that  if  as  in  ([5])  we  define  the  inner  product 
of  two  vector  valued  functions  U{0,(j))  and  U{d^(l))  defined  on  the  unit  sphere  by, 


<  [7,  V  >  =  r  r  u{e,  0) .  V{9,  <i>ysi7i{e)ded(i>  (6) 

Jo  Jo 

with  two  different  values  of  77i  are  orthogonal.  If  we  take  the  dot  product  of  two  distinct 
members  of  the  collection 

S  .  Tii^Z ,  and  7i£  { |  tti  | ,  |  ui  (7) 

with  the  same  values  of  711  and  make  use  of  ([1],  p  333)  the  negative  index  relationship 


r(u-  fi  +  i) 
r{iy  +  fi  +  l) 


Pui-)  -  -cxp{-^i^in)si7i{ii7T)Q^^{z) 
TT 


(S) 


we  find  that  any  two  members  with  different  values  of  71  are  orthogonal  with  respect  to 
the  inner  product  defined  by  equation  (6).  For  example,  to  see  that 


<  A 


(j7l,n)  ?  P{771,t) 


> 


0 


(9) 


for  all  77  and  i'  we  note  that  this  dot  product  reduces  to 

[P,r(.'os(^?))P;"(rr..,s(^))]  de  -  im.{2n)  £  {P,r (:c)P,”‘(.r)}  dx  (10) 

The  details  of  the  remaining  orthogonality  relations  are  found  in  ([5])  or  can  be  derived 
from  proi)erties  of  tlu'  L(*g('iidre  functions  described  in  Jones  ([22]). 

PlaiK’  waves  in  free*  space  can  l)e  re])resented  using  the  functions  described  above  by 
carrying  out  the  ('xpa.nsioii(Bell,  [4]  page  51  and  Jones  [22],  page  490,  equation  94) 


( x])(-iknrco.s{0))  =  anP„icos{B))jr.{f>:or)  (11) 

ti  =  0 

where  the  ('X])ansion  cot'fficic’nt.s  u,,  are  given  by  (see  Jones  [22],  page  490) 


e„  (  -  / )”(27;  +  1). 


(12) 
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Tli(\s(‘  (‘()('fh(‘i('iits  ar(’  (U't.oruiinod  hy  h'ttiiig  r  =  carrying  out  a  Taylor  scries  expansion 
ill  and  making  use  of  the  orthogonality  relationships 


f 


Pn{rO..(0))P,A<'Os{9)stv(e)de  =  \-^^\^ 

I  U  II  71  771. 


(13) 


Tlii.-;  ('(iuation  is  liasc'd  on  tlu'  reflation  (Bell  [4],  page  Gl) 


ir{z  +  irdz 


(277  +  1)! 


•(-ir 


(14) 


whicli  follows  from  integration  ))y  parts  in  the  left  sid('  of  equation  (13),  This  relationsliip 
<’an  !)('  pr()V('n  using  the  Rodrigues  definition  (equation  4).  By  using  the  notion  that  the 
alg(‘1)raie  structun*  fornu'd  liy  lim^arly  combining  these*  vector  fields  in  a  ring  of  radial 
functions  is  invariant  under  the*  curl  operation  also  enables  one  to  get  an  exact  solution  to 
tlu‘  scattering  ])rol)l('in  for  isotropic,  anisiotropic,  or  bianisotropic  spheres. 


3.2  Representation  of  the  Electric  Vector 


The  ki*y  to  tlu*  solution  of  the  remote  sensing  problem  is  to  decompose  a  potentially 
nunu*rically  ijitracta!)le  problem  into  two  much  simpler  problems  by  using  the  measured 
()l>s(*rvations  of  tin*  scattered  radiation  to  find  tin*  expansion  coefficients  used  to  represent 
th(’  (d(’ctric  V('ctor  of  tin*  scatt(T('d  radiation  as  ci  sum  of  multijdes  of  the  vector  spherical 
harmonics  givtm  ])y  ecpiations  (1),  (2),  and  (3)  by  functions  of  the  distance'  7'  from  the 
(‘eiit(T  of  th(*  sph(Te.  Nois('  is  r(*moved  l)y  multiple  measurements  for  each  sensor.  Ultra 
high  ()rd(*r  (piadrature  can  he  used  to  ol)taiu  an  accurate  representation  of  the  electric 
V(’ctor  of  tlu*  scfitt(*r(*d  radiation  by  j^recise  placement  of  sensors  at  quadrature  points 
l()cat('d  on  a  sc'ctioii  of  a  sj))iere.  In  this  way  we  can  obtain  an  expansion  in  sph(’rical 
liarmoiiit's  using  the  orthogonality  of  the  vector  valued  functions  given  by  equations  (1) 
and  (2)  by  iut(*grating  only  over  a  small  (in  terms  of  steradians)  portion  of  the  spliere. 

If  W('  put  in  g(‘n(*ra.l  functions  of  th<'  radial  varial)le  as  multiples  of  tlu*  orthogonal 
functions  givcui  hy  (1),  (2),  and  (3)  and  sul)stitute  into  tlu*  Maxw(*ll  equations  we  derive 
(‘(plat  ions  siu'li  as 


(  kf,  +  mi  )  - 


7’("  +  1)0. 


Z</''(At)  0 


1) 


For  the  simple  uiiiaxially  l)ianisol.ropic  material  Mk-  radial  fimct.ious  arc  solutions  of 


inijii  +  1)  („) 

2  ^ ’t 

II, 


(rZ<;'>(r))  - 


■('!)/ 
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wln'K'  tli<'  uniaxially  anisotropic'  s])lior('  ))ropagatioii  constant  is 

k'l  -■= 


(3) 


If  \V(‘  introduce'  tlu‘  variabli' 


Ca  -  — 


and  the  propagation  coni^tant  k  is  givc'U  l\v 

=  LO^ fie  “  iwfiG  +  O'/i 

t]i('  ordinary  ditfc'ivntial  (’(piation  (2)  satisfied  \ry  Zl'^^kr)  is  simply 


1 

dr 


(rZ!:Hkr))  + 


,  2  _  ,  "("  +  1  ) 

^  Sfl  o 


Z^ilcr)  =.  0 


(4) 

(5) 

(6) 


winch  is  ('asily  seen  to  b('  a  form  of  Bessel’s  difforcntial  equation  wliose  solution  is  simply 
a  Bt'ssel  function  with  a  complex  index  and  argument. 

OiK'  of  tlu'  radial  functions  used  as  a  multiplier  involves  the  reciprocal  of  the  radial 
variable  r  times  the  ])artial  derivative  with  res])ect  to  r  of  a  Bessel,  function  with  complex 
index  given  by 


Kilih’-)  = 


-i-  ( -?- 1  (rZl- 
C,7-  U'7 


(a.j) 

V) 


iK 


(7) 


and  a  corresponding  equation  for  the  radial  functions  of  type  b  satisfying  equation  (1). 

Wlu'ii  we  substitute  the  suggested  representations  of  the  electric  and  magnetic  vec¬ 
tors  into  tlu'  Faraday  Maxwell  equation  (the  one  involving  curl{E))  and  Ampere  Maxwell 
('qiiation,  the  one  involving  ciirl{H),  we  obtain  consistency  conditions  relating  the  expan¬ 
sion  coefficients  in  any^  region.  As  we  impose  the  boundary  conditions  across  the  layers, 
nanu'ly  tlu^  continuity'  of  tangential  components  of  electric  and  magnetic  vectc^rs  across 
a  s('j)arating  sphere,  we  get  relations  lictween  the  coefficients  in  the  core  and  tlu*  region 
surrounding  tlu'  s}d:er(7  For  a  simple  uniaxially  bianisotropic  material  the  i)ropagation 
•'oiistant  in  layer  p  is  given  by 


kl  ^  (8) 

whf'r('  is  tlu'  i)eiinittivity,  is  the  permeability,  is  the  conductivity,  and 
and  are  com])l('X  coupling  constants  giving  respectively  the  contribution  of  the  (dectric 
vcctoi  on  tlu'  right  side  of  the  Faraday"  Maxw('ll  ('quation  and  the  contribution  of  the 
iiiagiu'tic  v(Ttor  on  the  right  sid('  of  th('  Aiiip(T('  Maxwell  equation  In  the  pi  It  layer  of  the 
sph('r(‘  riu'  magiK'tic  vector  has  th('  form, 


H  = 


(r/j 


(771, Tl) 


+ 


dc) 


ri  + 


/ 


f  (  -  I  )  I  ft  ['■’ 0,77(7;  -t-  \)b] 


iv] 

(7n,7i) 


k^,r 


+ 
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()') 


ICpV 


Qm,7i)  + 


u;// 
—  I 


lJ// 


B . I  + 


LJ/l 


(0) 


E(|uat.i()ii  (9)  implies,  ujx)!!  equating;  tangential  coinponeiits  of  H,  on  each  side  of  the 
houndary  r  =  Rp,  hy  taking  the  dot  ])roduct  of  both  sides  of  (9)  with  respect  to  i?(,„.n) 
and  int(!grating  over  the  sphere  r  =  Rp  that 

“qi)'  +  <^(m,n)^’r^'^(n,pd^V^’)}  + 

tv  /<■ 


—  I 


(r) 


U>fl 

—  i 


.UJfl 


(p+i) 


Again  using  the  continuity  of  tangential  components  of  the  magnetic  vector  given  by  (9)  on 
ojiposite  sides  of  a  delimiting  boundary  wc  deduce  by  orthogonality  of  the  vector  functions 
given  by  ( 1 )  that 


le//''’! 
\ 


I 


(r+J) 


'u7iiiv+')  j  i  ^'■{’n,n]'^{n.r+\)^^P+''  ^  ^  .u) '^(n,.  f  I )(  ^  7’+ '  '  )  / 


(11) 


WV  nov/  aM.(Mn])t  Ut  (U  velo])  Iraiisiiion  mHtrir(\s  wliif’h  will  rclatf’  ('X]>ansi()ii  <’<H-iHci('iits 
in  one  hiy(‘i  to  <'X))ansiou  (•(X’ffirirnts  in  anotlKT  layer.  We  start  with  efjnatiou  (10);  W(’  find, 
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afi.('r  niultiijlyiug  both  sicirs  of  this  ocuiatiou  by  //*''•  and  dividing  both  sidos  of  ocjuation 
(10)  by  hp.  that 

a 'Crt’i  + 


O*’’*  .  .(,,1  n  .  .  . 


\fliV+^)kJ  ^  <"*,»)  (n.P- 


Multiplying  })oth  sides  of  equation  (9  )  by  ^/!>)  and  observing  that 


LIM 

T  --  7?: 


LIM 

r  Rt 


f  H  ■  M)dA  = 

,  /  ii  ■  A(,n,.){eA)dA 

p  -ISjAr) 


we  derive  equation  (11).  From  this,  after  multiplying  all  terms  by  and  dividing 

all  terms  by  A'j(,  where  /q,  is  defined  by  (8),  we  derive  the  relation  that 


(if)  + 


\  _  //.(j'+W  7(^*1)  /  7,  1  /j(/'+^)  (L  M4^ 

[  ^  ^m.n)  ^(n.p-f  1  ^  ^  ‘ 

wlicn^  k^y  and  arc  (Udiiu’d  l)y  (S). 

\VV  now  dcfiiK'  parain(*t('rs  wliirli  a])i)car  in  the  matrix  relatrig  cxiKiiision  roeffirients 
in  OIK’  layc’i’  to  those  in  ?ni  afljacrnt  lay(’r.  W(’  ol)tain  these  hy  considi'rinp,  t^'i  ins  aj)]>('arin^ 
in  ('qnatioii  ( 14) 

(Pin  ..  /  \  [  (Vil  (,5. 

A'(M)  -  L,M.U  -  a 


(p+n 


V 'b> ; 

with  /q,  and  /q.^i  being  defined  by  (S),  A  similar  term  apix’aring  in  the  inner  shell  matrix 


123 


A  t('nn  in  the  second  row  of  the  ontc'r  sludl  nuitrix  is 


,,(r+')  _  ( A 

fln.2, 

Another  term  iii)j)e;irin,t!;  in  second  low  of  the  nnvtrix  is 


(18) 


>+>)  _ 
P{h:2)  - 


.  ll{v)fy(V+^) 


The  corresiiondinji;  tc-rni  in  the  iniK'r  shell  matrix  is 


(19) 


^  ii'.V 


~(yM  \ 

T~) 


(20) 


With  tlic  sp(‘(’ial  functions  defined  l;y  (G),  and  defined  by  (1),  and  the 

d(‘rivativ(‘  tc'nns  d('fin('d  by  (‘(|uation  (7)  b(*ing  evaluated  at  the  separating  spherical  bound¬ 
ary  r  —  7?^,,  \V('  s(’e  that  tlu’  matrix  eqtiation  relating  exi)aiision  coefficients  in  layer  p  to 
those  in  layer  j>  -f  1  is  givc'ii  ))y 


Z 


('M) 

('i.D 


(r)  ) 

0 


‘  (>M>) 


(fJeU 


0 


0 

(v)  wO'’’) 

/^(f.,2)y  (n,7>) 
yioA  ) 
^(n,p) 

‘Mn,;.) 


Jr) 

P{b,2) 


rib, 3] 


"(n,v) 

^yib,3) 


a*'’’ 


a 


(p) 
(m,n) 

l(p) 

iv) 


J 


^(n.7-+l) 

^yh,i) 

(;'4  l)y('.,t) 

0 


y{'i .-}) 

“  (n,;.+  l) 
(c+i) 

/d'l.-'i)  "^('|,7’+I) 

0 


0 

l’ib.3)  ^{n.p+\) 
„  4(7,1) 
'Mn,l.+  I) 


0 

l\h,2)  ’^(n,f.+  l) 
_(P+1)  7(6.3) 
^(6.3)  "^(n.p+l) 
^(6.3) 


This  ‘quation  can  Ix^  writttui  more*  c()mi)actly  in  the  foriii 


(T7i,n) 

(p+1) 


Or 


(m,n) 

4p+1) 


/A 


{rri.Ti) 

(p-fl) 
(m,n)  J 


rr,|''’(Av^;,) 


a}’’>  , 

^(m.n) 

jir) 
Av) 

L  /^(7JI,7i) 


-  Tjr'HK^iR 


(Pti) 

(p+i) 


a 


li 


(>+') 

Jrn,n) 

(?>+l) 

(771,71)  J 


(11) 


(22) 


To  coinpnti  th<'  inverse  of  th('  matrix  T}/')  we  need  its  traiisjjose  which  is  given  by 


ApAjRp) 

( 

::rA''rRp) 

KJw 

( 

0 

Plb.2)'*  (77.;.)'  ^v-^^pl 

^Hb.J 

0 

(/')  If*  (^'.3)  /  t  V 

‘M-7,17) 

0 

0 

(A>/?,,) 

(  ) 


^  J'iv)  yrny  spv.tr  ^ 


(23) 


124 


Wrouskiai)  relations  will  show  (hat  we  can  dehne  a  new  matrix  hy  th('  nih' 

Qlr’  (24) 

Using  ('(inations  (22)  and  (24)  wc  s('e  that  tin  ('xpansion  coefficients  in  the  core  ar('  rcdated 
to  the  expansion  coefficic'iits  in  the  t)Ut<'r  shell  hy  the  rule, 


"111.., 

0 

0 


^)(N)  “(m,n) 

"(.u,n) 

,j('V+l) 


This  gives  us  four  ecpiations  in  four  unknowns,  since  we  assume  that  the  expansion  co¬ 
efficients  and  H-i’e  d<'tennined;  these  expansion  coefficients  could  define  a 

comidex  source*  such  as  a  radar  or  laser  beam  in.  the  near  field  (Barton  [2]  and  [3],  Pinm’ck 
('t  al  [27]  and  Pinnick  and  Pendleton  [26]).  Solving  equation  (25)  we  find  values  of 
and  and  assuming  that  and  are  both  zero,  we  can  easily  obtain  the* 

expansion  cerefficients  in  every  laye'r  of  the  structure.  If  we  define  the  matrix  7^['4  l^y  the 

(26) 

We  see  that  the  definition  of  Tvj/’*  by  equation  (26)  implies  the  relationsliip 


r  1 

'jyiv)  _ 

"(7K,n) 

L  l’im,n)  J 


(P+1)  1 

^(rn,n) 

JP+') 

,,(P+1) 

0(jJ+l) 


rxjjansion  coeffiric'iits  in  adjacent  lay(Ts  of  the  spherical  strurtnre. 

Th(us('  c()ni])utati()ns  using  eciuarion  (27)  are  fnrilital(*cl  by  tlie  fact  that  \V('  have  exact 
forinnlas  for  tin*  (h'terininant  and  inverse’s  of  tlu’  4  by  4  matrices  Let  th(’  det(‘rniinant 
of  be  defined  by 

whi('h  nu'aiis  that  the  d(‘t(’niiinaiit  A^,  is  the  product  of  two  Wronskians  aiul 

\vhej-(' 

=  2,', n-,. 11, (M) 

VVV  find  that  equation  (2S)  and  th(‘  Wronskian  rtdationshiiq 


(/,-  /?  )  = - 
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ns  to  compute'  (h'te'rmiuauts  with  no  rotnuloff  euTor.  This  enables  ns  to  g(*t  exact 
formulas  for  th(‘  ('utih's  of  tlu'  inverse  of  this  matrix.  If  denotes  the  entry 

in  th('  fill  row  and  jth  column  of  the  inverse  of  the  matrix  then  the  entry  in  row  1 
and  (’ohunn  1  of  the  iim^rse  is 


(31) 

Th('  (1,2)  <'ntry  ij- 

(32) 

Th('  (1,3)  term  is 

iVSW'h.:,)  -0 

(33) 

The  (1,4)  t('rm  is 

(34) 

Ecpiations  (31),  (32),  (33),  and  (34)  define  the  first  row  of  tlie  transition  matrix.  The  entry 
in  r(w  2  and  column  1  of  the  inverse  is 


P’ 


Th('  <’ntry  in  row  2  and  column  2  of  the  inverse  is 

Th(‘  (*ntry  in  row  2  and  column  3  of  the  inverse  is 

(J:)(Av7?„)-'.\2,3)  =  0 

Th('  ('iitrv  in  row  2  and  column  4  of  th('  inverse  is 


p’ 


yvZ)(W)/^, 


(35) 


(3G) 


(37) 


(38) 


Ecjuations  (35),  (30),  (37),  and  (38)  (h'fiiu'  the  second  row  of  the  transition  matrix.  The 
(3,1 )  ('iitry  is 


Th(‘  (3,2)  ('utry  is 


(--A) 

(39) 

O 

11 

1 

(40) 

(41) 
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The  (3,3)  entry  is 


TIk'  (3,4)  ('litry  is 


(v:\k-, M,r'  )(.v.)  =  (42) 

E(|uati()iis  (39),  (40),  (41),  and  (42)  dofino  thr  third  row  of  tho  matrix.  The  (4,1)  entry  is 
givc'ii  by 

( 7.  r>  \ !  \  i  A  n\ 


(!;(')( A',,/?,, 1 


The  (4,2)  entry  is 


Tlu'  (4,3)  entry  is 


Finally,  the  (4,4)  entry  of  the  inverse  of  is 

=  Zl‘'^](l:MWt:UW/A„  (46) 

We  hav<'  therefore  o'btained  round-off  error  free  expressions  for  the  entries  of  the  in¬ 
verse  of  T^b'^(  A:pi?p).  Thus,  except  for  the  expression  relating  the  expansion  coefficients  in 
equation  (25),  all  computations  are  carried  out  by  exact  formulas.  The  matrix  inverse 
computation  requires  no  subtractions  or  additions  and  consequently  there  is  no  round  off 
(^rior  if  tlu*  Bessel  and  Haiikel  functions  of  conjplex  index  and  their  derivatives  can  be 
computed  prc'cisely. 


3.3  Determination  of  Expansion  Coefficients 


Let  us  sui)pose  that  we  have  an  N  layer  sphere  subject  to  plane  wave  radiation.  By 
nuiltii)lying  the  inverse  of  evaluated  at  kpRj,  by  the  matrix  evaluated  at 

we  obtaining  the  matrix 

T.i”'  =  r.'.''i(t,fl,)-'r, !’’+■'(;>,«,)  d) 

r(’latiiig  the  (*xi)ansion  coefficients  in  layer  p  to  those  in  layer  p  +  1.  We  then  multiply  all 
of  th(\s('  matrices  (1)  obtaining  a  matrix 

T  =  (9\ 

n  n  n  V  / 

wluUT*  jV  is  tlu’  nuinluT  of  lay(*rs  of  the  sphere  which  relates  the  expansion  coefficients 
in  th(‘  cor(*  to  the  (’xpansion  coefficients  in  the  space  surrounding  the  sphere.  This  gives 
four  (’(puitioiis  in  four  unknowns.  But  it  is  r(*ally  simpler  than  that.  Using  the  second 
and  fourth  rows  of  this  matrix  e(juation,  w('  (  an  relate  the  expansion  coefficients  of  tlu* 
scattc’H'd  radiation  to  tlu'  known  expansion  ccx'fficic’iits  of  the  incoming  radiation.  We  then 
hav(»  in  tlu*  first  and  third  rows  of  this  (xjuation  a  formula  for  the  ex]>ansion  coefficients  in 
the  illlU*!'  ('OIT*. 
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3.4  Recovering  the  Properties  of  a  Layered  Sphere 


\V('  HOW  consitK'i  a  set  of  ('(jiiations  wliirh  may  used  to  r('('()vcr  ihv  ])r()prrti(‘s  of  oitlu'r 
a  lay('r('(l  isotropic  spli('rc  or  a  laycr<Ml  Hiiiaxially  anisotropic*  spheres  luiaj^iiic'  that  you  have' 
a  matrix  Q  rc ‘latino;  the*  (*xi)ansion  coc'tticicnts  rc'prc'sc'ntinp;  the  electric  and  magnetic  V(*etors 
in  tlic'  iiiiH'r  core'  to  th(‘  (‘X])an‘don  (’0('fii(*i(’nts  rc'pr('s('nting  tlu'  (dc'ctric  and  magiu'tic*  vtx'tors 
in  the  rc’gion  surronndinp;  tlu*  layi'rc'd  si)h('rc'.  By  c‘liiuinating  the'  unknown  expansion 
co('{iici(‘nts  in  the  (’orc'  we  g('t  for  (*ach  splunical  har  .onic*  index  (Hpiatioiis  rc'lating  the  two 
(•onii)l('x,  a  priori  unknown  hut  mc'asurcMnc'nt  dc'tcTminc'd  expansion  coefficients  giving  tlie 
radiation  eiiianating  from  the'  lavt'rc'd  splic'ic'  to  the'  a  priori  known  exi)ansioii  (*oefficients 
d('lining  the  known  int(*rrogating  radiation.  For  the'  different  types  of  spheres  there'  arc' 
i<‘j)('at(Hl  s(’ts  of  eciuations  tliat  shoidd  give  the  same'  answeres  for  sphere  pio]>erti('s.  If 
th('s(‘  sc'ts  of  (’(juat lulls  do  all  indicate  that  tlu'  s];)hf'n'  is  homogeneous  and  isotroj)ic,  tlic'ii 
wr  conclude*  that  the  droi)l('t  is  not  ('n(*ai)s\dat('d.  If  these'  arc'  not  satisfied,  thc'ii  wc' 
conclude  that  the'  droplc't  is  sonu'thing  else'  and  if  we  prove  that  the  ecpiatioiis  that  are 
satisfic'd  arc*  consist (*nt  with  a  layc'i'c'd  sphc'rc'  assumption  wc*  conclude  that  the  particles 
an*  man  macle. 

Wlu'ii  the*  scatt(*rinp,  sphcTC'  is  isotropic  and  homogeneous  like'  an  ordinary  cloud  watc'r 
droplc’t  the*  only  unknowns  are*  (i)  the*  radi\is  Ft  (ii)  the  rc'al  j)e'rmittivity  e,  (iii)  the'  conduc¬ 
tivity  rr,  (iv)  the*  real  i)a.i  t  and  (v)  the*  iniagimuy  part  of  the*  coinide’X  pe'nneahilit.y  //  which 
for  watc’r  may  he*  assuiiu'd  to  !)('  that  of  frc'c  si)are  so  that  in  any  case  thc're  are  at  most 
5  i(*al  variable's  to  solve*  for.  For  c'ach  Le'ge'iidre  function  iiidc'X  u  for  the  vector  splu'rical 
hannonics  give'u  by  ('(juations  (1),  (2),  aiul  (3),  we*  st'e*  that  there  are*  feuir  e'(|uations.  given 
l)y  the*  rc'al  and  imaginary  ])arts  of  the  e'(j\iations 


o 


l-  H)'  _ 


(1) 


aiiel  with  /?  ele'iioting  the*  2  by  2  matrix  redating  the*  h  and  brio  coc'fficie’iits  in  the*  core  to 
those*  in  re’gion  A’  1  outside*  the*  elrople*t,  we*  have* 


(N  +  t) 


(2) 


If  we*  kee*])  getting  the*  same*  value's  for  the*  radius  and  jx'nnitt  ivity,  condue’tivity  and  coiii])le'X 
pe'iiueability,  for  elitfe-reiit  combinations  of  5  ('cpiatioiis  for  elifiere'iit  value's  of  the'  inde'x 
then  we*  e-e)nclnde*  that  tlie*  we*  have*  a  ne)nlaye*r(*el  structure*,  ne)t  an  an  encaj>sulated  bie)logie*al 
age’lit . 


4  Layering  Detection  on  Structures  with  a  General 
Shape 


There  i.s  no  (‘xact  solut ie)n  te)  the*  problem  of  el<*s<*ribing  the*  scat te-riiig  of  ('le’<*tre?inagnet ic 
raeliation  from  an  ae*re)s()l  ])artie*le’  with  a  ge'iieral  shajx*.  Surfac’c*  anel  volume*  inte'gral 
ecpuitieUis  are  one  way  eif  attaedving  the*  ])rol)le'm  on  existing  coinpute'rs.  In  the*  n(*xt  section 
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\V('  (U\s('ril)('  surfart'  integral  e(i\iati()iis  givt'  a  way  of  trc'ating  a  eonii)lex  of  hoiiiogeueoiis 
stn)rtiir('s  ('■arli  with  dilh'rc'iit  propertic's  that  an'  ghied  together  to  form  an  aerosol  particle 
with  a  comph'X  shap(‘.  If  yoti  ('an  imagiiK'  a  striK'tnn'  that  hy  molding  as  modeling  ('lay  yon 
('ould  ('hang('  into  tlu'  intt'rior  of  a  si)h('re,  tlu'  interior  of  a  torns  (doiighnut),  the  interior 
of  a  two  handh'd  splunx'  (two  donghnnts  that  hav(’  l)(*en  ('ook('d  t(ig<'th(‘r)  et  ('('tera,  thc'sc' 
aix'  th('  stnictuix's  that  aix*  allowi'd.  For  ('xamph'  a  mix'  is  allowed  Ix'c'anst*  if  you  imagiin’ 
that  a  culx'  was  made  of  soft  i)utty,  it  could  he  changed  into  a  spherical  shape. 


4.1  Surface  Integral  Equations 


A  surface  intc'grai  equation  formulation  based  on  a  specialization  of  a  vector  calculus 
ich'ntity  whi('h  says  that 


1 

An 


+  (l!v(V)-  grad{^)] 


dv 


47r 


—  —  /  Iqradi^)  X  cur/(V)]  dv  + 

47r  Ju  ^ 

|V'  (ti  •  grad{^))  —  ii  (V  •  grad^  da  + 


l)grad(^)  da 


f  V{r)  r  eQ 
\  0  r  -n 


(1) 


where  the  distribution  $  in  the  above  equation  is  the  fundamental  solution  of  th('  s('alar 
Helmholtz  operator 

L  -  A  +  A:'^  (2) 


that  is  temperate  and  rotationally  invariant.  New  codes  can  be  d('vclo])ed  that  would 
jx'rmit  the  dc'seription  of  interaction  of  radiation  with  bodies  covered  with  different  types 
of  t('nsor  material  (e.g.  bianisotropic,  biisotrojhc,  anisotropic,  gyroeleciric,  uniaxial,  et 
c('tera).  The  surface's  are  those  surromiding  homogeneous  regions.  The  layerc'd  bian- 
isotropir  sphere  code  that  I  hav('  developed  can  be  used  to  check  out  the  layc'i’ing  asjx'ct 
of  th('  surface  integral  ('(piation  formulation  of  the  interaction  of  electromagnetic  radiation 
with  the  first  detailed  nioch'l  of  geiu'ral  acTosol  particle's  in  a  comi)lex  ek'ctromagnetie'  fi('ld. 
1  have  inchuk'd  a  can'ful  descriptiem  of  my  unicpie  exact  finite'  rank  inte'gral  ('(piation)  a]v 
proach  which  is  the'  only  method  for  solving  volume  or  surface  integral  ('(piations  that  can 
giv('  (‘oinputing  machiiK'  i)r('cisi(ni. 

Consick'r  a  s('t  il  in  with  l)oundary  surface'  Oil,  on  whie'h  are’  induce'd  eh’Ctrie'  and 
inagiK'tic  surface  curre’iits  .Jj  and  Mj.  If  W('  liave'  a  simple  N  +  1  re'gion  iirolile’in,  wlu’re  we* 
have'  N  inside’  and  a  legion  outside'  all  N  l)ound('d  homogenous  aerosol  particle's  corre’sjioiids 
to  th('  region  ineh'X  j  Ix’ing  ('(pial  to  1  and  the'  re'gion  inside  corre’sixmds  to  j  value's  ranging 
from  2  to  i\  -j-l.  t he'll  if  th('  ))ropagati()U  constant  kj  in  re'gion  j  is  (i('Hii('d  also  hy  a  function 
A‘^.  naturally  de'fined  e)ii  a  Rie'inaiin  surface'  as  tlu'  sepian'  root  of, 


(3) 
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For  a  Dchvo  iiHMlium  (Daiii.-l  [13])  t.h('  branch  cuts  aiv  along;  the  uuaguiaty  axis^  For  a 
U.ivnt/  nicdiuin  particle  (Brillouiin  [G],  128])  th.>  branch  cuts  arc  in  the  upper  half  of  the 
coniplex  plane  i)arall('l  to  tlu'  n'al  axis,  where  //,  f,  and  n  are  functions  of  frequency 
that  assure  causality  and  that  the'  radiation  does  not  travel  faster  than  the  speed  of  light 
ill  vacuum.  Then'  are  two  Hi'linholtz  ('(piatioiis,  oik'  for  the  interior  of  the  partich'  and  the 
other  for  tlu-  ('Xterior.  delined  by 

(A  +  \c])Gr  =  47r^  (4) 

where  G,  is  the  temparati',  rotationally  invariant,  fundamental  solution  ([2l])  of  the 
Helmholt/.  opi'iator.  W('  let 

.7,  =  J  =  -h 


and 


d/,  -  M 


-M> 


(6) 


wh.'K'  we  assuin.'  that  th.'  surfao  separates  region  1  and  region  2.  We  generalize 

equations  (5)  and  (C)  inductively  by  saying  that  for  any  surface  separating  region  j 

from  r('p;if)ii  j  wIk^io 


<  J 

(7) 

J  =  -J] 

(8) 

M  -  -M; 

(9) 

is  a  sc'parating  surfacej 

(10) 

\V(*  hav(' 

aii<l 

W(*  (l('finc 


where  /  is  less  than  We  g('t  a  singh'  coupled,  combined  field  integral  equation  which 
describes  the  interaction  of  radiation  wdth  tin*  conglomerate  aerosol  particle  or  cluster  given 

bv 


,7  X  E”"  =  /7  X  XI 


v47I 


4  - (irad 

47r^' 


da{r)\  + 


iff 

[G',(r,7)  ^ 

^  f- 

\l  /(dnq -.7) 

l  i 

I  I\l{r)-  {Gj{i\r)  +  G-{r,r))da{f) 


(11) 


In  addition  to  e(iuation  (11)  we  need  (-(luation  involving  the  magnetic  vector  77'"'  of  the 
st iiiiuhit ('l('(’t roiiUiii^iiotic  whirli  is  pj)V('u  l)y 


7/  X  //""  -  //  X  Y.  ' 


'  /u; 

An 


(  I  M{r)  (ft  ■  Gji7-,r)  +  f2  ■  G-(r,r})  daG] 
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+ 


(ii;) 


G,ii\r)  G-{i\r) 

— -  -h  - 

ih  /^; 


da{ 


r;(7*)| 


+ 


+  G'j(r,  7- ))(•/</( 7') 


(12) 


()iiC(’  the  ronph'd  roinhiuK’d  fi(‘ld  syst(’in  (11)  and  (12)  is  sc^lwfl  for  J  and  A/,  the  suiface 
I'lectrie  and  iiiagiu't.ic'  ('urrcnits  rc^spec'tivcdy  and  \vc  d<'fiiie  th(>  surface  ek^ctric  charge  density 

by  ([15],  p  7) 

/(?')  =  -  ^(l,Vs  ■  /(7')] 


and  the  surface  magnetic  charge  density 

P’\^')  =  ~  p7  7.',  •  A/(7')] 

where  dix\^  is  the  surface  divergence.  Now  for  each  region  iiuk'X  j  we  d('fiue 

JU)  =  {j  ■  ihj)  G  l) 


(13) 


(14) 


(15) 


where  J  is  the  set  of  all  indices  of  separating  surfaces  defined  by  (10).  We  now  need  to  be 
able  to  express  the  electric  and  magnetic  fields  inside  and  outside  the  scattering  body.  We 
first  define  the  vector  potentials  Aj  and  Iw  the  rules,  ([15]  [24]) 


-  E 

3eJ{;)  L 


/f.-L 

47r 


j  I  Jjir)  ■  Gji7\i'')da(r) 


36-7'(j) 


/  M,{r)-G,{r.r)da{r) 


(16) 


(17) 


The  scalar  potentials  are  defined  in  terms  of  the  electric  charge  density  (13)  and  magiu'tic 
charge  density  (14)  by  the  rules, 


and 


4»,(r)  =  >3 

hJij) 


=  E 

JeJO) 


Sr)  L  .  / 

/  [j  J) 


(IS) 


(19) 


We  now  can  dcline  the  electric  and  magnetic  vectors  inside  the  region  j  in  terms  of  these 
potentifds  (16),  (17),  (IS),  and  (19)  l)y  the  ndes, 


;md 


iuAj{r)  -  r/7Y7f/(<I>j(7-)  +  ~nLrl{Fj)(r) 


Hj  —  -  iujF,{r)  -  (irad(<l>  j(r)  +  — ■■r7/77(  )(7') 


(20) 


(21) 
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Similar  ccjuatious  a|)ply  out.sid'-  the'  body,  by  th('  fields  r(‘pros<‘iit(’d  are  the  differences 

and  i?j'  b('t\ve('n  total  ('lectric  and  mngiK'tic  vectors  and  the  electric  vector  £?'”'■  and 
the  ma,ii;netic  vc'ctor  //""  of  the  incominp;  wave-  that  is  providing  the  stimulation.  Thus 
([l.j])  we  s(H'  that.  ()\it.si(l<’  tli('  Ixxly, 

-  iira(l(^i(r)  +  — rnW(Fi)(r)  (22) 

and 

HI  —  ” /ujFi(7’)  -  qr(i(l('^\(r)  +  — CMrl{A\){r)  (23) 

/^i 

Tli(’S('  ('(juatioiis  p;('n<'raliz('  t\ir  fornnilatioii  of  Glissoii  ([15])  to  a  three  dimensional  strnr- 
iwvr  whose'  n'^ioiis  of  hoiiioge'iieity  are  diffeomoq)hisins  of  the  interior  of  the  sphere  or  a 
torus  ill  R*.  Iftl  le  srattering;  stnietun'  is  not  a  lK)dy  of  revolution,  then  the  region  may  he 
a  ditf('oiiiori)h  of  an  N  haiidlerl  splu're. 

4.2  Recovery  of  Layering  in  Objects  with  a  General  Shape 


T)i('  ('nrai)snlatioii  of  a  si)h('ncal  structure  is  probably  from  a  manufacturing  standpoint, 
th('  ('asic'st  thing  to  do,  l>ut  the  onc('  this  is  known  the  theoretical  problems  of  recovering 
th(‘  interior  structure'  of  a  lay(T<‘d  sphere  are  easily  handk'd.  In  theory  one  can  do  the  same 
thing  for  a  i)articl('  with  a  conii)letely  general  shape.  We  use  the  fact  that  each  component 
of  the  eh'ctric  vector  is  rc'al  analytic  in  a  connected  open  set  fl  ar.d  that  if  in  an  open 
sul)s('t  U  of  the  connected  oi)en  set  Q  the  function  is  known,  then  it  can  be  extended  to  all 
of  12.  By  cai lying  out  spatial  Fourier  transforms  on  orthogonal  spatial  hypcrplancs  which 
avoid  lli('  scattiTcr,  w('  rc'covi'r  the  inti'graud  which  gives  us  not  only  the  a  priori  unknown 
g('n('rat('d  curnuit  (h'usities  but  also  tlieir  supi>ort  when  regarded  as  distributions.  This 
automatically  giv(*s  us  tlu'  layering  in  the  general  shape  aerosol  particle. 


5  Computer  Code  Validation 


How  do('s  one  know  that  a  computer  eode  is  giving  accurate  answers.  There  are  several 
methods.  Tlu's('  an'  (i)  n'eiprocity  methods,  (ii)  boundary  condition  checks,  and  (iii) 
(‘iieigy  l)alaiic(‘  cliecks. 


5.1  Energy  Balance  Checks 


OiK'  <‘aii  (*alculat('  th(‘  total  al)S()rl)('d  powi'r  in  two  diliVrent  ways.  One  method  is  to 
us(«  Ciaussian  (piadiature  to  int('giat('  th('  jiowi'i  di'iisity  distribution  ovct  the  iiit(’rior  of 
th('  scat t (‘ling  body.  Anotli('r  iiu'thod  is  to  use  a  Poynting  vi'ctor  analysis  on  tli<'  surface' 
of  tlie  organ,  a  kind  of  ('iK'igy  balance*  l)()okk('('ping  which  says  that  the*  the*  total  jjowe'r 
going  in  iniiius  th('  total  ))ow(‘r  scatte'ic'd  away  is  the*  inte'gral  of  the*  Poynting  ve'ctor  of  the* 
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fic'ld  outsicU'  dotted  with  th('  inward  din'rtcMl  normal  ininns  tlu’  Poyntiiig  vcM'tor  of 
tlu'  total  S('att(‘r('d  ti(‘ld  dotti^l  with  tlu'  inward  din’(‘trd  iiornifd  iut(.'‘»;rat.('d  over  tlu^  .surfa<a' 
of  tlu‘  aerosol  ])arti(d(\  This  (‘lu'<'k  was  a])j)lied  to  a  six  lay('r  inod('l  of  the  hninaii  head 
ex])osed  to  10'*  Hertz  radiation,  and  ])oss('ssiiip;  l)ro))ert.i('s  deserilx'd  in  the  tahh': 

I  R  f/fo  ^ 

1  .0527  CO.O  0.90 

2  .0547  76.0  1.70 

3  .0552  45.0  1,00 

4  .0580  8.5  0,11 

5  .0590  5.5  0.08 

G  .0600  45.0  1,00 

Th('  i)roj)agatioii  ronstants  for  this  In^ad  iiiochd  an'  listed  in  tlu'  taldt'  Ixdow: 

layt'r  no  pro])agation  eonstant 
^  1  163.78- ••  -  7-(21.69---) 

2  186.23  •  •  •  >-  ?:  •  (36.03  •  ■•) 

3  143.26- ••  -  7  ■  (27.55  ■  ••) 

4  61.51- -  /•(7.06---) 

5  49.56  ■  •  ■  —  /  •  (6.37  •  -■) 

6  143.26---  --  7-(27.55---) 

This  rode  lias  l)(*('ii  anp;inent(’d  with  a  kind  of  inverse’  scattering  proeedun^  to  use^  tlu'  seat- 
t(*red  radiation  in  a  sinii)l('  way  to  s('('  inside^  a  potentially  layered  s])lH'r('  and  de'teuiniiu'  tlu- 
nninlx'r  of  laye'rs,  the  (dertromagiK'tir  prope'rtie^s  of  these'  layers  and  the'  radius  of  the  oute'r 
sphere'  Ixninding  tlu'se  laye'is;  The'  ('Xpansion  roeffirients  of  the  sratte'ied  radiation  have- 
an  infinite'  nuinbe'r  o{  ro])ie's  of  re'dundant  infonnation  which  characte'rize  the'  propertie's  of 
the-  innlti})l('  layeTe'd  sphe're  whiedi  ]:»r()dne('d  tlie'  scatte're'd  radiation.  The  Poynting  vector 
analysis,  whie'h  tells  us  that  the'  teital  powc'r  going  into  the  sphere'  minus  the'  total  pow(-r 
scatte'red  away  is  the  total  al)se)rheel  peiwe-i  is  e'lnlioelied  in  the  eepiation, 

E  xiHV)  ■i-iJ)  -  (F-  X  (//■')*)  ■  77]  REsn,{9)<Wdo 

1.477324  X  IQ-"  Watts  (1) 

A  ce)ni])lete'ly  eliffe-re*nt  a])})re>ach  hase'd  on  the*  Gauss  dive-rge-ne'e'  the’e)ie'ni  anel  eihtaine'el  l>y 
taking  the  dive-rge'iici'  of  the'  Pe)ynting  vee’teu'  and  using  info^niatie)!!  aljont  the'  conductivity 
rr,  of  the  mate'rial  filling  the'  jih  laye'r  and  the-  radius  R^  of  the'  euite'rmeist  s])he're'  liemnding 
the'  fill  laye'r  and  using  the'  inulhplr.  layered  .sj.d/.rrc  (’e)inpute'r  pre)grani  ge'iu'rate'd  e'le’e-tric 
li(*hl  ve'ctors  at  Gaussian  epiaelrature'  ])e)ints  within  tl.u'  layc'rs  te-lls  us  tl.iat 

V  /,*  [  I  I')  r\^<ni(0)(lr(!fi(lo 

1.4532409G0  x  K)-''  Watts 
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This  with  th<‘  fa<‘t  that  the  si)h('riral  harinouic  iH'pri'sc'iitatioii  of  tlu'  plaiu'  wavt‘ 

had  full  luachiiK'  precision  on  tin'  surfa<'(‘  and  th('  fac't  that  the  scTies  ('oinaugi'd  on  the 
inside'  of  th(‘  splu'res  would  tedl  us  that  the'  ae’e'urac'V  of  the'  iiitc'nial  fie'lds  is  at  h'ast 
G  ditijits,  tli('  numht'r  of  dicjits  of  asivenunit  Ix'tween  the  two  aiiswe'rs.  This  idi'a  wlu'ii 
.u;('nerali/.ed  to  arl)itrary  surface's  and  use'd  alon.t»;  with  houudary  condition  ve'ritication, 
re't'iprocity  validation  and  local  ve'rification  of  tlu’  Maxwc'll  (’(juations  will  give  tis  a  nu-asiire 
of  tlu'  accuracy  with  which  tin'  inteuaial  tie'lds  are  Ixnnu;  conipute'd. 

Part  of  tin'  prohh'in  asso<*iat<'d  with  t'h'ctromagin'tic  i)ulse  analysis,  particularly  for 
l)odi(‘s  with  a  ge'iu'ral  shajn'  has  been  tin'  inunher  of  different  frc'epu'iicies  for  whie'h  tin' 
interaction  })rohl(*in  must  Ix’  solve'd  for  tilin'  hannoiiic  iiicide'iit  jdane  wave's  to  see'  the* 
e‘lectie)inagin'tic  pulse'  ‘'fi  ‘Ct.  The're'  are'  twe)  type's  e)f  e'le'e't ie)niagne’t ie*  pulse  I'ilee'ts,  Tlu' 
g('e)ine'try  of  the'  scatU  'iug  body  e'an  e’ause'  the'  })ulse'  to  ceintinue'  to  re'sonate'  l)a('k  and 
forth,  partie’ularly  in  a  low  loss  mate'rial  like'  bone',  long  afte'r  the  ])ulse'  has  passed  hy. 
Auotln'r  e'ffe'ct  is  tin'  dispe'i’sive'  e'ffe'ct  hased  on  the'  elepe'iidence'  e)f  tin'  tissue'  e'le'etroinagne'tie' 
])i()l)('rtie's  oil  fre'eiue'iicy. 

Tln'i’e'  is  an  e'coiioiiiical  way  to  se'e'  ge'e)iiu'trical  pulse'  edfe'cts  liy  initially  assuiiiiiig  that 
the  (’le'ctroiiiagnetic  projie'rties,  the'  iieniiittivity  f  and  ceniductivity  tr,  did  not  eh'jie'nd  on 
fie’ejue'ncy.  Iiite'gral  ('(piation  fe)nnulatie)us  and  eve'ii  finite'  eliffe'ience'  eepiatiein  fonnulat ions 
i'ee[uir('  tin'  se>lutie)n  of  large'  syste'ins  of  liiu'ar  e'epiatieins.  If  we  have’  the  inverse-  of  the' 
associate'd  matrix  for  iin'omiiig  radiation  of  one'  fre'ciue'iicy,  the'ii  hy  an  hoiiu)to])y  pre)(’e*ss 
as  we  know  tin'  de’peinle'iiee  of  the'  filled  matrix  on  freepU'iiey  we'  wenild  solve'  for  tlie  inverse 
matrix  as  the'  answe'i*  to  an  initial  value'  j^robk'iii.  Aiiothe'r  stejis  woulel  take  care'  of 
the'  mult il)lication  of  the'  iuve'rse'  matrix  by  the’  vector  giving  ns  the  r('i)re'seutat ie)n  of  the' 
iiieomiiig  he'ld.  To  uiide'rstand  this  simple'  iele'a  sui)j)e)S('  that  Lo  was  the'  original  matrix 
to  1)('  inve'rte'd  ainl  that  the'  inverse  of  this  matrix  was  7?o.  Su])])ose  that  tin'  filh'd  matrix 
at  the  ne'W  fre'(|ueuey  was  L\.  It  is  e'asy  to  se'e'  that  a  noin'oiiiniut ative  pre)duct  rule'  he)lds 
for  matrix  de'rivativc's.  Wv  know  that  if  is  the'  ve'e’toj-  re'])r(’S('iita.tion  (T  the*  iiice)iiiing 
radiat ie>ii,  tln'ii  the'  ve'e'tor  re‘j)re'sentatie)ii  ./’o  of  the’  inte-rnal  fie'lds  is  give'ii  l)y  Hu  •  e/[).  W{' 
sn})pos('  that  /f(,s)  is  tin'  iuve'rse'  of  the'  matrix  L(>)  The  matrix  j)i'e)dnct  rule  te-lls  ns  that 

T(. s- )•/?'(. s)  T  It-)  •/?(.-)  -  n 

win'ie’  ()  re'])re*s('nts  the'  de'rivative'  of  the'  ide'iitity  matrix.  Since'  we  know  I(-) 

w(‘  can  solve'  for  tin'  lU'W  inverse'  j?(.s)  of  the  matrix  I(.s]  l)y  solving  tin'  matrix  diliere’iitial 

eepiatiein 

/?'(.-)  =  -  7?(.s)  ■  I'(s)  ■ 

\\  ^th  an  matrix  mnlti])li('atie)ii,  we'  in  ('ssence'  have*  a  matrix  inveusion  scheme  eT  tin' 

same  e)rd<’i . 

use  tin*  fact  that  we'  can  mnltijily  a  an  X  hy  .V  matrix  by  a  ce)hmni  vector  in  .V"’ 
stf'ps  toge't  an  inve'rsion  scln'iin'  that  is  guarantee'd  to  lx*  oforde-r  for  arbitrarily  small 

(.  We  suppose'  that  by  se)me'  (’He)rt  W('  liave'  ol)t aim’d  an  inverse'  for  tlie  matrix  I(,  gi\’iiig  a 
sohuioii  \  (’ctor  ./■  solving  tlie  eeiuation, 

I„  •  .r  --  ji 

I w  the  nil(‘ 

.r  -  •  !/ 
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li  \yr  wislird  To  know  ili('  i('sp()iis('  of  tli(‘  l)0(ly  to  radiation  of  anot.lu'r  fr('q\ioiicy  roprosontcd 
hy  a  V(’<*tor  //j  \V('  would  tli('r(‘for(’  ronsidc'r  tli('  (‘(juatioii 

L(.sd  •  .r(.s)  -  ?/, 

Hut  if  W(‘  writi'  th(*  iiiv(TS('  of  Li.s)  as  /?<)  •  5,  tluni 

[Lq  +  (L(.s)  -■  Ly)]  •  7?o  •  5  —  I 
wIkmt  1  is  t.lu'  idnitity  and  this  relationship  becomes 

[/  +  (Z(.s)  —  L(j)  •  i?u]  5  —  / 
so  that  if  L(.s)  is  fairly  close  to  L(0)  we  can  write 

5  =  f:[(-l)''([L(,s)-Lo]-i?.o)'j 
0 

whif'lj  means  that  we  havi*  a  local  pow(  r  series  representation  of  R{s)  and  that  in  view  of 
tlu*  fact  that 

x'{.f)  =  R'i.s)  ■  y, 

W('  ^^et  an  ordinary  differential  equation  for  the  solution  vector  given  by 

This  nutans  that  w(’  can  just  use  Ro  and  move  along  a  solution  path  from  the  solution 
vector  .7'o  to  tlu^  solution  vector  .ri  which  will  give  tlu'  electric  and  magnetic  vectors  at  th(' 
iH*xt  freqiu'ucy  needed  for  the  Fotirier  inversion.  If  \yr  limit  the  number  of  terms  in  tlie 
series  and  always  multiply  matrix  })roducts  by  the  column  vectors  first  so  that  for  example 
if  A,  B,  and  C  were  matrices  and  x  w('re  a  column  vector  then 

A  B  C  x  ^  AABdC^x))) 

can  b('  carri('d  out  with  h'ss  than  G- multiplications  and  additions.  This  ])roc(*dTir('  is  also 
valid  for  disj)C'rsive  materiais,  and  means  that  we  do  not  n('<*d  a  separate  matrix  inversion, 
an  proc('ss  for  ('acli  lU'W  freqiuuu'y  that  is  necaled  to  r('i)r('sent  the  eh'ctromagnetic  ])uls(‘, 
Anotlau'  comv'pt  is  that  if  we  cam  in  a  highly  accurate  manner,  nq^resent  the  incoming; 
radiation  fi(‘ld  witli  a  fimall  numlxu*  of  fn^qucuicies,  then  by  inverting  th('  integral  operators 
we  c;iii  s()lv(‘  for  th('  induct'd  internal  el<*ctric  fields  at  tlu'se  frequencies,  add  th(‘m  up 
and*  get  tlu'  ])ulse  r('s])onse,  I  jdan  to  adaj)t  this  sound  id(*a  by  using  a  novel  iiK'thod  of 
tK’fiiK'iicy  partitioning  that  I  d('vel()])ed  TUidc^r  an  effort  concerning  mofleling  the  swimming 
mf)tif)iis  of  niiiflag('llar  njicroorganisms.  The  firsr  graph  shows  the  microscope  slide  data 
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and  tile  graph  below  shows  the  very  small  number  of  frequencies  needed  to  describe  the 
oscillations  perpendicular  to  the  path  along  which  this  single  celled  creature  is  heading. 


Cross  track  motion 

A  -  -.7450419  ,  B  -  3,6563991,  w  -  57.499979 
A  -  1.0479472,  B  -  .65366872,  w  -  1248.0990 
A  -  -.56414504,  B  -  -.80276769,  w  -  80.815101 
A  -  -.059328814,  B  -  .66970221,  w  -  217.76566 


time  (seconds) 


Notr  that  in  tlit'sc  two  only  four  unn'latc'd  fr(HiU(’nri(‘s  arc  significant., 

hut  if  you  tri('(l  a  naiv('  Fouricu*  analysis  using  a  l)as(‘  frc(|ucncy  u^o  and  its  harmonics 
2  ‘  3  •  u.’o,  •  ‘  ■  thru  aft(’j’  a  thotisand  t('niis  you  would  h('  litth'  l)Ctt(T  off  than  wIhmi 

you  had  startl'd.  I  would  tlunifforc'  proposi'  to  niodi'l  tin'  incoming  pulse'  using  this  same' 
type'  of  fre'epU'iK'y  partitioning  that  was  so  successful  in  iny  hiohydn>dynaniics  niodi'liiig. 
By  th('  way,  this  same'  method  could  be  use'd  in  c()ini)uter  spc'ccii  re'cognition,  liaiidliiig 
s])atial  fre'epu'iicie's  in  a  nianiK'r  that  would  penniit  a  satellite’  te)  remotely  pe)sitive'ly  idevntify 
r(*le)catal)l(’  ohje'cts  on  the'  ground  e)r  in  the’  air. 
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ABSTRACT 

Electrodynamic  levitation  traps  are  used  to  suspend  and 
electrically  manipulate  charged  microparticles.  Isolation  of  a 
particle  from  a  group,  transfer  of  particles  from  one  trap  to 
another,  and  the  merging  of  suspended  aerosols  of  opposite  charge 
are  described.  Future  work  involving  particle  isolation  and  the 
suspension  of  microparticles  in  a  gas  flow  is  previewed. 

INTRODUCTION 

Electrodynamic  levitation  traps  were  originally  developed  by 
Wuerker^,  et  al,  in  connection  with  fusion  research  in  the  late 
1950's.  Under  the  simplest  condition  of  a  single  particle  in  an 
evacuated  trap,  particle  motion  is  described  by  a  set  of  Mathieu 
differential  equations.  If  the  magnitude  and  frequency  of  the  AC 
drive  voltage  to  the  trap  are  in  the  stable  range  for  a  given 
particle  charge'to-mass  ratio,  stable  levitation  will  occur. 

When  a  group  of  particles  is  levitated,  partlcle'^to-partlcle 
interaction  (due  to  like  electrical  charge)  causes  the  particles 
to  form  an  array  distributed  about  the  geometric  center  of  the 
trap.  If  the  trap  is  not  evacuated  the  stability  limits  for 
levitation  are  extended  due  to  the  damping  effect  of  the  air  on 
particle  motion. 

In  general,  levitated  particles  are  held  in  orbits  within 
the  trap  with  the  diameter  of  the  orbit  increasing  as  the  average 
distance  between  the  particle  and  the  geometric  center  of  the 
trap  Increases.  Thus,  a  particle  becomes  nearly  stationary  at 
the  center  of  the  trap.  Due  to  the  effects  of  gravity  and 
particle  to  particle  interaction,  a  particle  will  not  normally  be 
at  the  trap  center.  DC  cross-fields  may  be  added  to  the  AC 
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levitation  fields  to  position  particles  within  the  trap  as 
desired. 

EQUIPMENT  DESCRIPTION 

A  cubical  trap  geometry  with  six  planar  electrodes  and  lit 
AC  drive  as  described  by  Kendall^,  et  al,  was  used  for  this  work. 
The  inside  dimension  of  the  trap  was  3.2  cm  on  a  side.  The  sides 
were  constructed  of  Plexiglas  with  small  holes  at  their  centers 
for  particle  illumination  and  observation.  The  top  and  bottom 
were  made  from  aluminum  disks  with  holes  at  their  centers  through 
which  particles  could  be  injected.  The  electrodes  were  mounted 
to  the  inside  of  the  cube  and  were  made  of  a  fine  wire  mesh.  Two 
traps  were  joined  together  with  a  common  mesh  electrode  to  form  a 
dual  chamber  trap  for  particle  transfer  work. 

AC  drive  on  the  order  of  2  kV  rms  2^  (60*)  from  50  to  200 
Hz  was  used  to  drive  the  trap.  Three  DC  cross-fields  were  used  to 
position  the  particles  along  the  X,  Y,  and  Z  axes.  A  5  watt 
argon  laser  operating  at  about  2.5  watts  was  used  to  illuminate 
the  trap  through  the  bottom  mesh  electrode.  A  beam  spreader  was 
used  to  expand  the  laser  beam  for  more  complete  illumination  of 
the  trap. 

Particles  were  injected  into  the  top  of  the  trap  in  all 
cases.  Glass  beads  of  a  nominal  20  /xm  diameter  were  used  for 
solid  particles.  They  were  launched  from  an  alumin  m  cup,  with  a 
small  hole  in  the  bottom,  which  was  elevated  to  20  kV.  Aerosol 
particles  of  approximately  50  /im  diameter  were  produced  by  two 
modified  perfume  sprayers  with  their  metallic  atomizers  connected 
to  high  voltage  power  supplies. 

ISOLATION  OF  A  PARTICLE 

A  singli.  levitated  particle  can  be  isolated  from  a  group  of 
levitated  particles.  This  is  done  by  positioning  the  desired 
particle  at  the  cente..-  of  the  trap  with  DC  cross-fields  and  then 
momentarily  switching  off  the  AC  drive  to  the  trap.  Since  the 
desired  particle  is  at  the  center  of  the  trap  it  is  nearly 
stationary  while  all  other  particles  have  velocities  dependant 
upon  their  position  within  the  trap.  Thus,  when  the  AC  is 
switched  off  all  the  particles  but  the  desired  one  tend  to  fly 
off  and  be  lost.  This  process  may  have  to  be  repeated  several 
times  to  clear  the  trap  of  undesired  particles. 

Further  experimentation  with  particle  isolation  is  planned. 
At  present,  successful  isolation  depends  upon  a  skilled  operator 
and  all  particles  but  the  desired  one  are  lost.  Feedback  control 
methods  might  be  employed  to  hold  the  desired  particle  at  the 
trap  center  while  the  AC  drive  is  switched  off.  Also,  an 
isolation  method  which  allows  a  desired  particle  to  be  removed 
from  a  group,  without  particle  loss,  might  be  possible  by  using  a 
small  capture  trap  within  a  larger  trap  containing  the  group  of 
particles  under  study. 
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TRANSFER  OF  PARTICLES  BETWEEN  TRAPS 


Two  levitation  traps  were  joined  together  with  a  conunon  wire 
mesh  electrode  as  previously  described.  DC  cross-fields  were 
then  used  to  force  the  particles  from  one  trap  into  the  other 
where  they  were  recaptured. 

AC  drive  was  applied  to  each  of  the  traps  in  parallel  by 
connecting  corresponding  side  electrodes  together.  The  top, 
common,  and  bottom  electrodes  were  operated  at  AC  ground.  The 
top  and  bottom  electrodes  were  electrically  connected  together. 

DC  cross-fields  were  then  produced  by  applying  a  DC  potential 
between  the  common  electrode  and  the  top  and  bottom  electrodes. 
This  arrangement  made  it  possible  to  force  levitated  particles 
from  one  trap  into  the  other  by  controlling  the  DC  cross-field 
magnitude  and  polarity  during  the  transfer. 

Charged  particles  were  first  launched  into  the  top  trap  with 
the  DC  cross-field  adjusted  to  neutralize  gravity  and  aid  in 
particle  capture.  The  cross-field  was  then  reversed  and 
increased  in  magnitude  to  expel  the  particles  from  the  top  trap 
into  the  lower  one.  At  this  point,  the  DC  cross-field  had  to  be 
quickly  reversed  to  its  previous  value  to  permit  levitation  in 
the  lower  trap.  This  method  worked  better  when  the  particles 
were  moved  from  the  upper  trap  to  the  lower  then  in  the  reverse 
direction.  This  difficulty  was  overcome  by  using  independent 
cross-fields  for  the  upper  and  lower  traps  but  the  equipment 
became  more  difficult  to  operate.  Particle  transfer  was  also 
done  horizontally  by  similar  techniques. 

MERGING  OF  SUSPENDED  AEROSOLS 

Charged  aerosol  particles  were  produced  by  the  modified 
perfume  sprayers  previously  discussed.  Two  sprayers  were  used. 
The  first  was  filled  with  a  water  and  glycol  mixture  (20%  glycol 
by  volume)  and  was  operated  with  a  20  kV  charging  potential.  The 
second  was  filled  with  water,  glycol,  and  Rhodamine  B  dye  and  was 
operated  at  -100  V  charging  potential. 

Aerosol  particles  from  the  first  sprayer  were  levitated 
first.  Then,  a  lightly  charged  aerosol  of  the  opposite  charge 
was  injected  into  the  trap  from  the  second  sprayer.  Since  the 
charge-to-mass  ratios  of  the  particles  in  the  second  aerosol  were 
very  low,  they  did  not  levitate  but  were  attracted  to  the 
levitated  particles  of  the  first  aerosol  (due  to  opposite  charge) 
causing  the  particles  to  merge. 

The  merging  of  particles  was  easily  detected  since  the. 
levitated  particles  became  dyed  as  they  merged  with  injected 
particles  which  contained  the  dye. 

Since  the  dyed  particles  were  lightly  charged  and  had 
similar  masses  to  the  levitated  ones,  particles  produced  from  a 
merger  had  only  about  half  the  charge-to-mass  ratio  of  the 
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original  levitated  ones.  Despite  this,  the  stable  range  of  the 
particle  trap  was  sufficient  to  permit  the  merged  particles  to 
remain  in  levitation. 

PARTICLE  LEVITATION  IN  A  GAS  FLOW 

A  levitation  trap  is  presently  being  used  to  levitate 
microparticles  in  a  laminar  gas  flow.  The  object  of  this  work  Is 
to  create  an  environment  for  studying  the  microphysical  and 
chemical  behavior  of  particles  typical  of  the  lower  stratosphere. 

A  DC  cross-field  is  used  to  balance  the  force  of  the  gas 
upon  the  particles.  Testing  to  date  has  used  20  fim  glass  beads 
in  gas  flows  up  to  20  cm/s. 

Additional  tests  are  planed  using  submicron  aqueous 
particles  in  reagent  gas  flows  up  to  10  cm/s.  Gas  temperature 
and  pressure  will  then  be  controlled  within  the  trap  to  simulate 
lower  stratospheric  conditions. 
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Abstract 

Continuous  wave  stimulated  Raman  scattering  was  observed  in  11  to 
13  |lm  diameter  benzene  and  toluene  microdroplets  at  pump  intensities  as 
low  as  8  kW/cm^  and  24  kW/cm^,  respectively.  Low  thresholds  were  achieved 
by  exploiting  :  (1)  simultaneous  pump  and  Stokes  wave  resonance  in  the 
droplets  and  (2)  Raman  gains  that  were  cavity  QED  enhanced  50  X  with 
respect  to  bulk  liquid  values.  Based  on  a  photon  state  conservation 
argument,  the  cavity  gain  enhancement  factor  may  be  approximated  by  the 
ratio  of  spectral  spacing  between  resonant  modes  of  the  same  order  to  that  of 
the  homogeneous  Raman  linewidth.  This  relation  appears  to  be  consistent 
with  the  relative  experimental  behavior  of  benzene,  ethanol  and  toluene. 


Introduction 

Cross  sections  for  spontaneous  Raman  scattering  are  typically  quite  small, 
and  those  for  stimulated  Raman  (SRS)  are  correspondingly  much  lower, 
which  is  why  SRS  is  normally  reported  using  high  peak  power  pulsed  laser 
pumps.  Most  of  the  comparatively  few  reports  of  :w  SRS  employed  an 
external  cavity  to  enhance  the  pump  and  SRS  signal  intensities.  Figure  1 
contains  a  schematic  energy  level  diagram  of  the  SRS  process  and  external 
cavity  arrangement  for  a  bulk  medium,  and  also  introduces  the  idea  of  a 
sphere  (liquid  droplet)  as  a  natural  optical  cavity^  Radiation  may  be 
trapped  in  this  type  of  geometry  by  the  mechanism  of  total  internal  reflection. 


External  cavity  feedback 


Khare  and 
Nuasentwcig 


Fig.  1. 


There  are  two  advantages  of  using  a  cavity  resonautor 

1.  Concentration  of  pump  radiation 

2.  Redistribution  of  den8it>'  of  final  photon  states 
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In  addition  to  multiplying  the  pump  into  .ity,  a  cavity  also  causes 
redistribution  of  the  photon  final  statei:  i  '  ])hase  space  compared  to  the  free 
space  environment  for  a  radiating  molecule.  Such  redistribution  can  result 
in  an  apparent  enhancement  in  the  stimulated  Raman  cross  section  (also 
referred  to  as  QED  enhancement)  and  will  be  discussed  later. 

Radiation  becomes  trapped  at  particular  resonance  values  of  the  ratio  of 
the  droplet  circumference  2na  to  the  incident  wavelength  'K  (known  as  the  size 
parameter  x  ).  Referred  to  as  morphology  dependent  resonances  (MDR's), 
their  positions  can  be  calculated  from  Lorenz-Mie  theory2,  and  each  has  a 
unique  internal  field  distribution  (cavity  mode)  which  can  be  cataloged  by 
integers  n  (mode  number)  and  1  (mode  order).  Each  resonant  mode  is  either 
transverse  electric  or  magnetic  (TE  or  TM)  and  has  a  characteristic  quality 
factor  Q  -  j^ni/Ax.  where  Ax  is  the  width  of  the  resonance.  In  Fig.  2  tjqsical 

plots  are  shown  of  the  calculated  internal  field  distributions  for  the  particulf  r 
modes  indicated  across  the  equatorial  plane  of  the  droplet3,4.  Emission 
spectra  are  also  shown  recorded  as  a  function  of  wavelength  in  dye-doped 
droplets  5.  Intensity  peaks  occur  at  MDR  positions  due  to  the  increased 
density  of  phuton  states.  Below  the  spectra,  computed  positions  are  indicated 
by  arrows  pointing  up  (down)  for  TE  (TM)  polarization  and  are  offset 
vertically  to  indicate  mode  order.  The  lowest  order  modes  have  the  highest 
theoretical  Q's.  In  the  cw  SRS  study,  the  pump  radiation  is  fixed  and  the 
droplet  size  is  varied  to  achieve  resonance  conditions. 


Fig.  2.  Cavity  Mode  Properties 
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Experimental 

To  study  the  optical  propeities  of  droplets,  a  monodisperse  stream  of 
either  benzene,  toluene  or  ethanol  droplets  tunable  in  diameter  from  H  to  13 
pm  was  produced  using  a  vibrating-orifice  droplet  generator  with  a  5  |J.m 
diameter  orifice®.  Droplets  were  optically  pumped  as  they  fell  through  a 
514.5  nm  wavelength  cw  argon-ion  laser  beam  focused  to  a  40  p,m  spot 
diameter.  The  droplet  size  and  refractive  index  were  determined  by  matching 
the  measured  fixed-angle  elastic  laser  scattering  near  90°  as  a  function  of  the 
generator  frequency  (see  Fig.  3a)  to  the  computed  scattering  intensities  as 
previously  described®*®’^.  Spectral  composition  of  radiation  emitted  by  the 
droplet  at  <=  120°  scattering  angle  was  examined  using  a  1  meter  double 
monochromator  with  a  resolution  of  =  2,25  cm‘^  and  equipped  with  a  cooled 
photomultiplier  and  photon  counting  system  (see  Fig.  4b). 

Fig.  3a  shows  a  typical  514.5  nm  elastic  scattering  spectrum  from  a 
benzene  droplet  stream.  Figure  3b  is  the  corresponding  fi'equency  plot  of  the 
total  Raman  signal  at  542  ±1  nm  due  to  the  992  cm’^  C-C  stretch  vibrational 
mode.  One  large  peak  and  several  smaller  ones  appear  in  the  orifice 
frequency  spectrum.  Fig.  4a  shows  the  spectral  dependence  of  the  992  cm'^ 


530  450  370 

ORIPICE  FREQUENCY  (kHz) 

Fig.  3.  SRS  Observed  As  A 

Double  Resonance  Effect 


Fig*  4*  Spontaneous  and  Stimulated 
Raman  Spectra 
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spontaneous  Raman  emission  (width  =  2.G  cm'^)  from  a  1  cm  long  sample  of 
benzene.  Fig.  4b  shows  the  spectral  dependence  of  the  Raman  emission  from 
the  droplet  stream  under  conditions  (droplet  radius,  a  ~  6.4  |im) 
corresponding  to  the  large  peak  at  390  kHz  in  Fig.  3b.  These  size  droplets 
lead  to  the  fortuitous  placement  of  high  Q  cavity  modes  verj’  nearly 
coincident  with  both  pump  and  Raman  wavelengths.  As  shown  in  Fig.  4b, 
shiils  of  several  cm'^  from  line  center  were  common.  We  calculate  that  for 
droplets  of  this  size,  first  and  second  order^  TE  and  TM  output  modes  have 
theoretical  Q's  in  excess  of  10  and  there  are  3  orders  of  input  TE  and  TM 
modes  having  Q's  >  5  xlO'*.  The  experimentally  achievable  Q's,  however,  may 

n 

be  limited  to  values  lower  than  10  by  laser  induced  droplet 
heating/distortion.  The  spectral  spacing  Av,  between  modes  of  the  same  order 
and  polarizahon  is  approximated^  by:  {arctan[(m'‘‘-l)^^])/27Ca(m^-l)^^,  where 
m  is  the  index  of  refraction:  for  a  ~  6.4  |im,  (Av)  =  190  cm'^ 

Observed  nonlinear  power  dependence  of  the  emission  (Fig.  5)  is  indicative  of 
SRS  oscillation  with  a  pump  threshold  of  ca.  50  mW  for  benzene  (open 
circles).  A  second  Stokes  SRS  signal  at  1984  cm'\  having  an  amplitude  about 
an  order  of  magnitude  lower  than  that  of  the  first  Stokes,  was  also  observed. 
Up  to  14  orders  of  Stokes  waves  have  previously  been  observed  in  pulsed 

Q 

experiments  in  larger  droplets  where  the  probability  of  aligning  appropriate 
modes  within  the  respective  nEU'row  Stokes  gain  profiles  was  more  favorable. 
The  50  mW  threshold  power  corresponds  to  an  incident  intensity  I,,  of  only  8 
kV//cm^.  The  intensity  of  the  resonant  pump  within  the  cavity  Ip  has  been 
shown^  to  be  greater  by  a  factor  of  f/[47C^o  m  Sv^]  when  Q  >  v/Sv^.  Here  8Vl 
is  the  spectral  width  of  the  argon  ion  laser,  measured  with  a  scanning  Fabry- 
Perot  interferometer  to  be  about  0.3  cm'^  Therefore,  the  intensity  inside  the 
droplet  when  the  pump  is  resonant  with  a  high  Q  mode  is  «  0.3  MW/cm^. 

Note  that  the  effective  intensity  may  vary  due  to  partial  spatial  overlap 
between  the  input  and  output  modes  represented  as  f  and  taken  to  be  *  0.5 
here.  Assuming  an  output  mode  Q  of  10  ,  a  benzene  Raman  gain  of  3  cohl/GW, 
and  a  resonant  mode  located  on  the  shoulder  of  the  Raman  line  (i.e.  1/2  gain 
as  in  Fig.  2),  the  SRS  pump  threshold  intensity  should  be  at  least  a  factor  of 
70  higher  than  actually  observed. 
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These  results  and  conclusions  for  the  benzene  experiment  are  summarized  in 
Table  1.  The  apparent  enhancement  of  the  stimulated  Raman  gain  is 
denoted  as  K,  and  can  be  explained  in  terms  of  QED  effects  discussed  below. 


Table  1 

cw  SRS  in  Benzene 

•  Measured  SRS  threshold:  I  »  8  kW/cm’ 

•  Ip  “  lo  f/4n*m8vo  *  0.3 MW/cm*, 

since  a  “  6iim,  6v  «  0.3  cm'*  and  f«0.5. 

•  At  threshold,  gain  a  loss:  gjp  ^  2nm/ QA, 

for  Q  “  lo’  — ^  gc »  210  cm/GW, 
but  bulk  gain  g»  »  3  cm/GW. 


QED  Effects 

A  simple  heuristic  model  which  conveys  a  physical  idea  of  how  transition 
rates  are  affected  by  electromagnetic  boundary  conditions  inside  a  cavity  can 
be  presented  in  terms  of  the  density  of  final  photon  states  p(v).  The  radiative 
transition  probability  for  a  quantum  system  (molecule)  as  given  by  Fermi's 
Golden  rule  includes  a  factor  of  p(v).  In  free  space  this  quantity  is  easily 
shown  to  be  proportional  to  v2  which  is  nearly  constant  (p<,)  over  a  given 

narrow  range  (emission  bandwidth)  as  shown  in  Fig.  6a.  When  a  molecule  is 
introduced  to  a  cavity  the  total  number  of  final  states  is  conserved,  but  the 
density  is  redistributed  so  the  emission  probability  at  resonant  frequencies  is 
increased  while  emission  at  nonresonant  frequencies  is  inhibited.  The  cavity 
state  distribution  can  be  approximated  by  Lorentzian  lineshapes  centered  at 
resonant  frequencies  with  appropriate  widths  as  shown  in  Fig.  6b.  For 
regular  periodic  spacing  of  resonances  AVj^dI^,  the  conserved  ni’mber  of 
states,  poAv^oRf  is  indicated  by  the  shaded  areas  in  Figs.  6a  and  6b.  The 
gain  profile  is  characteristic  of  the  molecule  and  in  free  space  the  observed 
emission  profile  simply  reflects  the  shape  of  the  molecular  profile  since  p(v)  is 
flat  (Fig.  6c).  The  actual  gain  will  be  proportional  to  the  total  number  of 
photon  states  available  to  the  molecule  under  its  gain  profile  and  in  free 
space  is  just  go  ~  Po  (where  F  is  the  profile  width) ,  while  in  the  cavity: 
gc  “  PoAVmdr-  Thus  the  QED  enhancement:  K  «  gc  /  &o  “  ^^mdr  ! 


Fig.  6  QED  Gain  Enhancement 


Conclusion 

To  see  if  this  simple  model  is  valid  for  the  case  of  benzene,  we  have:  P  » 

2  cm  and  for  6  }Jm  droplet  radii,  «  190  cm  *1  resulting  in  a 

predicted  K  of  »  95  consistent  with  the  experimentally  observed 
enhancement  of  70.  To  further  test  the  model,  other  liquids  (toluene  and 
ethanol)  with  different  Raman  linewddths  were  studied  in  similar  sized 
droplets  under  identical  experimental  conditions.  Toluene  possesses  a  F 
similar  to  benzene  but  has  a  2.3X  lower  free  space  Raman  gain.  Ethanol  has 
a  free  space  SRS  gain  equal  to  toluene  (1.3  cm/GW)  but  has  a  F  that  is 
significantly  broader  than  either  benzene  or  toluene.  The  homogeneous 
bandwidth  is  inversely  proportional  to  the  dephasing  time  of  the  vibrational 
mcdes^®.  These  lifetimes  have  been  estimated  to  be  2.6  psec  and  0.25  psec  for 
toluene^®  and  ethanol^^  respectively,  and  so  (F)gtQjj/(  F),p^j  =  10.  The 

growth  curves  of  the  emission  output  with  pump  intensity  for  toluene  and 
ethanol  droplets  are  plotted  in  Fig.  5  with  open  squares  and  triangles 
respectively.  The  emission  from  ethanol  was  weak  spontaneous  Raman 
scattering  as  its  SRS  threshold  was  not  achieved  at  the  maximum  pump 
intensity  of  2.5  W.  This  result  is  consistent  with  the  predicted  lower  QED 
enhancement  of  Raman  gain  due  to  the  much  broader  linewidth  of  ethanol. 
Toluene  has  the  same  bulk  Raman  gain  as  ethanol  but  since  its  linewidth  is  a 
factor  of  10  narrower,  it  was  observed  to  have  an  SRS  threshold  at  150  mW. 
The  expected  threshold  for  ethanol  at  =  1.5  W  was  not  observed  because  at 
high  pump  intensities  the  effective  Q  of  the  mode  will  be  degraded  by  thermal 
perturbations.  Table  2  summarizes  the  results  of  the  three  liquids 
investigated,  listing  their  bulk  Raman  gain  g^,  Raman  linewidth  F,  predicted 
cavity  gain  (assuming  Q  =  lO"^),  and  observed  SRS  threshold  Ip. 


Table  2 

(cm/GW) 

F 

(cm/GW) 

Ip 

(mW) 

Benzene 

3.0 

2 

300 

50 

Toluene 

1.3 

2 

130 

150 

Ethanol 

1.3 

>20 

<10 

>2500 

152 


The  significant  points  of  this  paper  may  be  summarized  as  follows: 


•  First  observation  of  cw  SRS  in  microdroplets 

•  pump  radiation  or  'Input'  resonant  with  droplet 

necessary 

•  gains  appear  enhanced  by  » lOOx  consistent  with 

simple  mode  density  model  of:  ^  -  f  1 

*ol  r  * 

•  relative  experimental  behavior  of  benzene* 

toluene*  and  ethanol  consistent  with  model 
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ABSTRACT 

Fluorescence  decay  kinetics  of  Rhodamine  6-G  molecules  in  levitated 
glycerol  microdroplets  (4  -20  microns  in  diameter)  have  been  investigated  to 
determine  the  effects  of  spherical  cavity  resonances  on  spontaneous  emission 
rates.  For  droplet  diameters  greater  than  10  microiis,  the  fluorescence 
lifetime  is  essentially  the  same  as  in  bulk  glycerol.  As  the  droplet  diameter 
is  decreased  below  10  microns,  bi -exponent ial  decay  behavior  is  observed  with 
a  slow  component  whose  rate  is  similar  to  bulk  glycerol,  and  a  fast  component 
whose  rate  is  as  much  as  a  factor  of  10  larger  than  the  bulk  decay  rate.  This 
Cast  component  is  attributed  to  cavity  enhancement  of  the  spontaneous  emission 
rate  and,  v;ithin  the  v;eak  coupling  approximation,  a  value  for  the  homogeneous 
linev;idth  at  room  temperature  can  be  estimated  from  the  fluorescence  lifetime 
data  . 
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1 .  INTRODUCTION 


The  ability  to  modify  emission  rates  from  atoms  or  molecules  in  an 
excited  state  is  of  great  importance  since  experimental  control  over  the 
pathway  for  excited  state  deactivation  can  be  obtained .  For  example, 
inhibition  of  spontaneous  emission  can  be  used  to  direct  excited  state 
chemical  reactions  and  multi -photon  processes.  Alternatively,  enhancement  of 
spontaneous  emission  rates  could  lead  to  increased  sensitivity  in  low- level 
fluorescence  applications  such  as  DNA  sequencing  or  effluent  tracing  requiring 
single-molecule  detection  limits, [1,2)  Recently,  both  enhancement  and 
inhibition  of  spontaneous  emission  have  been  demonstrated  for  chelated 
ions. [3]  However,  whether  such  effects  could  be  observed  for  polyatomic  dye 
molecules  was  uncertain  principally  because  it  was  assumedl4,5]  that  large 
homogeneous  linewidths  (taken  to  be  approximately  equal  to  the  fluorescence 
spectral  width)  would  result  in,  at  best,  only  a  small  emission  rate 
enhancement.  In  this  paper,  we  show  that  a  dramatic  increase  in  fluorescence 
emission  rate  occurs  in  glycerol  microdroplets ,  implying  that  the  homogeneous 
linewidth  is  actually  only  a  fraction  of  the  fluorescence  spectral  width. 

Fermi's  •'Golden  Rule",  given  Eqn .  1,  provides  a  basic  understanding  of 
how  emission  rates  can  be  modified  by  the  geometrical  structure  of  the  matrix 
in  which  the  atom  or  molecule  is  solvated.  The  transition  rate  from  state  i 
to  state  j  may  be  expressed  as, [6] 


=  p(v) 


(1) 


where  h  is  Planck's  constant,  <  i  I  Hij  I  j  >  is  the  volume-normal  ized 
Hamiltonian  matrix  element  representing  the  atom-field  interaction,  and  p(V) 
is  the  density  of  final  photon  states.  Placing  the  emitter  inside  an  optical 
cavity  whose  dimension  is  on  the  same  order  as  the  transition  wavelength 
causes  the  emitted  light  to  be  coupled  into  discrete  cavity  modes  rather  than 
into  the  continuum  of  vacuum  states.  Since  the  density  of  states  is  large  when 
v  corresponds  to  an  allowed  cavity  mode,  and  small  when  v  is  non-resonant,  the 
emis.sion  rate  will  be  modified  (enhanced  or  inhibited)  depending  upon  wnether 
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the  eroission  frequency  corresponds  to  a  particular  allowed  cavity  mode. [7] 

Modification  of  spontaneous  emission  rates  was  first  observed  by 
Drexhage  and  co-workers [ 8]  by  measuring  emission  rates  from  europium  ions 
layered  in  Langmuir-Blodgett  films  above  a  reflective  surface.  Using  a 
waveguide  structure  as  a  linear  micro-cavity ,  Kleppner  and  co-workers [9]  were 
able  to  demonstrate  inhibited  spontaneous  emission  of  Rydberg  atoms  at 
microwave  frequencies.  De  Martini  and  co-workers ( 10 ]  demonstrated  both 
enhancement  and  inhibition  of  spontaneous  emission  at  optical  frequencies 
using  a  linear  tunable  Fabry-Perot  cavity.  However,  with  the  exception  of  the 
work  of  Drexhage  and  co-workers,  these  investigations  all  involved  linear 
micro-cavit ies  where ,  despite  the  simple  geometry,  exact  calculations  of 
internal  fields  are  not  possible.  The  spherical  cavity  offers  a  geometry  which 
is  much  more  amenable  to  theoretical  modeling  since  all  fields  and  modes  are 
exactly  calculable  from  Lorenz-Mie  theory. [11] 

It  has  been  known  for  some  time  that  micrometer  sized  dielectric  spheres 
act  as  high  Q  resonators,  where  photons  propagate  around  the  sphere  near  its 
edge.  Spherical  cavity  modes  in  these  microspheres  arise  from  so-called 
^morphology  dependent  resonances',  or  MDRs,  which  occur  at  specific  values  of 
the  size  parameter,  X,  where  X  =  2xa/X,  a  is  the  radius  of  the  sphere,  and  X 
is  the  wavelength  of  light.  Cavity  effects  such  as  stimulated  emission (12)  and 
lasing ( 13 , 14]  from  liquid  roicrodroplecs  iiave  been  reported.  Recently,  Ceonpillo 
and  co-workers  have  demonstrated  cavity  enhanced  spontaneous  emission  of 
chelated  Europium  ions  in  a  stream  of  falling  ethanol  droplets [15]  and 
observed  an  increase  in  the  spontaneous  emission  rate  of  a  factor  of  2.5  above 
the  bulk  value.  These  authors  argue  that,  in  the  regime  where  the  cavity  mode 
spacing  (AVc)  >  homogeneous  linewidth  (Phb)  >  cavity  mode  bandwidth  (5c)  /  the 
enhancement  can  be  approximated  by  the  ratio 

^  =  Avc  /  The  ,  (2) 

If  The  is  much  narrower  than  Av<; ,  large  enhancements  similar  to  those 
predicted  by  the  Purcell  equation [7]  should  be  observed.  Conversely,  if  Fjjb 
is  larger  than  Av^/  no  enhancement  should  be  observed.  Thus,  the  cavity  mode 
spacing  is  an  extremely  important  parameter  in  determining  the  magnitude  of 
enhancement  in  these  microdroplets .  Because  the  cavity  mode  spacing  can  be 
estimated  based  on  a  knowledge  of  the  droplet  diameter ,  it  is  possible  to 
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determine  the  homogeneous  linewidth  of  a  fluorescing  molecule  by  measuring  the 
fluorescence  lifetime. 

In  this  paper,  we  present  the  results  of  fluorescence  lifetime 
measurements  of  Rhodamine  6-G  in  glycerol  droplets  with  diameters  ranging  from 
4  •  20  microns.  The  enhancement  is  large  (10  x)  for  the  smallest  droplets  and 
decreases  with  increasing  droplet  diameter,  and  does  not  appear  to  be 
attributable  to  droplet  lasing  or  stimulated  emission.  Modeling  the  variation 
of  decay  rate  enhancement  using  Eqn.  2  with  different  values  of  The  suggests  a 
value  of  about  100  cm'^  for  the  homogeneous  linewidth  of  R6G  in  glycerol  at 
room  temperature. 

2.  EXPERIMENTAL 

Spontaneous  emission  rates  of  Rhodamine  6-G  in  levitated  microdroplets 
were  measured  using  a  time-correlated  photon  counting  technique .( 1 6 ]  The 
experimental  setup  is  shown  schematically  in  Figure  1.  Briefly,  a  glycerol 
droplet  with  a  concentration  of  R6G  ranging  from  10"*^  to  10“5  n  is  levitated 
in  an  electrodynamic  trap.  A  mode-locked  Ar*  laser  (Spectra  Physics  171) 
supplies  the  short  (150  ps  fwhm)  514  nm  excitation  pulses  and  the  repetition 
rate  was  reduced  to  4  MHz  using  an  acousto-optic  cavity  dumper  (Spectra 
Physics  344)  as  an  extra-cavity  pulse  selector.  The  laser  beeun  was  focused  to 
a  50  ^m  waist  giving  a  peak  intensity  at  the  droplet  of  about  70  KW/cm2  with 
pulse  energies  of  about  100  p J . 

The  drot-let  generator  and  ei actrodynamic  trap  have  been  described  in 
detail  elsewher e . ( 17 ]  Rhodamine  6G  solutions  in  glycerol  were  diluted  in 
ultrapure  water  (Carolina  Biological  Supply  Co.)  by  a  factor  of  20  -  100. 
Approximately  100  pL  of  this  solution  was  drawn  into  the  tip  of  a  microdroplet 
generator  and  a  voltage  pulse  applied  to  a  piezoelectric  transducer  in  the 
generator  produce.s  an  acoustic  wave  which  forces  a  droplet  out  of  the  tip. 
Initially,  the  droplet  diameter  is  about  the  same  as  the  tip  orifice  (40  Urn) 
but  rapid  evaporation  of  water  leaves  a  nominal  diameter  between  5  and  15  (jjn 
depending  on  the  relative  amount  of  glycerol  added  to  the  solution. 
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FiQurtt  1.  Schematic  of  experimental  apparatus  used  to  measure  R6G 
fluorescence  lifetimes  in  levitated  microdroplets. 


Fluorescence  from  the  droplet  is  collected  by  a  3  mm  diameter  GRIN  lens  with 
0.25  pitch  and  a  20X  microscope  objective  focuses  the  image  through  a  1,5  mm 
spatial  filter  onto  a  cooled  photomultiplier  tube  (Heunmamatsu  R943-02).  An 
interference  filter  centered  at  575  nm  with  26  nm  bandwidth  (Omega  Optical  575 
OF26)  spectrally  filters  the  fluorescence  and  two  Corning  3-66  long  pass 
filters  are  also  used  to  ensure  that  no  elastically  scattered  photons  are 
detected  during  a  fluorescence  lifetime  measurement.  In  these  experiments,  a 
1 6  nanosecond  t iioe  window  divided  into  512  channels  was  used,  with  each 
channel  having  a  width  of  about  33  picoseconds. 

In  a  t ime -correlated  single  photon  counting  experiment ,  it  is  essential 
that  only  one  photon  is  detected  per  excitation  pulse  as  multiple  START  pulses 
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encountered  during  the  voltage  ramp  can  cause  distortions  in  the  timing 
spectrum. [ 18]  For  most  of  the  fluorescence  lifetime  measurements,  the  laser 
intensity  was  suf f ici^=nt ly  low  enough  so  that  no  additional  attenuation  of  the 
input  beam  was  necessary.  Typical  fluorescence  count  rates  were  between  0.1 
and  10  KHz;  thus  the  probability  of  two  photons  arriving  during  a  single  scan 
is  about  10'^.  Characterization  of  the  instrument  response  function  was 
performed  by  detecting  elastically  scattered  light  from  a  blank  droplet  (no 
R6G  added)  with  the  interference  filter  removed,  and  the  laser  intensity 
attenuated  to  give  approximately  10  KHz  count  rate.  For  lifetime  measurements 
made  on  bulk  glycerol  solutions,  the  upper  end  cap  electrode  was  removed  and  a 
1  cm  square  cuvette  was  placed  inside  the  trap .  All  other  experimental 
parameters  were  identical  for  droplet  and  bulk  measurements.  In  the  following 
section,  the  results  of  fluorescence  lifetime  measurements  performed  on 
droplets  of  varying  size  and  R6G  concentration  are  discussed. 

3.  RESULTS  AND  ANALYSIS 

Fluorescence  decay  kinetics  of  R6G  was  investigated  for  droplets  varying 
from  4  to  25  microns  in  diameter,  and  with  concentrations  varying  from  1x10-  7 
to  2  xl0“^  M  in  glycerol .  Figure  1  shows  the  instrument  response  function  and 
normalized  fluorescence  data  for  4,  6,  and  11  Urn  droplets  (10“^  M/glycerol ) , 
as  well  as  for  10  M  bulk  glycerol  solution.  The  full  width-half  maximum 
instrument  response  is  0,85  ns,  [19]  and  decay  components  with  lifetimes  as 
short  as  i  ps  can  be  deconvoluted  reliably .[ 20 ]  The  bulk  fluorescence  decay 
is  described  well  by  a  single  exponential  decay  with  t  =  3.65  ±  0,05  ns. 
Fluorescence  from  the  11  jim  droplet  also  follows  single  exponential  decay  with 
the  same  decay  rate  as  observed  in  bulk  solution .  For  dieuneters  between  4  and 
8  pm,  the  fluorescence  decay  becomes  increasingly  non-exponential,  where  the 
relative  amplitude  of  the  fast  decay  component  increases  with  decreasing 
diameter.  Because  the  density  of  states  (and  therefore  the  enhancement) 
should  vary  according  to  the  radial  position  of  the  molecule  within  the 
droplet, [21]  a  distribution  of  decay  rates  was  expected  to  provide  a  more 
accurate  representation  of  the  system  than  a  simple  biexponential  decay 
function.  Using  a  Laplace  inversion  technique, [22, 23 )  decay  rate  probability 
distributions  were  extracted  from  the  fluorescence  lifetime  data  to  determine 
the  emission  rate  enhancement . 
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Figura  2.  R6g  fluorescence  decay  data  in  4,  1,  and  9  Jim 

glycerol  droplets  as  well  as  bulk  glycerol  solution.  E)ye 
concentrations  for  each  data  set  shown  was  10'^  M.  The  data 
has  been  i^n.ootiied  by  a  five-point  running  average. 


The  observed  fluorescence  decay  data,  C(t),  can  be  represented  by  a 
convolution  of  the  instrument  response  function  and  a  sum  of  exponentials 
expressed  as 


C{t)  =  IRF{t)*In  Xi  ai  exp(-Xi  t)  (3) 

where  IRF(t)  iz  the:  iiiw.Lrument  response  function,  Xi  is  th<^  ith  decay  rate, 
and  tti  is  the  probability  that  a  photon  will  be  emitted  at  rate  Xi .  If  the 
sum  in  Eqn .  3  is  replaced  by  an  integral,  it  can  be  seen  that  the  function 
Xetik)  is  the  inverse  Laplace  transform  of  C{t),  where  a(X)  is  a  decay  rate 
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probability  distribution  funoVion.  Thus,  Laplace  inversion  of  the  measured 
data  C(t)  yields  the  function  a{\)  which  contains  the  decay  rate  and 
probability  amplitude  information. 

In  a  simplified  view,  determination  of  the  function  a{X)  from  C(t)  is 
performed  as  follows.  The  solution  space  is  defined  by  specifying  the  initial 
and  final  decay  rates,  Xq  and  Xn-l/  and  the  number  of  grid  points,  n.  Values 
used  for  Xo  and  X^-l  were  0.1  and  15  ns"^  respectively,  with  n  =  75.  The 
array,  a(i),  represents  a  decay  rate  probability  distribution  and  is 
determined  by  singular  value  decomposition,  where  the  values  are  subject  to 
the  following  constraints;  (1)  all  values  are  non-negat ive ;  (2)  X2  parameter 
is  minimized;  and  (3)  the  value  of  a  regularizer,  or  2nd  derivative  smoothness 
function,  is  minimized.  In  principle,  a  large  number  of  decay  con»ponents  can 
be  resolved[24]  using  this  technique,  making  it  a  powerful  tool  for  analyzing 
multiexponential  decays. 
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Figure  3.  Decay  rate  probability  distributions  from 
fluorescence  decay  data  for  4,  5,  6,  and  1 1  droplets. 
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Figure  3  shows  decay  rate  probability  distribution  functions  obtained 
from  R6G  fluorescence  lifetime  data  in  4,  5,  6,  and  11  um  droplets.  Each 
distribution  shows  a  strong  peak  centered  around  the  bulk  fluorescence  decay 
rate  (0.27  ns*^).  However,  distributions  for  the  6,  5,  and  4  |im  droplets  show 
a  fast  decay  component  whose  rate  and  maximum  probability  amplitude  increases 
with  smaller  droplet  diameter.  The  degree  of  enhancement  of  this  fast 
componetit  for  the  smallest  droplets  is  as  much  as  a  factor  of  10  larger  than 
tne  bulk  decay  rate  and,  as  shown  in  Figure  4,  falls  of  sharply  with 
increcising  droplet  diameter.  In  the  decay  rate  proDability  distributions 
obtained  from  our  experimental  data,  the  width  of  the  enhanced  rate  feature 
arises  primarily  from  the  limited  sampling  (512  points)  and  the  noise  in  the 
data.  The  non-zero  probability  for  photon  emission  at  extremely  large  rates 
near  the  edge  of  the  solution  grid  is  probably  not  physically  significant. 

Since  it  is  ./ell  known  that  stimulated  emission  and  lasing  can  occur  in 
microdroplets,  the  question  arises  as  to  whether  the  en.'i'^nced  decay  rate  can 
be  attributed  to  stimulated  emission.  The  possibility  of  lasing  estimated 
using  an  expression  given  by  Lin,  et  al.[141  as 

2im.</Qext^'Jo  <  1  -  L/kgo  (4) 

where  m  is  the  refractive  index,  X  is  the  size  parameter,  Qext  cavity 
Q,  k  is  the  enhancement  in  lasing  gain,  go  is  the  round  trip  gain,  and  L 
represents  the  transmissive  and  internal  losses.  Laser  oscillation  may  occur 
when  the  above  equation  is  satisfied.  Substituting  values  appropriate  for  our 
experimental  conditions,  it  was  concluded  that,  ^ven  at  the  highest  dye 
concentration  and  pulse  power,  the  threshold  for  lasing  would  rot  be  exceeded. 
Although  it  is  almost  certain  that  the  enhar^ced  decay  rate  component  is  not 
due  to  droplet  lasing,  the  possibility  still  exists  that  we  are  observing 
.stimulated  omi.c-c.ion.  An  estimate  of  the  probability  of  stimulated  emission  was 
made  using  values  foi  plioton  lifetime  in  the  cavity,  and  an  estimate  of 
the  nnrtiber  of  excited  states  formed  per  pulse.  This  calculation  suggests  that 
the  piobability  of  stimulated  emission  on  the  order  of  10“^. 

As  an  experimental  confirmation  that  v/e  are  indeed  observing  enhanced 
.sporjt  anecnj-s  emi  ss  .1  oii ,  the  char  act  er  i  st  i  cs  ot  small  droplet  fluorescence  decay 
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were  examined  as  a  function  of  pulse  energy.  The  la^i^er  intensity  was  varied 
using  neutral  density  filters  and  several  measurements  were  made  on  each 
droplet.  Figvare  4  shows  the  ratio  of  amplitudes  for  the  two  (fast  and  slow) 
most  p)robable  decay  rates  for  4  and  5  |im  droplets  at  1  x  10“^  and  2  x  10“^  M 
concentrations  respectively.  No  significant  differences  in  decay  rates  or 
relative  amplitudes  were  observed  for  pulse  energies  ranging  from  45  to  190 
pi CO joules.  Since  the  maximum  intensity  used  in  these  experiments  is  well 
belov;  saturation  level,  if  the  fast  decay  component  were  due  to  stimulated 
emission,  the  number  of  photons  emitted  with  an  enhanced  decay  rate  relative 
to  the  number  of  photons  emitted  with  bulk  rate  should  increase  with 
increasing  pulse  energy.  This  should  be  reflected  in  the  lifetime  spectrum  by 
an  increase  in  the  relative  probability  amplitude  of  the  fast  decay  component. 
Because  no  such  dependence  is  observed,  our  conclusion  is  that  a  modification 
in  the  spontaneous  emission  rate  is  taking  place . 
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Figure  4  ,  Ratio  of  ampl itudes  corresponding  to  the 

most • probable  decay  rates  {bulk  and  enhanced)  of  the  two 
components  for  4  and  5  pm  droplets. 
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Observation  of  decreased  fluorescence  lifetimes  in  the  smaller  droplets, 
however,  does  not  guarantee  that  the  effect  is  due  to  cavity  enhancement.  For 
example,  dye  fluorescence  is  known  to  be  self -quenched  at  lai.ge  10'^  1C} 
concentrations ,[ 25 ]  However,  this  effect  should  n^t  be  significant  at  R6G 
concentrations  used  for  these  experiments.  Other  (unknown)  quenching 
processes  can  also  be  effectively  ruled  out  since  the  fluorescence  yield  per 
molecule  is  at  least  as  large  for  the  smaller  droplets  as  it  is  for  the  larger 
ones.  On  this  basis,  it  appears  that  the  increased  spontaneous  emission  rate 
is  indeed  due  to  a  cavity  enhancement . 

4.  DISCUSSION  PJvJD  CONCLUSIONS 

Examination  of  R6G  fluorescence  decay  kinetics  .in  microdroplets  has 
revealed  a  striking  dependence  on  droplet  size.  For  droplet  diameters  10  pm, 
the  decay  behavior  is  identical  to  that  observed  in  bulk  glycerol.  As  the 
droplet  diameter  is  decreased  below  10  [an,  increasingly  non-exponential  decay 
behavior  is  seen  where  the  enhancement  and  relative  probability  amplitude  of  a 
fast  decay  component  incre.:;^e  as  the  diameter  is  decreased.  This  biexponential 
decay  behavior  can  be  c  -al.  natively  explained  by  considering  how  the  'mode 
volume'  and  degree  of  enha;.r  tt'nt  change  as  the  droplet  size  is  varied. 

Light  waves  which  propagatn-^  near  the  surface  of  the  sphere  in  the  high-Q 
cavity  modes  occupy  a  certain  volume  which  is  defined  as  the  mode  volume.  Most 
of  the  molecules  will  be  unaffected  by  the  presence  of  cavity  modes  near  the 
surface  and  emit  at  a  rate  similar  to  that  of  bulk  medium.  However,  molecules 
located  in  the  mode  volume  will  have  their  emission  coupled  into  cavity  modes 
and  their  decay  rate  will  be  enhanced  or  inhibited  depending  on  whether  the 
emission  is  resonant  with  a  cavity  mode.  For  a  4  pm  diameter  glycerol  droplet, 
Vjn/V  is  about  0.1  and  falls  off  roughly  ris  l/xl/2^  where  X  is  the  size 
parameter.  Thus,  a  larger  percentage  of  molecules  interact  with  a  cavity  mode 
in  the  smaller  droplets  which  will  be  reflected  in  the  lifetime  spectrum  as  an 
increase  in  the  relative  probability  amplitude  of  the  enhanced  rate  component. 

The  second  factor  responsible  for  the  observed  trends  in  the  decay  rate 
probability  distributions  is  the  variation  of  enhancement  with  droplet 
diameter.  .‘ince  the  mode  spacing,  Ar,  is  approximately  equal  to  f  (n ) /27tr ,  [  26  ] 
where  f(n)  is  a  function  of  the  ind^'X  of  refraction,  and  r  is  the  radius  of 
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the  sphere,  experimentally  measured  rate  enhancements  can  be  used  to  estimate 
the  homogeneous  linewidth  of  a  molecule  such  as  R6G  in  glycerol  at  room 
temperature  from  Eqn .  2.  Figure  5  shows  the  average  decay  rate  enhancement 
for  droplet  diameters  ranging  from  4  to  10  |Xm  along  with  the  variation  of 
enhancement  expected  from  Eqn.  2  for  three  different  homogeneous  linewidths. 
The  experimental  rate  enhancements  are  in  good  qualitative  agreement  with  this 
simple  model,  however,  the  enhancement  falls  off  much  more  sharply  with 
droplet  diameter  than  is  predicted  using  this  model.  We  are  currently 
developing  a  more  detailed  theoretical  model  for  decay  rate  enhancement  in 
these  small  droplets  which  should  approach  quantitative  agreement  with 
experimental  results,  giving  a  clearer  physical  picture  of  the  interaction  of 
fluorescent  molecules  with  cavity  modes  in  these  microdroplets.  However, 
within  the  context  of  this  simple  model,  the  experimental  data  suggest  a  value 
of  about  100  cm  ^  for  the  homogeneous  linewidth  of  R6G  in  glycerol  at  room 
temperature . 


droplet  diameter  (microns) 


Figure  5.  Enhancement  (most -probable  enhanced  decay  rate 
divided  by  bulk  emission  rate)  vs.  droplet  diameter.  Error 
bars  represent  ±  lo. 
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The  narrow  homogeneous  linewidth  for  R6G  in  glycerol  suggested  by  our 
experiments  is  supported  by  spect  al  hole  burning  data.  Brito  Cruz  et  al,[27] 
measured  dephasing  times  for  different  dyes  in  an  ethylene  glycol  dye  jet 
using  a  femtosecond  pump-probe  technique.  Similar  dephasing  times  (*  80 
femtoseconds)  were  measured  for  the  dyes  cresyl  violet,  nile  red  and  HITC, 
corresponding  to  a  homogeneous  linewidth  of  140  cm"^.  Extrapolation  from  hole 
burning  data  on  porphyrin  molecules  in  cold  (80®  K)  polymer  matrices ( 28 ] 
suggest  homogeneous  linewidths  at  3  00®  K  on  the  order  of  50  cm'^.  It  is 
therefore  reasonable  to  expect  that  the  homogeneous  linewidth  for  R6G  is 
narrower  than  the  cavity  mode  spacing  for  droplet  diameters  less  than  10 
microns  and  that  such  a  narrow  linewidth  could  produce  the  large  emission  rate 
enhancements  which  have  been  observed  experimentally. 

The  data  presented  in  this  paper  shows  that  no  significant  spontaneous 
emission  enhancement  is  observed  until  the  droplet  diameter  reaches  7  -*  8  Jim, 
while  the  work  of  Campillo(3]  on  shows  about  2.5x  enhancement  for  a 
droplet  diameter  of  about  10  |lm.  Assuming  that  the  homogeneous  linewidths  and 
cavity  mode  spacings  are  similar  for  the  two  cases,  the  apparent  difference 
betv/een  the  two  sets  of  data  can  be  rationalized  in  terms  of  differences  in 
which  the  measurements  were  made.  The  work  of  Campillo  involved  dispersion  of 
broadband  emission  at  successive  time  frames  where  bulk  and  enhanced  rate 
emission  could  be  more  clearly  distinguished.  In  the  work  presented  here,  a 
measurement  was  made  only  of  the  number  of  photons  arriving  at  the  detector  as 
a  function  of  time  following  an  excitation  pulse.  In  our  experiment,  for 
larger  droplets  where  the  enhancement  is  smaller,  the  signal  is  dominated  by 
emission  at  the  free  space  rate  which  effectively  diminishes  the  contrast 
between  the  two  decay  components. 

Another  important  difference  between  these  two  sets  of  results  is  that 
no  significant  inhibited  emission  was  observed  in  our  work.  In  some  cases, 
emission  rates  smaller  than  that  of  bulk  glycerol  were  seen,  however  it  is 
unclear  as  to  whether  this  was  a  QED  effect  since  residual  water  in  the 
droplet [29]  {bulk  lifetime  4.5  ns)  could  result  in  a  longer  bulk  emission 
rate.  Also,  because  the  time  window  for  photon  counting  was  only  16  ns,  the 
long-time  decay  kinetics  are  not  as  clear. 
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4.  SUMMARY 


The  fluorescence  decay  kinetics  of  R6G  in  levitated  glycerol 
microdroplets  have  been  investigated  as  a  function  of  droplet  size  and  shows  a 
striking  transition  from  single  exponential  to  bi -exponent ial  decay  as  the 
droplet  size  is  decreased .  An  enhanced  rate  component  becomes  apparent  at  a 
droplet  size  of  about  7  and  8  \xm  whose  magnitude  and  relative  probability 
amplitude  increase  as  the  droplet  diameter  is  decreased.  Exeunination  of  decay 
behavior  as  a  function  of  input  pulse  energy  suggest  that  this  fast  rate 
component  is  due  to  cavity-enhanced  spontaneous  emission.  Within  the  context 
of  a  weak  coupling  model,  the  homogeneous  linewidth  for  R6G  can  be  estimated 
from  this  fluorescence  lifetime  measurements  and  a  value  of  about  100  cm“^  is 
suggested  from  this  data. 
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INTRODUCTION 

Laser-induced  fluorescence  (LIF)  is  a  promising  technique  for  laser  radar 
applications.  Laser  radar  using  LIF  has  already  been  applied  to  algae  blooms 
and  oil  slicks.^  Laser  radar  using  LIF  has  great  potential  for  remote 
chemical  analysis  because  LIF  spectra  are  extremely  sensitive  to  chemical 
composition.  However,  most  samples  in  the  real  world  contain  mixtures  of 
fluorescing  components,  not  merely  individual  components.  Multicomponent 
analysis  of  laser  radar  returns  from  mixtures  is  often  difficult  because  LIF 
spectra  from  solids  and  liquids  are  very  broad  and  devoid  of  line  structure. 
Therefore,  algorithms  for  interpreting  LIF  spectra  from  laser  radar  returns 
must  be  able  to  analyze  spectra  that  overlap  in  multicomponent  systems. 

Factor  analysis-rank  annihilation  (FARA)  is  an  eigenanalysis  technique^*"^  for 
analyzing  two-dlmen.sional  data.  FARA  usually  analyzes  excitation-emission 
matrices  (EEM) .  EEM  are  matrices  where  the  rows  (or  columns)  are  emission 
spectra  at  fixed  excitation  wavelengths  and  the  columns  (or  rows)  are 
excitation  spectra  at  fixed  emission  wavelengths.  FARA  is  insensitive  to  the 
presence  of  unknown  compounds  if  there  is  no  energy  transfer  between 
constituents.  Thi^  insensitivity  would  be  useful  for  laser  radar  applications 
where  not  every  compound  in  a  natural  environment  can  be  known  in  advance . 
Although  the  measurement  of  EEM  requires  a  wavelength  tunable  light  source, 
laser  sources  strong  enough  for  laser  radar  applications  are  usually  not 
wavelength  tunable.  Therefore,  scientists  have  not  previously  considered  FARA 
a  suitable  method  for  analyzing  laser  radar  returns. 

This  paper  analyzes  the  possibility  of  using  FARA  to  analyze  emission-time 
matrices  (ETM)  from  laser  radar  returns  Instead  of  EEM.  The  authors  here 
define  ETM  as  matrices  where  the  rows  (or  columns)  are  emission  spectra  at 
fixed  times  and  the  columns  (or  rows)  are  temporal  profiles  for  fixed  emission 
wavelengths.  Laser  radar  usually  uses  pulsed  lasers  for  ranging  purposes, 
which  are  suitable  for  measuring  temporal  profiles.  Laser  radar  targets  are 
hard  instead  of  diffuse;  that  is,  a  definite  surface  emits  the  fluorescence 
instead  of  an  extended  volume.  A  hard  target  would  not  broaden  the  temporal 
profiles  as  would  a  diffuse  target.  Both  fluorescence  lifetimes  and  emission 
spectra  are  sensitive  to  chemical  composition.  Therefore,  temporal  profiles 
can  be  used  instead  of  excitation  spectra  in  FARA  analysis  of  laser  radar 
returns.  Tlio  resulting  laser  radar  returns  would  be  ETM  instead  of  EEM. 

THEORY 

This  section  describes  an  FARA  algorithm,  developed  by  Ho^»  ^  for  calculating 
nonzero  concentrations.  The  calculation  requires  an  ETM,  D,  from  an  unknown 
and  another  ETM,  Nj^,  from  a  calibrant  of  known  concentration.  The  subscript 
k  designates  the  constituent  one  is  looking  for  it.  the  unknown,  that  is,  the 
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component  of  interest.  D  and  N  ^  are  ETM  In  this  paper,  but  can  either  be  EEM 
or  ETM.  The  laser  radar  return  could  come  from  an  unknown,  while  the 
calibrant  can  be  a  sample  of  the  component  of  interest  especially  prepared  in 
a  laboratory.  This  algorithm  calculates  the  relative  concentration,  c 
which  is  Che  ratio  of  the  concentration  of  a  constituent  in  an  unknown  to  the 
concentration  of  the  constituent  in  a  known  laboratory  standard.  The 
algorithms  discussed  in  this  paper  are  not  valid  if  c  is  zero.  Algorithms 
for  deciding  whether  c  is  zero  are  available  but  will  not  be  discussed  in 
this  paper. 

The  concentration,  c  can  be  calculated  in  four  steps.  First,  calculate  the 
effective  rank,  r,  of  the  matrix  D.  The  effective  rank  is  the  number  of 
fluorescence  centers  (that  is,  components  with  bilinear  spectra)  in  the 
unknown.  Complicated  methods  of  choosing  the  effective  rank  are  available,^ 
but  beyond  the  scope  of  this  paper.  Second,  calculate  the  residual  matrix  E(c 
jj' )  ,  defined  as : 

E{c'^)  •D  -  cUfi, 

where  c  Is  a  dummy  variable  that  spans  over  a  range  of  possible  concentra¬ 
tions,  Note  that  eq.  (1)  requires  a  calibrant  only  from  the  component  of 
interest.  Third,  calculate  the  eigenvalues,  Sj(c^'),  of  E(c  )E(c  ^ . 

The  superscript  c  designates  transpose,  while  the  subscript  j  designates  the 
particular  eigenvalue.  The  subscript  ]  is  ordered  so  that  if  j  >  j',  then  S  j 
>  S  j. .  Finally,  find  the  minimum  cf  S  ,(c  jj').  The  value  at  c  where  the 
minimum  occurs  is  the  actual  relative  concentration,  c  of  the  component. 
Another  algorithm  uses  an  analytical  formula,  developed  by  Lorber,^  to  find 
the  minimum  of  ^  (c  However,  the  authors  will  show  the  functional  form  of 

Sr(Ck')  clarify  the  discussion. 

One  can  easily  show  that  the  shape  of  the  laser  pulse  profile  cannot  affect 
the  calculated  values  of  concentration  if  the  same  laser  pulse  shape  with  the 
same  time  delay  generates  both  the  calibrant  ETM  and  the  laser  radar  return. 
Therefore,  FARA  also  may  serve  as  a  type  of  deconvolution  algorithm  if  both 
the  laser  pulse  shape  and  electronic  triggering  are  reproducible, 

SIMULATION  AND  RESULTS 

The  ETM's  of  three  hypothetical  compounds  (I,  II,  and  III)  were  generated. 

The  emission  spectra  of  these  compounds  are  shown  in  figure  1.  Only  relative 
decay  times  and  relative  shapes  of  emission  bands  affect  the  calculations. 

For  ease  of  visualization,  this  paper  will  refer  to  the  time  units  as  nano¬ 
seconds  (nsec)  and  wavelength  units  as  nanometers  (nm) .  For  calculat ional 
ease  the  authors  assumed  a  laser  pulse  shape  to  be  a  double-sided  exponential 
with  a  decay  constant  of  0.5  nsec.  The  fluorescence  decay  times  of  the  three 
compounds  (I,  II,  and  III)  were  2.0  nsec,  6.0  nsec,  and  10.0  nsec, 
respectively.  The  authors  repeated  the  calculations  vising  a  Dirac  delta 
function  for  the  laser  pulse  profile. 

The  ETM  of  compounds  I,  II,  and  III  were  added  to  create  a  linear  combination 
with  effective  concentrations  (that  is.  coefficients)  of  1.0,  2.0,  and  3.0, 
respectively.  This  linear  combination  was  defined  as  the  ETM  of  the  hypo¬ 
thetical  mixture. 
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FARA  analyzed  both  the  linear  combination  and  the  calibrant  EEti  to  find  the 
nonzero  concentrations,  c^.  The  calculated  concentrations  for  the  three 
compound  profiles  (I,  II,  and  III)  from  the  ETM  are  shown  in  cable  1.  The 
values  of  c  it  calculated  by  FARA  were  the  same  as  the  actual  concentrations  in 
the  hypothetical  mixture.  The  calculated  values  were  independent  of  the  laser 
pulse  shape,  as  expected. 

The  eigenvalue,  S(c  i'),  for  the  ETM  of  compound  I  is  plotted  in  figure  2. 

The  eigenvalue,  S,  shows  a  clear  minimum  at  c  j'  -  1.0,  which  is  the  true 
value  of  c  j.  Note  that  calculating  the  value  of  c  j  did  not  require 
laboratory  standards  from  compound  II  or  III. 


Figure  1.  Normalized  emlazion  spectra  of  hypothetical  compoiinds  I,  II, 
and  III. 


TABLE  L.  CALCULATIONS  FOR  CONCENTRATION 


Compound 

-I— 

U— 

Jdl 

Actual 

1.00 

2.00 

3.00 

FARA 

1.00 

2.00 

3,00 
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CONCENTRATION  (Cj) 


Figure  2.  The  functional  dependence  of  the  appropriate  eigenvalue.  S,  on 
the  hypothetical  concentration  c  i'  for  the  ETM  of  compound  1. 


DISCUSSION  AND  CONCLUSIONS 

FARA  has  potential  as  a  method  for  Interpreting  laser  radar  returns.  FARA  can 
be  applied  to  matrices  consisting  of  fluorescence  Intensity  as  a  function  of 
emission  wavelength  and  time.  The  authors  have  shown  that  It  can  calculate 
the  nonzero  concentration  of  a  constituent  In  an  unknown  without  having  every 
laboratory  standard  from  every  constituent  In  the  unknown.  FARA  also  can 
serve  as  a  deconvolution  method  for  laser  radar  If  the  temporal  profile  of  the 
laser  pulse  Is  reproducible. 
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ABSTRACT 

Techniques  are  being  explored  to  combine  the  chemical  specificity  of  the  antibody-antigen  reaction 
with  the  high  sensitivity  of  fluorescence  detection.  Antibodies  to  the  target  analyte  are  labeled  with 
strongly  fluorescing  tags.  Microspheres  with  attached  antibodie.s  are  used  in  a  correlation  approach 
to  discriminate  against  unattached  fluorescent  labels. 
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Wc  have  recently  shown  that  it  is  possible  to  detect  single  molecules  of  highly  tluorcsccnt  dyes  (1), 
However,  there  is  a  large  number  of  compounds  of  practical  interest  that  arc  cither  nonfluorescent 
or  if  tluorcsccnt,  the  emission  spectrum  is  not  sufficicnlly  distinctive  to  give  useful  analytical 
specificity.  One  way  to  achieve  very  high  sensitivity  and  selectivity  is  to  attach  a  fluofcscent  label  to 
the  analyte  molecule  via  an  antib(xiy-antigcn  reaction.  Wc  have  undertaken  r>ome  experiments  to 
explore  the  utility  of  immunolluorcsccncc  techniques  in  conjunction  with  our  microparticle 
fluorescence  measurements  for  the  detection  of  biologically  important  substances. 

The  technique  used  for  our  initial  experiments  has  been  called  by  others  a  sandwich  fluorescence 
immunoassay.  Antibodies  specific  for  the  analyte  molecule  are  covalently  l>ound  to  carbc^xyl  groups 
on  the  surface  of  microspheres  about  10  jim  in  diameter.  When  a  suspension  of  these  treated 
particles  is  incubated  with  a  solution  containing  the  analyte  antigen,  analyte  molecules  will  be 
extracted  from  the  solution  and  become  attached  to  the  microparticles.  Tlic  particles  arc 
subsequently  incubated  with  a  solution  of  the  antibody  to  which  a  fluorescent  tag  has  been  bound. 
The  microspheres  thus  become  fluorescent  in  proportion  to  the  original  analyte  amcentration.  The 
main  problems  now  arc  how  to  distinguish  between  bound  and  free  labeled  antibodies  and  how  to 
minimize  nonspecific  binding,  i.e.,  the  blank  signal. 

One  way  to  minimize  the  signal  from  unbound  antibodies  is  to  pertorm  a  physical  separation  -  by 
filtration  or  centrifugation,  for  example.  The  separated  microspheres  will  no  longer  be  in  chemical 
equilibrium  if  maintained  in  suspension  so  measurement  time  will  be  governed  by  the  disscKiation  rate 
constant  for  the  immune  reaction.  Alternatively,  an  optical  a)rrelalion  technique  can  be  employed 
restricting  the  number  of  valid  measurements  to  those  small  volumes  that  contain  microspheres. 
Saunders  ct  al.  (2)  have  achieved  detection  limits  of  10  M  in  a  flow  cytometer  in  this  way.  In  our 
experiments,  both  methods  arc  used,  with  the  fluorescent  microspheres  first  separated  by 
tenlrifugation,  then  analyzed  by  confcKal  fluorescence  microscopy  correlated  with  the  presence 
of  a  microsphcrc  in  the  probe  volume. 

The  experiments  were  performed  with  the  apparatus  shown  in  Fig.  1.  Light  from  an  argon  ion  laser 
is  focused  through  a  microscope  objective  onto  the  sample,  an  ensemble  of  microspheres  in 
suspension  on  a  slide.  The  laser  focus  has  been  adjusted  so  that  the  excitation  volume  is  somewhat 
larger  than  the  microspheres.  With  the  laser  beam  bicxrkcd,  the  stage  is  manipulated  manually  until 
a  microsphe-e  is  centered  in  the  field  of  view  and  in  the  f(x:al  volume  of  the  laser.  When  this  Ls 
accomplishui  .  the  laser  is  switched  on  and  the  fluorescence  signal  is  measured  until  the  fluore.sccnl 
tags  have  photoly oed.  A  fresh  microsphcrc  Ls  then  found  and  the  process  repealed  until  enough 
measurements  have  been  made. 

TTie  first  cxocrimcnt  was  to  determine  the  dissteiation  rate  amsiant  of  a  typical  antilxxly  antigen  pair, 
A  monoclonal  aniilxxJy  (mouse)  to  horseradish  peroxidase  (HRP)  was  txwaleiUly  attached  to 
carboxylaled  lO-pm  spheres  usi.^g  a  carbodimidc  reaction  (3).  The  anti-HRP  is  the  antigen  in  this 
experiment,  'fhe  suspcrision  wa.s  mcuhaled  over  night  with  a  solution  of  rabbit  anli-  moase  anlilKxlies 
that  were  labeled  with  R-phycoerylhrin,  a  highly  nuorcsceni  protein  molecule  obtained  from  algae. 
After  washing  by  cenirifugation,  the  spheres  were  ff'siispendcd  in  storage  buffer.  Confocal 
nuorcscenec  correlation  measurements  were*  made  oii  from  20  to  40  spheres  al  various  times  after 
the  initial  separation  to  observe  the  antibody-antigen  dissociation.  A  portion  ofa  typical  run  i.s  shown 
in  I’ig.  2.  The  photomultiplier  signal  saiurates  wliile  the  particles  are  being  observed  with  while  light, 
then  the  nii('reseencC“[)hotolysis  decay  is  obtained  for  each  sphere. 


A  plot  of  the  average  signal  obtained  as  a  function  of  time  after  separation  is  shown  in  Fig.  3.  After 
an  approximately  expKsnential  decay,  the  fluorescence  signal  reaches  a  steady  state  as  chemical 
equilibrium  is  reached  anew.  The  dissociation  rate  constant  for  the  initial  decay  is  kj  =  1.5  x  10  *  s'‘. 
The  results  of  these  determinations  imply  that  reliable  measurements  could  still  be  made  within  a  few 
hours  of  the  initial  separation. 

We  also  made  a  sandwich  assay  with  the  same  mouse  anti-HRP  coated  microspheres.  The  analyte 
antigen  was  in  this  case  rabbit  anti-mouse  and  the  sandwich  was  completed  with  goat  anti-rabbit 
labeled  again  with  R-phycoerythrin.  The  antigen  and  labeled  antibodies  were  incubated 
simultaneously  with  the  antibody-coated  spheres.  A  portion  of  a  fluorescence  measurement  for  the 
separated  spheres  is  shown  in  Fig.  4.  The  fluorescence  signal  is  now  much  stronger  than  the  signal 
when  the  white  light  is  on  and  there  was  visual  evidence  of  coagulation.  The  measurement  at  755 
s  was  on  a  probe  volume  with  no  sphere  present. 

An  estimation  of  the  ultimate  sensitivity  of  the  technique  will  require  measurements  on  a  blank, 
where  the  labeled  antibodies  are  incubated  with  antibody-coated  spheres  and  no  antigen  present,  as 
well  as  with  incubations  in  solutions  of  known  antigen  concentration.  We  are  also  studying  the 
possibility  of  using  morphological  resonances  of  the  microspheres  to  enhance  the  sandwich 
fluorescence  relative  to  the  solution  fluorescence  and  Raman  background. 
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Apparatus  for  measuring  fluorescence  of  individual  microspheres. 
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Fig.  2.  Fluorescence  measurements  on  individual  microspheres.  The  large  signals  are  when  the 
particles  are  being  visually  centered  in  the  Geld  of  view  with  white  light  illumination.  The  decaying 
curves  are  the  Quorescence  signals  from  microspheres  when  the  laser  is  switched  on.  The  decay  of 
the  fluorescence  is  due  to  photolysis  of  the  antibody  labels. 


Fig.  3.  Average  fluorescence  per  microsphere  versus  time  after  separation  from  the  unbound  labeled 
antibodies. 
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Abstract 

We  have  measured  the  fluorescence  emission  spectra  as  a  function  of  the  excitation 
wavelength  for  several  bacteria  in  suspension.  The  in  vitro  samples  consisted  of  the  washed 
bacteria,  centrifuged  and  then  suspended  in  sterile,  phosphate  buffered  saline  at  room 
temperature.  The  fluorometer  measured  the  emission  spectra  at  90°  in  a  1  cm  quartz  cuvette  in  2 
nm  steps.  The  excitation  wavelength  was  scanned  from  200  to  700  nm  in  25  nm  steps.  The  data 
were  smoothed  with  a  sum  of  Gc  ussians,  least  squares  fit  to  the  measured  data.  The  smoothed 
data  were  presented  as  a  contour  plot  and  stored  as  a  21  x  21  matrix.  The  21x21  square  matrix 
was  subsequently  treated  as  a  441  element  linear  array.  The  linear  array  from  a  collection  of  4 
known  bacteria  could  be  "fit"  using  a  linear  least  squares  fitting  routine  to  the  measured  spectrum 
of  an  unknown  bacterium.  As  long  as  the  unknown  bacterium  was  in  the  collection  of  known 
spectra,  the  unknown  could  be  identified,  unambiguously.  Work  is  in  progress  to  limit  the  range 
of  the  fluorescence  data  required  for  the  identification  process.  This  will  speed  the  data 
collection  and  reduce  the  time  needed  for  the  calculations  of  the  least  squares  fit  program. 

Introduction 

We  are  developing  a  fluorescence  technique  to  investigate  biological  samples,  in 
particular,  bacteria  and  bacterial  spores  (Reinisch  etal.,  1992).  Tbc  fluorescence  from  bacteria 
and  bacterial  spores  is  due  to  the  emissions  of  intrinsic  fluorophores.  The.se  emissions  are 
influenced  by  tbe  number  and  the  environment  of  the  fluorophores.  Thus,  the  fluore.scence 
probes  the  interior  and  the  composition  of  the  biological  samples.  On  the  other  hand,  light 
scattering  techniques  (e.g.,  quasi-elastic  or  polarized)  probe  the  exterior  shape  and  size  of  the 
particle.  Light  .scattering  has  been  very  efleci.ive  in  monitoring  the  shape  and  size  changes  v)f 
bacteria  (Cummins,  1976).  We  have  recently  u.sed  a  cross  correlation  method  of  quasi-elastic 
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light  sfaiiering  to  measure,  subtle  changes  in  the  shape  of  bacterial  membranes  as  ions  arc 
pumped  across  the  membrane  (C/dge  and  Reinisch,  1990). 

Fluorescence  is  a  valuable  tool  in  probing  different  materials.  The  emissions  from 
intrinsic  fluorophore  are  inlluenced  by  the  surrounding  material.  Subtle  differences  in  the 
emission  spectra  can,  therefoie,  be  u.sed  to  identify  the  environment  of  the  lluorophore.  When 
studying  bacteria,  these  environmental  differences  can  be  linked  to  the  species  of  the  microbes, 
or  the  growth  stages  of  the  bacteria  (Chou-pong  et  al.,  1987;  Cobum  et  al.,  1985;  Shelly  et  ai, 
1980). 

There  are  .several  reasons  to  u.se  nuoie.scencc  spectroscopy  to  detect  and  identify  bacteria. 
The  Huore.scence  technique  is  fast  (Rossi  and  Warner,  1985).  There  is  no  need  to  grow  the 
bacteria  in  the  presence  of  antigens  to  determine  the  species.  This  traditional  method  of 
identification  generally  takes  .several  hours  or  more.  It  is  possible  to  measure  a  fluorescence 
spectrum  in  less  than  1  s  with  a  small  f-number  monochromator  and  a  diode  array  detector. 
Fluore.scence  spectro.scopy  can  al.so  be  u.sed  in  remote  detection.  This  has  obvious  military 
applications,  e.spccially  in  the  event  of  bacterial  warfare. 

Fluore.scence  spectro.scopy  is  a  resonance  phenomenon.  This  means  that  a  small  sample 
si/e  can  be  u.sed  and  it  is  still  pos.sible  to  achieve  a  good  .signal  to  noi.se  ratio.  The  .small  sample 
si/e  al.so  decrea.ses  ri.sk  to  laboratory  personnel  during  the  development  and  testing  of  the 
technique. 

Fluore.seence  has  a  large  number  of  parameters  (e.g.,  excitation  wavelength,  emission 
wavelength,  and  nuore.scencc  lifetinpiC).  This  affords  .several  po.ssi  bill  ties  to  tailor  the  technique 
to  the  problem.  One  can  al.so  u.se  double  or  multiple  di.scrimination  techniques  in  the  .separation 
and  identification  of  .samples  (.Shelly  etal.,  1980). 

In  earlier  studies,  .several  species  of  bacteria  and  bacterial  spores  were  studied  with 
nuore.scencc  excitation  and  emi.ssion  spectro.scopy  (Reini.sch  et  al.,  1991).  With  dilute  room 
temperature  suspensions,  reproducible  characteristics  in  the  nuore.scence  spectra  from  .several 
different  species  ol  bacieria  were  found.  The.se  characteristics  are  generally  independent  of  the 
conditions  of  growth  and  thought  to  be  u.sefiil  as  a  rapid  mean  of  species  identification.  In 
general,  there  is  an  excitation  peak  near  280  nm  with  a  .strong  emission  peak  near  ."^40  nm.  This 
peak  is  primarily  due  to  tryptophan  (Dalterio  et  ai,  1986,  1987;  Munro  et  al.,  1979).  However, 
the  exact  shape  and  si/e  of  this  peak  change  with  the  environment  of  the  tryptophan.  The.se 
characteristic  changes  in  the  environment  are  the  key  to  the  species  differentiation  with 
lluorescence  spectro.scopy. 

The  consistency  in  the  nuore.scence  emission  spectioim  from  a  single  bacterial  strain  has 
al.so  been  probed  (Reinisch  et  al.,  1991).  The  nuore.scence  emi.ssion  .spectra  from  £.  call  B/r  at 
oifferent  stages  along  the  growth  curve  was  specifically  checked.  Al.so  the  Huore.scence  emi.s.sion 
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specira  of  the  £.  coli  B/r  in  different  growth  media  was  probed.  There  were  minor  differences  in 
the  measured  lluorescence  spectrum  found.  The.se  differences,  in  part,  resemble  the  emission 
spectra  of  the  different  growth  media. 

We  prc.sciu  here  an  automated  technique  to  identify  fluorescence  spectra  from 
.suspensions  of  bacteria  from  a  short  list  of  po.s.sible  species.  The  data  handling  is  automated  and 
does  not  require  operator  judgment.  The  technique  has  been  successful  with  several  trial.s  under 
many  different  conditions. 


Materials  and  Methods 

Bacillus  subtilis  (strain  Bacillus  globigii)  ATCC  9372  was  obtained  from  the  U.S.  Army 
and  used  without  further  purification.  Haemophilis  influenzae,  type  B,  ATCC  33533,  and 
Branhamella  catarrhalis  ATCC  25240  were  obtained  from  American  Type  Culture  Collection, 
Rockville,  MD,  and  used  without  further  purification.  All  bacteria  were  grown  in  Luria  broth 
(10.0  g  NaCl,  10.0  g  tryptone  (Difeo  0123),  and  5.0  g  yeast  extract  (Difeo  0127)  with  the  pH 
adjusted  to  7.0  in  1.0  1  distilled  water)  or  trypticase  broth  (30.0  g  trypticase  soy  broth  (BBL 
11768)  in  1.0  1  distilled  water).  Samples  were  grown  in  a  shaker  bath  at  37°C  with  moderate 
shaking.  A  flask  containing  the  broth  without  inoculation  was  also  placed  in  the  shaker  bath  to 
check  that  the  broth  was  not  contaminated.  Additionally,  a  sm-all  fraction  of  each  growth  was 
streaked  on  agar  plates  to  confirm  a  single  culture  of  bacteria  present  in  the  medium.  The 
bacteria  were  grown  to  the  stationary  phase,  and  centrifuged.  The  bacteria  were  washed  with 
sterile  saline,  and  then  resuspended  in  phosphate  buffered  sterile  saline.  The  concentration  was 
adjusted  for  0.1  OD  in  a  1  cm  cuvette  measured  at  600  nm. 

The  tympanic  membrane  was  removed  from  a  fresh  frozen  head  of  a  chinchilla.  The 
chinchilla  head  was  gift  of  Robert  Doyle,  M.D.  at  the  Department  of  Otolaryngology,  University 
of  Pittsburgh.  The  fluorescence  specirum  was  measured  within  24  hours  of  harvesting. 

The  fluore.sccnce  .spectra  were  measured  on  a  Gregg  200  Lifetime  Fluorometer  (LSS, 
Urbana,  IL).  The  monochromators  had  10  nm  bandwidth  fixed  slits.  The  fluore.scence  was 
measured  at  90°  to  the  excitation  in  the  steady  state  mode.  The  excitation  was  stepped  from  2(X) 
to  7(K)  nm  in  25  nm  steps.  The  emission  wavelength  range  was  from  the  excitation  wavelength 
plus  10  nm  to  10  nm  short  of  the  twice  the  excitation  wavelength.  The  emission  monochromator 
was  .stepped  every  2  nm. 

Each  measured  emission  was  smoothed  using  a  sum  of  Gaussians.  Each 
Gaussian  was  repre.sentcd  by 


Pi(x)  =  Aj  exp  I  -(X  -  xoi)2  /  2  ] 
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The  Gaussians  were  equally  spaeed  (xoi),  4  nm  apart  on  the  emission  wavelength  axis.  The 
width  of  each  Gaussian  (0)  was  fixed  at  4  nm.  The  amplitudes  (Aj)  were  determined  using  a 
linear  least  .squares  fit  from  Maihematica  (Wolfram  Re.search,  Urbana,  IL).  This  smoothing 
technique  avoided  unwanted  o.scillations,  pre.served  narrow  Raman  emission  bands  in  the 
lluorescenee  spectrum,  and  extrapolated  to  a  /ero  intensity  at  wavelengths  beyond  the  mesured 
region. 
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Figure  1:  lixpcriinciiial  sei-up.  The  light  from  a  continuous  xenon  arc  lamp.  I  hc  cxcitaiion  wavelength  is 
selected  by  a  moiUKhromator  with  a  10  nm  bandwkltli.  This  1  ght  is  imaged  onto  the  bacterial  suspension  in  a  quart/ 
cuvette.  Ihe  fluorescence  is  collected  at  90'^  and  passes  through  a  .second  monochromator  with  10  nm  bandwidth, 
fhe  tluoromeler  and  subsequent  dtita  analysis  is  all  under  computer  control. 


The  resulting  smoothed  curves  were  then  combined  into  a  contour  plot  using 
Mathcmatica.  The  lluorescent  intensities  from  the  contour  plot  were  stored  as  a  21  x  21  matrix. 
This  was  transformed  into  a  441  element  linear  airay  and  could  be  fit  using  a  linear  least  squares 
technique. 


Results  and  Discussion 

The  nuore.scetice  spectra  of  the  three  bacteria  and  the  tympanic  membrane  are  shown  in 
Fig.  2.  The  contours  are  often  referred  to  as  lluore-scence  finger  prints.  It  is  typical  to  see  the 
excitation  wavelength  plotted  on  one  axis  and  the  emi.ssion  wavelength  plotted  on  the  other  axis. 
Instead,  we  have  cho.sen  to  plot  the  excitation  wavelength  on  one  axis  and  a  ratio  of  the  emis.sion 
wavelength  divided  by  the  excitation  wavelength  on  the  other  axis.  This  unitless  number  from 
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1.0  to  2.0  gives  a  bciier  prc.seniation  of  the  data,  since  the  fluorescence  spectrum  is  measured  at 
wavelengths  longer  than  the  excitation  wavelength  and  generally  the  spectrum  is  terminated  at 
twice  the  excitation  wavelength.  At  longer  wavelengths,  the  second  order  transmission  of  the 
grating  in  the  monochromator  will  distort  the  measurement.  The  fluorescence  intensity  is 
normalized  to  l.(M)  at  the  peak.  The  contours  are  equally  spaced  along  the  intensity  axis  of  the 
lluoresccnce. 


1.0  1.2  1.4  1.6  1.8  2.0  1.0  i.2  1.4  1.6  1.8  2.0 

Figure  2  a-d:  I  'iuorcsccncc  finger  prints  (rom  four  biological  samples,  (a)  i.s  B.  subtilis  grown  in  tryplica.se  broth; 
(b)  is  H.  Influenzae  grown  in  tryplicasc  broth;  (c)  is  Branhamella  catarritalis  in  tryptica.se  broth;  (d)  tympanic 
membrane  from  a  fresh  fro/.en  chinchilla.  The  vertical  axis  is  the  excitation  wavelength  from  200  to  70  nm.  The 
horizontal  axis  is  the  ratio  of  the  emission  wavelength  divided  by  llie  excitation  wavelengtli.  The  contours  repatscnl 
changes  in  the  fluorescence  intensity. 
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The  fluorescence  finger  print  of  H.  influenzae  was  measured  from  a  sample  grown  in 
Luria  broth  (shown  in  Fig.  In  all  the  fluorescent  finger  prints  from  bacteria,  we  see  the  strong 
fluorescence  at  340  nm  with  a  peak  excitation  wavelength  near  280  nm. 


Figure  3:  Fluorescence  finger  prim  from  H.  influenzae 
grown  in  Luria  broth.  The  vertical  axis  is  the  excitation 
wavelength  from  200  to  700  nm.  The  horizontal  axis  the 
ratio  of  the  emission  wavelength  divided  by  the 
excitation  wavelength. 


We  treat  this  second  measurement  of  H.  influenzae  as  the  unknown.  The  identification  of 
the  bacteria  is  not  obvious  upon  visual  inspection  of  the  fluore.scence  finger  print.  We  have 
therefore  used  a  linear  least  squares  technique.  We  use  the  measured  the  fluorescence  finger 
prints  of  four  different  bacteria  from  above.  We  then  use  a  linear  least  squares  fit  to  "fit"  the 
measured  fluorescence  profile  of  the  unknown  (designated  data(x  i ))  to  the  four  known  spectra 
(designated  f  j  (x  j)).  In  this  notation,  j  is  from  1  to  4  for  the  four  different  bacteria.  The 
sub.scripl  i  is  for  the  individual  data  points  that  compose  the  fluorescence  finger  print.  The  least 
.squares  fit  minimizes 


li  1  data  (x  i )  -  Ij  Aj  fj  (x  i  )l2 


Where  Aj  is  the  coelTicieni  for  each  of  the  known  spectra  to  "fit"  the  measured  spectrum.  The 
coefficiems,  Aj  can  be  found  from 

Aj  =  I  ik  1  Vjk  fk  (X  i )  data  (x  j )  1 


and 
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(Vjk  ■’  )  =  I  i  I  I'  j  (X  i )  I'k  (X  i )  1 


Using  ihc  above  data,  the  coelTicienis  iVoni  lilting  H.  influenzae  grown  in  Liiria  broth,  the  Aj’s, 
are;  A  {Branhamella  cararrhalis)  =  0.(155;  A  {H.  influenzae  grown  in  iryplicase  broili)  =  0.901 ; 
A  {B.  subrilis)  -  0.085;  and  A  (tympanic'  membrane)  =  0.005.  The  match  is  easy  to  see. 

The  mca.sured  data  that  matches  the  known  spectra  typically  has  a  lit  coelTicicnt  ?>  to  6 
times  larger  than  any  other  coefficient.  We  have  u.sed  our  technique  with  several  different 
bacteria  and  combinations  of  known  bacteria.  To  minimize  the  computer  requirements  and 
increase  the  speed  of  the  fitting,  we  are  currently  trying  to  find  what  regions  of  the  fluorescence 
finger  print  are  characteristic  of  the  finger  print.  Data  from  regions  that  are  not  characteristic  can 
then  be  dropped.  This  will  also  allow  us  to  make  measurements  with  lasers.  For  example,  a 
nitrogen  pumped  dye  laser  is  not  tunable  from  200  to  700  nm  without  an  expensive  frequency 
doubling  la.ser  system.  If  the  data  at  excitation  wavelengths  shorter  than  337  nm  are  not 
essential,  this  technique  will  prove  invaluable  for  remote  detection  and  identification  using  small, 
portable  nitrogen  laser  systems.  Also,  we  are  atiempiing  to  make  the  measurements  using  optical 
fibers  to  deliver  the  exciting  light  and  to  couple  the  fluore.scence  back  into  the  fluoromeier. 
Since  scattering  of  the  shortest  wavelengths  of  light  in  the  best  optical  fibers  limits  the 
transmission  near  2(K)  to  3(K)  nm,  we  again  want  to  determine  the  importance  of  this  data  in  the 
fingerprint.  The  optical  fibers  will  permit  point  detection  of  fluore.scence  from  samples  that 
cannot  be  placed  into  the  fluorometer  (e.g.,  a  coniaminuied  hand). 
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UV  LIDAR  DETECTIOH  OF  BIOLOGICAL  AEROSOLS 


Steven  Christesen/  M.  Scott  DeSha,  and  Anna  Wong,  CRDEC 

Clifton  Merrow,  Mark  Wilson,  and  John  Butler,  STC  Corp. 

I.  INTRODUCTION 

UV  laser  induced  fluorescence  detection  of  biological  agents 
was  investigated  from  approximately  1980  to  1986.  As  a  result  of 
these  studies,  both  the  strengths  (relatively  high  sensitivity)  and 
weaknesses  (difficulty  in  discriminating  between  different  agents) 
are  well  known,  if  not  well  characterized.  The  recent  conflict  in 
Southwest  Asia  provided  the  impetus  to  revisit  fluorescence 
detection  of  biologicals,  and  to  design  and  construct  the  UV 
fluorescence  lidar  system  described  herein.  Technological  ad-’ances 
in  lasers,  digital  oscilloscopes,  and  gated  detectors 
(photomultipliers  and  detector  arrays)  that  have  occurred  since  the 
mid  1980 's  were  incorporated  into  the  design  of  this  system  to 
yield  a  capability  that  was  not  available  during  the  time  of  the 
previous  studies. 

II.  LIDAR  SYSTEM 

In  designing  the  lidar  system,  our  primary  goal  was  to  take 
advantage  of  all  the  information  available  from  the  interaction  of 
the  UV  laser  with  the  bioaerosol  cloud.  To  this  end,  a  three 
channel  detection  system  was  designed.  The  first  channel  comprised 
a  solar  blind  photomultiplier  tube  (PMT)  to  collect  the  elastically 
scattered  radiation  at  266  nm.  This  channel  was  sensitive  to  the 
presence  of  any  aerosol  cloud,  fluorescing  or  nonfluorescing. 

The  second  channel,  a  gated  PMT  with  a  UG-1  filter,  detected 
the  total  fluorescence  in  the  300-400  nm  region.  A  dispersed 
fluorescence  spectrum  was  obtained  in  the  third  channel  via  a 
spectrograph  and  gated  intensified  charge  coupled  device  (ICCD) 
array  detector.  The  lidar  system  is  shown  in  Figures  1  and  2,  and 
a  list  of  components  is  provided  in  Table  1. 

III.  LIDAR  TESTS 

The  UV  lidar  tests  took  place  at  Dugway  Proving  Ground,  Utah 
in  September  and  October  of  1991.  Bacillus  subtillus  var  niger  sp. 
globiggi  (BG)  spores  were  disseminated  at  ranges  of  600,  1000, 

2000,  and  3000  meters.  Tests  were  run  both  predawn  (no  solar 
background)  and  after  sunrise  (solar  background  present).  The 
outputs  from  the  three  detectors  are  shown  in  Figure  3.  The  right 
hand  peaks  visible  on  the  266  nm  scatter  and  the  UV  fluorescence 
plots  are  return  from  a  white  poster  board  used  as  a  hard  target 
for  aligning  the  lidar  system.  The  CCD  intensifier  gate  delay  and 
width  were  adjusted  to  overlap  the  fluorescence  return  as  observed 
on  the  oscilloscope.  This  adjustment  was  crucial  to  maximizing  the 
fluorescence  signal  and  minimizing  the  solar  background  detected  by 
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FIGURE  1;  UV  Fluorescence  Lidar  System 
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FIGURE  2:  UV  Fluorescence  Lidar  Detector  Layout 
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the  CCD.  It  should  be  pointed  out  that  the  system  has  not  been 
calibrated,  and  that  the  dependence  of  the  sensitivity  on 
wavelength  for  the  spectrograph/CCD  has  not  been  determined.  These 
calibrations  will  be  performed  in  the  near  future  and  the  corrected 
spectra  will  be  included  in  a  subsequent  publication. 


DRY  BG  -  [2000m,  6:S0am,  ]90mJ] 


FIGURE  3:  Outputs  from  3  detector  channels.  Top;  266nm  scatter. 
Middle;  Total  fluorescence  300-4 OOnm,  Bottom;  Dispersed  spectrum 
from  ICCD. 
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TABLE  1 t  Lidar  Components 


COMPONENT 

DESCRIPTION 

Laser 

Spectra-Physics  Nd:YAG  4**'  harmonic  (266nm) 
lOHz;  170-210mJ 

Telescope 

16"  Casagrain 

Gated  PMT 

Hamamatsu  R955 

Solar  Blind  PMT 

Hamamatsu  R166UH 

Dichroic  Filter 
(DF) 

ARC  Full  Reflector  248-FR-45-2D-FL 
(98.5%  ref.§248nm) 

Beamsplitter  (BS) 

Fused  Silica  Uncoated  Window 

Filter  (F) 

ARC  Interference  Filter  266-S-2D 
(17%  T,  90A  FWHM) 

Filter  (F') 

Schott  UG-1,  1mm  Thick 

Spectrograph 

Thermo  Jarrell  Ash;  Monospec  18,  .18m  FL 

Intensified  CCD 
(ICCD) 

Princeton  Instruments  Model  ICCD-576G/RE 
with  UV-NIR  response;  576x384  elements 

Oscilloscope 

LeCroy  Model  7200 

For  all  three  detection  channels,  data  were  collected  with  the 
laser  on  followed  by  a  background  data  collection  with  the  laser 
blocked.  The  background  signal  was  subtracted  from  the  signal  + 
background  to  produce- the  oscilloscope  traces  and  spectra  shown.  An 
example  of  the  subtraction  process  for  the  CCD  data  is  shown  in 
Figure  4,  Even  having  to  collect  a  background  spectrum,  it  was 
possible  to  collect  BG  fluorescence  spectra  in  real  time  as  shown 
in  Figure  5.  The  times  of  day  for  the  data  collection  are  listed  to 
the  right  of  the  curve.  This  spectrum  also  contains  the  Raman 
scattering  from  atmospheric  N,  at  approximately  284  nm.  After 
calibrating  the  lidar  system,  we  expect  to  be  able  to  use  this 
signal  as  a  reference  for  calculating  the  BG  concentration. 


An  Aerodynamic  Particle  Sizer  (APS)  was  also  located 
approximately  along  the  laser  line  of  sight  providing  time  resolved 
measurements  of  particle  concentrations  and  size  distributions. 
Typical  peak  concentrations  were  on  the  order  of  1000  to  3000 
particles/cc  with  mass  median  particle  diameters  of  8  to  9  jxm.  The 
high  particle  concentrations  appeared  to  yield  large  aggregates  of 
the  BG  spores.  It  was  not  possible  to  correlate  a  specific  lidar 
test  result  with  a  corresponding  APS  measurement,  however,  the 
highest  particle  count  registered  for  the  trial  shown  in  Figure  5 
was  2400  particles/cc. 
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III.  BO  FLUORESCENCE  SPECTRA 


An  interesting  phenomenon  observed  during  the  tests  was  the 
apparent  transformation  of  the  BG  spectrum.  Spectra  collected  early 
in  the  testing  exhibited  a  superposition  of  3  peaks  centered  at 
324nm,  346nm,  and  409nm  as  determined  by  a  least  squares  curve 
fitting  routine  (Figure  6).  In  the  later  tests  (Figure  7),  the  long 
wavelength  peak  had  disappeared  and  the  spectra  contained  only  2 
peaks;  at  317nm  and  343nm.  These  changes  appear  not  to  be 
correlated  to  time  of  day  or  attributable  to  incomplete 
substraction  of  solar  background.  It  will  be  important  to 
understand  the  variability  of  the  BG  fluorescence  spectrum  (and  by 
analogy  the  agent  spectra)  if  a  useful  biofluorescence  detector, 
either  point  or  remote,  is  to  be  designed. 

IV.  SUMMARY 

A  biofluorescence  lidar  system  has  been  built  and  tested  and 
has  demonstrated  a  capability  to  detect  biological  aerosols  at 
ranges  up  to  2000  m  in  full  sunlight  and  3000  m  at  night.  The 
ability  to  obtain  dispersed  fluorescence  spectra  in  real  time 
proved  to  be  a  great  asset  during  the  tests.  This  option  does, 
however,  limit  sensitivity  and  might  not  be  practical  in  a  fielded 
system.  The  ability  to  predict  the  overall  sensitivity  of  the  lidar 
to  actual  agents  hinges  on  the  laboratory  measurement  of 
quantitative  agent  and  simulant  fluorescence  spectra.  It  is  also 
important  to  determine  whether  the  spectra  and/or  cross  sections 
change  with  particle  size.  The  atmospheric  nitrogen  Raman  signal 
provides  an  internal  standard  for  calculating  agent  concentrations. 
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IID.  INTERNAL  STRUCTURE 
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ABSTRACT 

Suppression  of  morphology-dependent  resonance  of  the  light  elastically 
scattered  by  a  laser-illuminated,  micrometer-sized  droplet  is  observed.  A 
single  nonabsorbing  droplet  is  levitated  using  an  ele:trodynamic  quadrupole 
trap.  The  scattered  light  is  monitored  as  the  droplet  slowly  evaporates. 
Suppression  is  believed  to  be  due  to  droplet  surface  oscillations  which  we 
model  using  an  effective  imaginary  refractive  index.  Good  agreement  is 
obtained  between  the  experimental  curves  and  theoretical  Mic  computations. 

5.1  INTRODUCTION 

The  characteristic  resonance  spectrum  of  a  microsphere  illuminated  by 
plane,  monochromatic  radiation  has  been  studied  extensively.  L2,3 
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resonances  arise  when  the  incident  radiation  couples  to  the  cavity  modes  of 
the  sphere,  and  are  denoted  as  TE  (transverse  electric)  or  TM  (transverse 
magnetic).  Resonances  are  also  labelled  by  a  mode  number  n  and  a  mode 
order  1.  The  mode  number  represents  the  order  of  the  Ricatti-Bessel  function 
that  describes  the  radial  part  of  the  field,  while  the  mode  order  denotes  the 
1th  occurrence  of  a  resonance  with  mode  number  n.  For  incident  light 
polarized  perpendicular  to  the  scattering  plane,  the  intensity  of  the  scattered 
field  is  given  by 


-\  !^n(n +1)  (COS0)+  bnXn(COS0))j 

n=l 


where  Tin  and  are  angular  dependent  functions  related  to  the  Legendre 
polynomials,  6  is  the  scattering  angle,  and  n  is  the  mode  number  of  a 
particular  resonance. 

Suppression  of  morphology-dependent  resonances  of  a  single  dye-doped 
microdroplet  has  recently  been  reported.  ^  The  amount  of  suppression  of  an 
experimentally  observed  resonance  was  quantified  by  computing  the 
contribution  to  the  intensity  of  the  same  resonance  of  the  theoretical  curve 
providing  the  closest  fit  to  the  experimental  data.  The  quality  factor,  Q,  of 
the  resonance  is  given  by 


2 


where  x  is  the  size  parameter  and  Ax  is  the  full-width  at  half  of  the  maximum 
resonance  intensity.  Experimental  curves  were  obtained  for  a  non-absorbing 
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droplet  and  for  tv\ro  absorbing  droplets.  Theoretical  computations  have 
shown  that  the  suppression  effect  is  greatest  in  narrow  (high-Q) 
resonances.  5,6  ^  similar  result  is  obtained  in  our  experimental  observations. 
Mowever,  each  of  the  curves  of  the  absorbing  droplets  show  more 
suppression  than  that  predicted  by  Mie  theory.  Similarly,  the  non-absorbing 
droplet  also  shows  suppression  of  the  resonances  with  Q  >  -  10^.  An 
explanation  for  this  additional  suppression  is  presented  in  this  report. 
Suppression  of  MDR's  by  Surface  Oscillations 

Oscillations  of  the  droplet  surface  caused  by  thermal  fluctuations  may 
cause  suppression  of  MDR's.  Lai  et.  al.  7  have  estimated  this  fluctuation  to 
typically  have  an  amplitude  of  about  0.1  nm  and  reports  that  the  effect  of 
these  fluctuations  is  to  lift  the  degeneracy  of  a  particular  mode,  with  the 
splitting  given  by 


<Aa)2>  =  S^coo^ 


3 


where  too  is  the  unperturbed  frequency.  The  parameter  8  is  given  by 


82= 


4 


where  Ci=0.04  for  n  (the  mode  number)  »  1,  kb  is  the  Boltzman  constant,  T  is 
the  temperature,  and  Ys  is  the  surface  tension.  Equation  3  then  becomes 


<Aa)2>  = 


coo2kbTCi 

Ysa2 


5 
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The  temperature  is  given  by 


T  =  To  +  AT  6 

where  Tq  is  the  ambient  temperature  and  AT  is  the  increase  in  temperature 
that  the  droplet  undergoes  as  it  traverses  a  resonance.  To  determine  AT, 
consider  the  two  mass  flux  equations 


plmyq  at 

"RTo2(1.Yo)  a 


^  KAT  Qal 
Lm=  — =  -4- 


7 


8 


where  K  is  the  thermal  conductivity,  D  is  the  diffusion  coefficient,  L  is  the 
latent  heat,  M  the  molecular  weight,  and  Yq  the  mass  fraction.  8  Eliminating 
m  and  solving  for  AT, 


Qala 

AT  =  -^=^^ - 

4(r+K) 


Now  Qa  may  also  be  written  as 


where  Os  is  the  linear  absorption  coefficient. 
Substituting  Q  =  Aco/coq,  ocj  becomes 


as  = 


27tn  Ao) 
X  0)0 


9 


10 


11 
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The  absorption  coefficient  a  is  related  to  the  imaginary  refractive  index  by 


k  = 


4na 


12 


Substituting  equation  11  for  a  and  using  equation  5,  equation  12  becomes 


kbTCi 

Ysa2 


13 


Substituting  for  T,  ks  becomes 


kbQ/’^„  Qala  \ 


14 


Therefore  the  effect  of  the  surface  oscillation  is  to  increase  the  effective 
imaginary  refractive  index  by  an  amount  given  by  equation  14. 

5.3  Results 

The  experimental  apparatus  is  shown  in  Figure  1.  Figures  2  through  4 
show  the  transparent  droplet  experimental  scattering  curves  {X  =  0.488  pm) 
along  with  the  theoretical  curves  with  a  real  refractive  index  n= 1.4722  and 
imaginary  refractive  index  k=0,  for  three  ranges  of  droplet  radii.  The  curves 
show  scattered  intensity  vs  size  parameter  as  the  droplet  evaporates  through 
the  ranges  from  approximately  15.41  to  15.37  pm,  15.35  to  15.31  pm,  and  14.71 
to  14.68  pm.  Each  range  will  subsequently  be  referred  to  as  case  1,  case  2,  and 
case  3.  Resonances  in  the  experimental  curves  were  labelled  by  noting  the 
positions  of  the  resonances  in  the  theoretical  curves  and  comparing  these 
positions  to  positionr  oi^tained  from  a  resonance  location  code.  ^  The 
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resonances  in  case  1  are,  from  the  sharpest  to  broadest  resonance,  TE^4209. 
TE^52Q5,  and  TE^6201*  Ths  case  2  resonances  are  TE^^208»  and  TE^62qq, 

while  the  case  3  resonances  are  TE^320l/  TEi5|93.  in  each  case  the 

sharpest  resonance  (highest  Q)  is  significantly  less  intense  than  the 
corresponding  resonance  predicted  by  theory.  A  check  of  these  identifications 
was  performed  by  modifying  the  Mie  code  of  Bohren  and  Huffman  so  that 
the  contribution  from  a  specific  resonance  is  omitted  from  the  sum  of 
equation  2.  In  this  modification  a  loop  is  placed  in  the  code  so  that  the 
contribution  due  to  a  specified  mode  number  n  is  neglected.  If  the 
identification  is  correct,  the  resonance  associated  with  n  will  be  absent  from 
the  scattering  curve.  The  resulting  curves  for  case  3  are  shown  in  Figure  5. 
Similar  curves  were  obtained  for  cases  1  and  2,  confirming  the  resonance 
identification.  Equation  14  shows  that  the  effect  of  droplet  surface  oscillation 
is  to  increase  the  effective  imaginary  refractive  index.  For  a  non-absorbing 
droplet  in  thermal  equilibrium  with  its  surroundings,  ks  =  2.5  x  10*6,  so  that 
an  effective  background  suppression  is  present,  even  for  the  case  of  a 
transparent  droplet.  Figures  6-8  show  the  Mie  theoretical  calculations  for  a 
non-absorbing  droplet  with  kg  =  2.4  x  10*6 , 2.5  x  10*6/  and  2.6  x  10*6,  and  the 
experimental  curves  of  the  droplet  evaporating  through  the  same  size 
parameter  ranges  as  in  cases  1,  2,  and  3.  The  effective  k's  that  fit  the 
experimental  curves  are  determined  with  an  accuracy  of  about  5%,  about 
0.1x10*6  for  k=2,5xl0*6.  The  theoretical  curves  show  good  agreement  with  the 
experimental  curves. 
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5.4  Discussion  and  Conclusions 

The  total  Q  of  the  droplet  may  be  written  as 

i_J-  J—  1  = 

Q'Q)*Qp.n 

where  Qo  is  the  Q  of  the  non-absorbing  droplet,  and  Qpert  arises  from 
additional  suppression  mechanisms.  In  this  case,  Q  is  taken  to  be  equal  to 
the  ratio,  x/Ax,  of  the  resonance  peak  of  the  theoretical  curve  that 
provides  the  best  fit  to  the  experimental  curve.  Therefore  1 /Qpert 's  given  by 

_1 _ i.J„  -.6 

Qpert  Q  Qu 

It  has  been  established  that  the  principle  mechanism  contributing  to  Qpert  is 
suppression  due  to  droplet  surface  oscillations.  The  effect  of  surface 
oscillations  is  quantified  for  three  different  values  of  the  droplet  radius  by 
analyzing  the  theoretical  curves  that  provided  the  closest  fit  to  the 
experimental  curves.  TTtis  analysis  was  made  by  modifying  the  Mie  scattering 
code  so  that  only  the  contribution  due  to  a  specific  resonance  is  included  in 
the  sum  of  equation  1.  Figures  9-11  show  intensity  vs.  size  parameter  for  the 
narrowest  resonances  of  cases  1,  2,  and  3.  The  magnitude  of  Qjjert  is 
calculated  from  these  curves  for  each  resonance  and  is  listed  in  Table  5.1. 
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Table  5.1:  Qpert  for  the  resonances  effected  by  surface  oscillations- 


resonance  radius  ([xm)  ks  Qpert 


TE'^209 

15.402 

2.4  x  10-^ 

2.2  X 105 

TE1^208 

15.343 

2.5  x  10-6 

2.8  X  105 

TE13201 

14.699 

2.6  xlO-6 

3.2  X 105 

The  three  values  of  the  effective  imaginary  refractive  index,  ks,  listed  in  Table 
5.1  were  determined  using  equation  14  for  the  radii  of  the  droplet  at  the 
resonances  in  question.  The  suppression  effect  believed  to  be  due  to  surface 
oscillations  is  quantified  by  determining  Qpert  at  each  resonance.  Surface 
oscillations  have  been  found  to  reduce  the  Q  of  the  TEl4209  resonance  by  ~ 
20%,  the  TE^^jos  resonance  by  ~  24%,  and  the  TE^32oi  resonance  by  ~  25%. 
The  error  in  a  measurement  of  Qpert  was  determined  by  varying  the  effective 
refractive  index  around  the  value  of  ks  determined  from  equation  13  until 
the  theoretical  curve  no  longer  matched  the  experimental  curve.  This 
method  yielded  an  error  of  ;.bout  12  %  for  each  case.  No  detectable  effect  is 
noted  for  the  moderate  and  broad  resonances  of  of  cases  1-3. 
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Figure  1.  Experimental  apparatus  used  to  detect  suppression  of 
MDR's  in  microdroplets 
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Hgure  3.  Experimental  scattering  curve  of  a  glycerin/methanol  droplet 

evaporating  from  r  « 15.35  to  1531  pm  (top)  along  with  the 
corresponding  theoretical  curve  for  nal.4^  and  k=0.0  (bottom). 
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Figtire  4  .  Experimental  scattering  curve  of  a  glycerin/methanol  droplet 

evaporating  ft-om  r  «  14.71  to  14.68  pm  (top)  along  with  the 
corresponding  theoretical  curve  for  nsl.4722  and  k«0.0  (bottom). 
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Figure  5 .  Check  of  the  droplet  resonance  identification.  The  curves  were 
generated  by  omitting  the  contribution  to  the  scattered  intensity 
from  n=20i  (a),  197  (b),  and  193  (c). 
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Figure  6.  Exf>eriinental  scattering  curve  of  a  glycerin/methanol  droplet 

evaporating  from  r  =  15.41  to  15.37  pm  (top)  along  with  the 
corresponding  theoretical  curve  for  n  =1.4722  and  k  =  2.4e-6 
(bottom). 
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Figure  7.  Experimental  scattering  curve  of  a  glycerin /methanol  droplet 

evaporating  from  r  =  15.35  to  15.31  jim  (top)  along  with  the 
corresponding  theoretical  curve  for  n=l  ,4722  and  k=2.5e-6 
(bottom). 
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Figxire  8.  Experimental  scattering  curve  of  a  glycerin/methanol  droplet 

evaporating  from  r  =  14.71  to  14.68  pm  (top)  along  with  the 
corresponding  theoretical  curve  for  n=l  .4722  and  k  =  2.6e-6 
(bottom). 


5 


size  parameter 


Figure  9 .  Contribution  to  the  scattered  intensity  due  to  the  201 

resonance  for  k=0.0  (solid  curve)  and  k=2.6e-6  (dashed  curve). 
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Figure  lo  .  Contribution  to  the  scattered  intensity  due  to  the  TE'14  jq- 

resonance  for  k=0.0  (solid  curve)  and  k=2.5e-6  (dashed  curve). 
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Figure  ii  .  Contribution  to  the  scattered  intensity  due  to  the  209 

resonance  for  k=0.0  (solid  atrve)  and  k=2.4e-6  (dashed  curve). 
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ABSTRACT 

This  paper  describes  the  results  of  a  series  of  studies  that 
have  been  conducted  to  determine  if  multispectral  screening 
materials  can  be  generated  from  JP-8  or  diesel  fuel  under 
battlefield  achievable  conditions.  The  work  that  is  discussed 
demonstrates  that  carbon  particles  and  filaments  with  desirable 
screening  dimensions  can  be  produced  from  either  JP-8  or  diesel 
fuel  without  the  use  of  exotic  co-reactants  and  within  temperature 
and  pressure  limits  that  could  be  achieved  under  battlefield 
conditions.  The  investigations  discussed  show  that  carbon 
particles  formed  from  JP-8  or  diesel  fuel  feedstock  exhibit 
superior  screening  clouds  as  compared  to  their  droplet  aerosols. 
In  the  infrared  region,  extinction  coefficients  exceeding  0.8  m^/g 
at  10  micrometers  have  been  obtained  from  the  JP-8  or  diesel  fuel 
feedstock.  In  addition,  it  has  been  demonstrated  that  carbon 
filaments  with  diameters  in  the  range  of  0.05  to  5.0  micrometers 
and  lengths  from  1.0  micrometer  to  1.0  centimeter  can  be  generated 
from  a  JP-8  feedstock  under  reducing  conditions  over  a  nickel, 
iron,  or  iron  oxide  catalyst.  Conductivity  and  dissemination 
studies  demonstrate  that  the  carbon  filaments  generated  from  JP-8 
exhibit  attenuation  properties  in  the  microwave  spectral  region. 


1.0  INTRODUCTION 

The  practice  of  using  smoke  screens  for  both  offensive  and 
defensive  military  operati.ons  has  been  a  part  of  battle  theater 
operations  for  hundreds  of  years.  The  earliest  application  of 
screening  smokes  most  assuredly  had  as  its  objective  the  creation 
of  a  visual  obscuring  cloud.  These  smoke  screens  were  generated  by 
burning  various  types  of  combustible  materials,  quite  often  being 
what  was  available  on  the  battlefield.  As  time  progressed, 
battlefield  equipment  and  operations  improved  and  so  did  the  types 
and  applications  of  screening  smokes.  New  materials  such  as 
phosphorus,  titanium  tetrachloride,  fog  oil,  etc.  were  developed 
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for  the  purpose  of  producing  more  effective  visual  screening  smoke 
clouds.  Each  of  these  materials  in  its  own  application  was  very 
affective  in  producing  aerosols  that  exhibited  very  large 
extinction  coefficients  in  the  visible  region  of  the 
electromagnetic  spectrum.  Some  of  these  new  materials  could  also 
be  used  to  generate  very  large  screening  clouds.  For  example,  fog 
oil,  when  subjected  to  a  vaporization  condensation  procedure  for 
generating  aerosol  particles  can  be  used  to  generate  visual 
screening  clouds  that  are  thousands  of  square  meters  in  area. 
These  large  scale  smoke  screens  have  proven  to  be  very  effective  in 
minimizing  equipment  and  personnel  losses  on  the  battlefield. 
However,  with  the  development  of  new  weapon  systems  that  operate  in 
regions  of  the  electromagnetic  spectrum  outside  the  visible  band, 
a  need  has  been  created  for  screening  smokes  that  attenuate  in 
those  regions  outside  of  the  visible  window. 

Another  problem  that  has  arisen  with  the  use  of  fog  oil  to 
generate  screening  smokes  is  a  result  of  changes  in  procedures  and 
philosophy  relative  to  logistic  material  support  to  the 
battlefield.  The  philosophy  is  to  minimize  the  number  of  different 
types  of  items  that  must  be  supplied  to  the  battlefield.  Thus,  fog 
oil,  which  is  supplied  in  drum  quantities  becomes  a  logistic 
problem.  The  desire  to  simplify  the  logistical  supply  system  to 
the  battlefield  is  so  strong  that  the  military  has  decided  that 
only  one  fuel  will  be  used  and  that  this  fuel  will  be  JP-8.  Thus, 
with  the  Army's  multispectral  screening  need  being  what  it  is  and 
the  possibly  that  the  only  potential  material  for  generating  a 
screening  smoke  is  a  JP-8  type  hydrocarbon,  it  is  an  important 
issue  to  determine  if  in  fact  JP-8  can  be  used  to  generate  an 
effective  multispectral  screening  smoke. 

Many  methods  have  been  investigated  to  accomplish  the 
seemingly  simple  task  of  replacing  the  visual  screening  feedstock 
(fog  oil)  with  more  readily  available  feedstocks  such  as  diesel 
fuel  (DF)  and  JP-8.  These  schemes  have  thus  far  been  impractical 
because  of  their  demand  for  sophisticated  apparatus  (i.e.  chemical 
plants,  etc.)  and/or  special  materials  (i.e.  high  pressure  gases, 
fuels,  etc.).  These  requirements  are  incompatible  with  insitu 
generation  in  an  operational  theater.  The  problems  as  well  as  the 
potential  pay  offs  increase  when  extension  is  made  to  IR  and 
millimeter  obscuration. 

The  objective  of  this  paper  is  to  summarize  several  studies 
that  the  authors  have  conducted  that  have  been  concerned  with  the 
development  of  methodologies  for  generating  carbon  particles  and 
filaments  from  hydrocarbon  feedstocks  such  as  diesel  fuel  and  JP-8. 
The  primary  operational  guideline  that  the  studies  were  conducted 
under  is  that  the  generation  conditions  be  maintained  within  a 
range  that  could  be  produced  in  a  battlefield  environment. 
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2.0  TECHNICAL  DISCUSSION 


One  of  the  primary  purposes  of  the  efforts  described  in  this 
paper  was  to  develop  an  understanding  of  the  variables  in  the 
process  required  to  maximize  the  production  of  carbon  particles  and 
filaments  when  using  JP-8  or  diesel  fuel  as  the  carbon  source. 
These  guidelines  were  developed  by  applying  an  experimental 
approach  to  a  partial  combustion  process  by  using  a  systematic 
variation  of  air/fuel  ratio,  residence  time,  reaction  zone 
temperature,  and  different  types  of  catalysts.  In  addition  to 
carbon  yield  measurements,  extinction  coefficients  were  determined 
for  the  airborne  particles  and  filaments  i.n  the  visual,  infrared, 
and  millimeter  wavelength  regions.  Measurements  were  also  made  of 
the  particle  size  distribution,  evaporation  rates,  and  settling 
times.  In  addition,  comparison  studies  were  conducted  between 
droplet  aerosols  and  particle  aerosols. 

2.1  THE  GENERATION  OF  CARBON  PARTICLE  AEROSOLS 

Hydrocarbon  feedstocks  have  been  used  for  many  years  to 
produce  various  carbon  particulate  products  that  have  industrial 
value,  with  carbon  black  production  being  a  primary  example.  Two 
important  methods  have  been  used  industrially  to  produce  carbon 
particulate  products.  One  method  is  based  upon  the  pyrolysis  of  a 
hydrocarbon  feedstock,  while  the  other  method  relies  upon  the 
partial  oxidation  of  a  hydrocarbon  feed  to  strip  hydrogen  atoms  off 
of  molecules  leaving  behind  a  product  that  has  a  chemical 
composition  corresponding  approximately  to  CgH.  In  the  studies  that 
are  discussed  in  this  paper,  the  partial  oxidation  method  was  used 
because  it  was  determined  that  the  equipment  and  operational 
demands  that  are  required  for  this  methodology  could  be  achieved 
more  readily  under  battlefield  conditions. 

The  experimental  apparatus  constructed  to  generate  carbon 
particles  in  the  first  laboratory  study  consisted  of  a  heated 
isothermal  reaction  zone  into  which  preheated  air  and  vaporized 
diesel  fuel  or  JP-8  was  injected.  A  flow  schematic  of  this 
research  reactor  is  shown  in  fig.  1.  The  reaction  zone  temperature 
was  set  by  a  surrounding  furnace  and  the  air/fuel  ratio  varied  by 
independent  control  of  the  air  and  fuel  injected  into  the  reaction 
zone.  Residence  time  in  the  reaction  zone  was  varied  by  air  flow 
rate  and  by  the  relative  location  of  the  fuel  introduction  points. 
Initial  studies  in  the  use  of  the  laboratory  scale  reactor  to 
produce  carbon  particles  from  a  hydrocarbon  feed  were  conducted  to 
establish  operational  procedures  and  to  select  process  variables 
for  parametric  studies  to  maximize  carbon  particle  yield  from  the 
partial  combustion  of  diesel  fuel  or  JP-8‘’^.  The  parametric  matrix 
included  variations  of:  1)  reaction  zone  temperature,  2)  air/fuel 
mass  ratio,  3)  reaction  zone  residence  time,  4)  fuel  preheat 
temperature,  and  5)  additives  mixed  with  the  hydrocarbon  feed. 

A  summary  of  the  major  results  is  provided  in  Figs.  2,  3  and 
4 .  The  carbon  particle  yield  proved  to  be  a  strong  function  of 
reaction  zone  temperature.  Fig.  2.  A  maximum  temperature  of  1,150°C 
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1  •  Schematic  of  research  reactor  • 


Figure  3.  Effect  of  air/fuel  ratio  on  carbon  yield 


Figure  4.  Effect  of  residence  time  on  carbon  yield. 

was  observed  in  order  to  respect  practical  temperature  limits  of 
field  smoke  generators.  The  carbon  yield  was  a  much  weaker 
function  of  air/fuel  ratio  in  the  range  from  2  to  6 ,  Fig.  3.  The 
differences  noted  in  yield  due  to  changes  in  reaction  zone 
residence  time  from  1  to  5  seconds  were  not  significant  compared  to 
uncertainty  in  the  data,  Fig.  4. 

Based  upon  the  results  that  were  obtained  with  the  laboratory 
scale  reactor,  a  larger  scale  prototype  reactor  was  designed  and 
built.  The  schematic  for  this  reactor  is  shown  in  fig.  5.  The 
preheat  air  for  this  carbon  particle  generator  was  obtained  from  a 
turbocombustor  that  was  matched  to  the  particle  generator. 

The  scaled  up  generator  was  capable  of  processing  0.1  gpm  of 
diesel  fuel  or  JP-8  while  maintaining  a  carbon  particulate  yield  of 
approximately  40%.  A  photograph  detecting  the  quality  of  the 
carbon  particle  aerosol  produced  by  this  generator  is  shown  in  fig. 

6. 


The  results  of  these  initial  studies  demonstrated  that  it  is 
possible  to  produce  carbon  particle  aerosols  from  diesel  fuel  and 
JP-8  feedstocks  by  using  the  partial  oxidation  method.  While  these 
initial  studies  established  the  feasibility  of  this  technology, 
they  also  served  to  uncover  severa],  areas  where  further  work  is 
required  before  a  full  field  scale  size  carbon  particle  generator 
can  be  designed  and  built.  For  example,  one  area  that  must  be 
addressed  concerns  the  relative  large  size  of  the  reactor  that  is 
required  to  pro'^ess  high  hydrocarbon  feed  rates.  Scale  up  of  the 
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Figure  5.  Integrated  turbocombustor/prototype  carbon  particle  generator. 


Figure  6.  Carbon  Particulate  aerosol  produced  by  scalcd-up 
prototype  generator. 


prototype  generator  would  result  in  a  reactor  diameter  of 
approximately  17  inches  to  achieve  0.5  gpm  of  diesel  or  JP-8  feed. 
Therefore,  these  and  other  unique  methodologies  need  to  be 
investigated  further  in  order  to  reduce  the  size  of  the  equipment. 
One  potential  method  might  be  to  operate  the  reactor  at  higher 
pressures,  thus  increasing  the  carbon  yield  per  reactor  volume 
ratio.  Other  methods  include  the  use  of  flame  containment  and 
reaction  quenching  devices, 

2.2  PROPERTIES  OF  CARBON  PARTICLE  AEROSOLS 

The  carbon  particulate  aerosols  that  were  produced  by  the 
generators  described  in  Section  2.1  v/ere  subjected  to  a  series  of 
tests  in  order  to  characterize  them  both  chemically  and  physically. 
In  addition,  numerous  tests  were  conducted  in  order  to  establish 
the  attenuation  properties  of  the  particle  aerosols. 

Extinction  coefficients  in  both  the  visible  and  infrared 
spectral  regions  were  determined  for  carbon  particle  aerosols 
produced  at  selected  particle  generator  conditions.  Measurements 
v;ere  made  in  the  Engineering  Technology,  Inc.  10  m'  test  chamber 
located  at  the  University  of  Central  Florida  cind  in  the  190  m'  test 
chamber  located  at  CRDEC.  Agreement  betv/een  the  facilities  was 
excellent  and  is  shov/n  in  the  data  in  Fig,  7  and  Table  I, 
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Figure  7.  Comparison  of  extinction  coefficients  obtained  in  the  ETI 
and  CRDEC  aerosol  test  chambers. 


TABLE  1.  EXTINCTION  MEASUREMENTS  FOR  CARBON  PARTICLE  AEROSOLS  AT 
A  WAVELENGTH  OF  0.63  MICRONS 


Facility 

Aerosol 

Concentration 

g/m^ 

Extinction 

Coefficient 

mVgm 

ETI  Chamber 

0.180 

8 . 2 

-10  m^ 

0.0943 

8 . 0 

0.0379 

7 . 1 

CRDEC  Chamber 

0.0476 

6 . 1 

-190  m^ 

0.0098 

8 . 7 
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The  spectral  data  in  the  infrared  region  were  obtained  at  both 
laboratories  by  the  use  of  a  Fourier  Transform  Spectrometer.  The 
data  at  a  wavelength  of  0.63  micrometers  were  obtained  using  a 
helium-neon  laser  light  source.  Generally,  because  the  extinction 
in  the  visible  spectrum  was  much  greater  than  in  the  infrared,  the 
visible  attenuation  measurements  were  taken  at  a  much  lower  value 
of  airborne  mass  concentration.  Typically,  the  chambers  were 
charged  with  particles  until  visual  transmission  was  reduced  to  40 
to  60  percent.  After  visible  attenuation  and  particle 
concentration  measurements  were  taken,  charging  continued  until 
similar  values  of  attenuation  in  the  infrared  were  reached. 

The  data  show  that  the  carbon  particles  exhibit  extinction 
coefficients  of  approximately  0.85  m^/g  at  a  wavelength  of  10 
microns.  This  is  significantly  higher  than  what  is  exhibited  by 
the  droplet  aerosols  (i.e.  extinction  at  10  microns  being  less  than 
0.05  mVg)  • 

Micrographs  of  carbon  particles  collected  from  the  particle 
generator  are  shown  in  Figs.  8  through  10.  The  micrographs  show 
that  the  carbon  particles  generated  by  the  partial  combustion  and 
thermal  decomposition  of  diesel  fuel  or  JP-8  of  the  quality  used  in 
these  experiments  consist  of  small  spheroids  fused  together  to  form 
chains  and  aggregates  of  various  lengths  and  diameters.  In 
general,  the  carbon  spheroids  vary  in  diameter  between  O.i  and  0.5 
micrometers.  However,  depending  upon  the  concentration  of 
particles  in  the  agglomerization  zone,  the  chains  of  spheroids  can 
grow  to  lengths  of  several  millimeters  as  shown  in  fig.  10. 

Even  though  the  use  of  carbonaceous  particulate  matter  dates 
back  to  thousands  of  years  before  Christ^  only  recently  are 
advanced  techniques  being  used  to  probe  the  nature  of  carbon 
particulates  such  as  the  soot  produced  by  the  partial  oxidation  of 
hydrocarbon  fuels.  Surprisingly,  the  detailed  molecular  structure 
of  soot  is  not  known.  To  account  for  the  spherical  morphology  of 
particles,  older  models  have  proposed  that  polynvolccr  aromatic 
molecules  are  arranged  with  their  planes  tangential  to  concentric 
spherical  annuli'*.  However,  recently,  Zhang,  O'Brien,  Heath,  Liu, 
Curl,  Kroto,  and  Smalley  (abbreviated  herein  as  ZOHLCKS)  have 
related  soot  to  three  dimensional  carbon  clusters,  suggesting  that 
because  of  dehydrogenation  reactions  "the  polycyclic  arom.atic 
molecules  known  to  be  present  in  high  concentrations  in  sooting 
flames  may  therefore,  adopt  pentagonal  rings  as  they  grow,  so  as  to 
generate  structures  which  maximize  the  number  of  c-c  linkages'*". 
While  ZOHLCKS  did  not  propose  that  soot  would  contain  pure  carbon 
clusters  ( "buckminsterf ullerend" )  ,  they  suggested  "the  result  of 
such  a  process  would  be  a  soot  nucleus  consisting  of  concentric, 
but  slightly  imperfect  spheres"''. 

A  paper  published  by  Ebert,  Scanlon  and  Clausen  (abbreviated 
herein  in  as  ESC)  described  structural  and  chemical  studies  that 
were  conducted  on  the  carbon  particulate  (i.e.  soot)  produced  by 
the  laboratory  scale  reactor  described  in  Section  2.1  while  diesel 
fuel  was  being  used  as  the  hydrocarbon  feedstock^  The  purpose  of 
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Figure  10.  Carbon  particles  generated  for  diesel  fuel  (magnified 
3  5X)  . 

the  study  was  to  in  part  address  the  ZOHLCKS  proposal,  and  in  part 
to  generate  d^.ta  to  compare  the  diesel  fuel  and  JP-8  soots  to  other 
carbonaceous  materials.  The  soot  was  characterized  by  x-ray 
diffraction  and  chemical  reduction  studies. 

Microanalysis  of  several  soot  samples  collected  from  diesel 
fuel  based  carbon  particulate  aerosols  established  that  the  weight 
percent  carbon  in  the  particulate  averaged  92.06  ±  0.08,  while  the 
hydrogen  composition  averaged  1.11  ±  0.13  percent.  This  results  in 
an  atomic  H/C  ratio  of  0.14.  Other  analyses  were  for  %  S  (0.46), 
%  N  (0.30,  and  %  O  (6.11).  The  average  mass  balance  observed  was 
100.04% 

Figure  11  gives  the  x-ray  diffraction  pattern  of  a  typical 
diesel  fuel  soot  over  the  range  2  ©  =  15  -  105°.  The  appearance  of 
diffraction  peaks  at  351,  208,  174,  and  120  pm  can  be  reconciled 
v/ith  a  model  involving  stacked,  planar  benzenoid  carbon  arrays. 
The  line  widths  of  the  diffraction  peaks  suggest  correlation 
lengths  on  the  order  of  2  nm. 

Chemically,  the  diesel  fuel  and  JP-8  soot  were  observed  to 
react  with  potassium  naplitha lenide '  in  THF  to  the  extent  of  1  K° 
consumed  for  every  4.8  carbon  atoms.  The  "soot  anion"  can  be 
alkylated  by  methyl  iodide  to  yield  products  containing  methyl 
groups.  Examination  of  both  "THF  solubles",  and  "THF  insolubles" 
following  alkylation  v;ith  CD,  groups  via  D  NMR  sliows  first  order 
quadrupolar  split  as  v;ell  as  isotopic  lines  in  each  sample. 
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Figure  11.  X-ray  diffraction  pattern  of  diesel  fuel  soot  (Cu  K  a, 
2  e  ~  15  -  105®,  Bakelite  sample  holder). 

The  insoluble  material  shows  a  greater  fraction  of  quadupolar  split 
deuterium  nuclei.  Soot  does  not  intercalate  potassium  metal  under 
conditions  for  which  either  graphite  or  petroleum  coke  will 
intercalate  potassium. 

The  results  of  the  ESC  study  can  be  reconciled  with  a  model  of 
diesel  fuel  originated  soot  as  consisting  of  collections  of  large 
polynuclear  aromatic  hydrocarbons  and  heterocycles  as  schematically 
depicted  in  fig  12.  One  does  not  need  to  invoke  Cjo  clusters  or 
open  spiraling  clu.sters  as  models  for  the  majority  of  the  soot.  In 
fact,  x-ray  diffraction  simulation  suggest  that  such  clusters 
cannot  account  for  the  details  of  the  experimentally  observed 
diffraction  patterns. 

2.3  CATALYTICALLY  PRODUCED  FILAMENTOUS  CARBON 

In  order  to  produce  effective  attenuation  in  the  millimeter 
wavelength  region,  it  is  necessary  to  use  conductive  filaments  with 
length  to  diameter  ratios  in  the  range  of  200  to  500.  The  carbon 
particles  that  are  produced  by  the  partial  oxidation  process 
discussed  in  the  previous  two  sections  do  not  possess  aspect  ratios 
in  this  range  even  though  they  may  chain  together  as  shown  in  fig 
10.  Part  of  the  reason  is  that  the  filaments  are  not  conductively 
continuous.  Currently,  the  commercially  available  carbon  and 
graphite  filaments  used  by  the  Army  as  millimeter  screening  agents 
are  produced  by  the  carbonization  and  graphitization  of  fibers  made 
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Figure  12.  Schematic  model  for  soot  showing  arrangement  of 
polynuclear  aromatics  tangential  to  spherical  annuli. 

from  either  polymer  precursors  such  as  polyacrylonitrile  or  pitch 
precursors  from  petroleum  or  coal  tar  residues.  However,  it  has 
been  shown  that  carbon  filaments  can  be  produced  by  metal  catalyzed 
pyrolysis  of  hydrocarbons  such  as  methane,  heptane,  benzene,  etc.’. 
These  vapor-grown  carbon  filaments  have  a  unique  structural 
morphology  that  exhibits  a  greater  degree  of  graphite  perfection 
than  pitch  or  PAN  fibers  produced  at  comparable  temperatures.  In 
addition,  the  vapor-grown  filaments  can  be  made  in  such  a  way  that 
they  possess  a  hollow  central  core. 

The  method  by  which  vapor-grown  filaments  are  produced  is  by 
heating  small  particles  of  transition  metals,  especially  iron  or 
nickel,  in  an  atmosphere  of  hydrocarbon  vapors,  often  with  hydrogen 
being  an  accompanying  co-reactant.  At  temperatures  greater  than 
600®C  the  iron  particles  begin  extruding  long  slender  filaments  of 
fairly  graphitic  carbon  which  may  grow  as  rapidly  as  several 
millimeters  per  minute.  Metallic  crystals  are  often  found  at  the 
end  of  the  filament.  These  metallic  crystals  are  believed  to  be 
analytically  active  for  carbon  deposition  and  are  called  "growth” 
crystals . 

Based  on  the  accumulated  information  from  controlled 
experiments,  a  model  has  been  proposed  to  account  for  the  growth  of 
filamv°ntous  carbon  produced  on  metal  particles.  The  key  steps  in 
the  mechanism  are  believed  to  be  the  diffusion  of  carbon  species 
through  the  particle  from  the  hotter  leading  surface,  to  the  cooler 


*.ear  faces  at  which  carbon  is  precipitated  from  solution.  It  has 
been  suggested  that  the  driving  force  for  carbon  diffusion  is  the 
temperature  gradient  created  in  the  particle  by  the  exothermic 
decomposition  of  the  hydrocarbon  at  the  exposed  front  faces  and 
endothermic  deposition  of  carbon  at  the  rear  faces.  Excess  carbon 
which  accumulates  at  the  exposed  face  is  transported  by  surface 
diffusion  around  the  peripheral  surfaces  of  the  particle  to  form 
the  graphite  skin  of  the  filament.  Eventually,  growth  ceases  when 
the  leading  face  is  encapsulated  by  a  layer  of  carbon  pr  iventing 
further  hydrocarbon  decomposition. 

A  number  of  factors  affect  the  growth  of  filamentous  carbon. 

For  example,  temperatures  in  the  range  of  500  to  900®C  have  been 
reported  while  pressures  between  1  and  760  torr  have  been  used. 
Several  different  hydrocarbon  feedstocks  have  been  studied  with  the 
resulting  carbon  filaments  appearing  to  be  the  same  no  matter  what 
feedstock  was  used.  However,  the  type  of  catalyst  has  a  tremendous 
effect  on  the  filament  growth  rate  as  well  as  on  the 
characteristics  of  the  filament.  Both  pure  and  combinations  of 
metals  have  been  studied.  In  general,  transition  metals  provide 
the  most  active  catalysts. 

The  purpose  of  the  project  described  in  this  paper  was  to 
determine  the  conditions  that  are  necessary  to  produce  hollow 
carbon  filaments  under  field  realistic  conditions  from  JP~8  and  to 
evaluate  their  potential  as  screening  agents. 


The  major  part  of  the  project  that  was  described  in  Clausen  et 
al's  paper  was  concerned  with  studying  the  conditions  that  are 
necessary  to  produce  carbon  filaments  undef  batch  process 
conditions'.  Several  different  batch  reactors  were  designed,  built, 
and  tested.  Basically,  the  batch  reactor  consists  of  a  2.5  cm  i.d. 
quartz  tube  that  is  heated  by  an  electric  Lindberg  furnace.  The 
filament  catalyst  is  contained  inside  ceramic  boats  maintained 
within  the  heated  zone.  The  inlet  to  the  quartz  reactor  tube  is 
equipped  with  the  capability  of  feeding  gases,  vapors,  and  liquids. 
The  outlet  of  the  reactor  is  fitted  with  a  filament  trap  and  a  gas 
bubbler.  Gas  feed  to  the  reactor  is  monitored  and  controlled 
through  a  series  of  rotometers  and  flow  controllers. 

When  it  is  desired  to  crack  (i.e.  break  larger  molecules  into 
smaller  molecules)  the  feed  stream,  then  the  system  is  equipped 
with  a  reactor  containing  a  cracking  catalyst.  The  cracking 
catalyst  consists  of  1/8  inch  pellets  of  faujasite  molecular 
sieves.  The  catalyst  bed  is  normally  heated  to  750°C. 

The  liquid  feed  (e.g.  JP-8,  diesel  fuel)  is  injected  into  the 
heated  zone  of  the  cracking  reactor,  where  it  is  vaporized  and 
carried  over  the  cracking  catalyst  by  a  stream  of  hydrogen  or 
Carbon  monoxide  gas.  The  cracked  hydrocarbon  stream  is  then  passed 
over  a  bed  of  catalyst  where  the  filaments  grow. 
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Because  it  is  desirable  to  use  the  filaments  in  an  environment 
where  personnel  will  come  into  contact  with  the  filaments, 
relatively  safe  metal  catalysts  were  chosen  for  these  studies.  In 
particular,  metallic  iron  and  iron  compounds  were  used  in  the  first 
series  of  filament  growth  studies.  These  were  chosen  because 
previous  studies  had  suggested  that  small  metallic  iron  particles 
are  effective  in  promoting  the  formation  of  filamentous  carbon. 
However,  later  experiments  determined  that  iron  oxide  catalysts 
were  more  effective  at  growing  the  carbon  filaments.  The  initial 
set  of  test  conditions  for  growing  carbon  filaments  was  established 
by  using  low  molecular  weight  feedstocks  like  ethylene,  acetylene, 
and  pentane.  These  experiments  were  conducted  by  passing  the  gas 
or  vaporized  liquid  hydrocarbon  over  a  bed  of  iron  oxide  catalyst. 
The  filaments  were  then  collected  from  the  catalyst  bed. 

Experiments  testing  the  effectiveness  of  vaporized 
hydrocarbons  with  chain  lengths  greater  than  five  carbon  atoms, 
demonstrated  that  the  longer  chain  molecules  had  a  tendency  to  foul 
the  metal  catalysts  and  thus,  reduce  the  yield  of  filamentous 
carbon.  The  results  of  these  experiments  documented  that  if  the 
use  of  long  chain  hydrocarbons  is  desirable  as  the  feed  source, 
then  it  will  be  necessary  to  break  this  feed  stock  into  smaller 
molecules.  It  was  determined  at  this  point  in  the  project  that  a 
cracking  catalyst  would  be  required  to  condition  long  chain 
hydrocarbon  feed  stocks  such  as  JP-8  prior  to  reaction  over  the 
filament  forming  catalyst.  Accordingly,  a  set  of  experiments  were 
conducted  and  representative  results  of  the  type  of  filaments  that 
were  produced  are  shown  in  Figs.  13  and  14  where  filamentous  carbon 
was  generated  from  cracked  JP-8  feedstocks  over  iron  oxide  and 
metallic  nickel  catalysts. 

The  micrographs  shown  in  Figs.  13  and  14  demonstrate  that 
carbon  filaments  can  be  generated  from  long-chain  hydrocarbons 
under  field  achievable  conditions.  This  is  achieved  by  passing  the 
long-chain  hydrocarbon  feedstock  (i.e.  JP-8,  diesel  fuel,  etc.)  in 
a  hydrogen  or  carbon  monoxide  atmosphere  over  a  molecular  sieve 
cracking  catalyst  at  a  temperature  of  approximately  700°C.  At  this 
time,  additional  studies  are  being  conducted  in  order  to  determine 
what  is  the  most  effective  filament  growth  catalyst.  However,  it 
has  been  demonstrated  that  the  s  taller  the  particle  size  of  the 
catalyst,  the  greater  the  yield  of  the  reaction.  Some  of  the  most 
effective  iron  oxide  catalysts  that  were  used  in  this  study  were  in 
the  range  of  100  nanometers.  With  particles  of  this  size,  carbon 
to  filament  conversion  on  a  weight  basis  as  high  as  30  percent  was 
observed. 

In  order  for  filaments  to  exhibit  effective  attenuation 
properties  in  the  millimeter  wavelength  region,  they  must  be 
conductive  in  addition  to  possessing  the  necessary  length  to 
diameter  ratios.  Conductivity  measurements  for  small  filaments  are 
typically  performed  by  using  the  four-point  probe  technique.  In 
order  to  use  this  technique  on  very  small  filaments,  it  is 
necessary  to  press  the  filaments  into  the  form  of  a  pellet.  For 
the  measurements  conducted  in  this  study,  the  filaments  were 
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Figure  14.  Carbon  filaments  generated  from  the  reaction  of  cracked 
diesel  fuel  over  an  iron  particle  catalyst. 


235 


pressed  into  pellets  at  a  pressure  of  7,000  kg  cm'^.  The  pellets 
were  then  measured  for  their  conductivity  by  using  the  four-point 
probe  method.  Typical  values  were  in  the  range  of  10  to  40  Scm‘‘. 
This  suggests  that  if  tiie  filaments  can  be  dispersed  effectively 
into  an  aerosol  cloud,  their  extinction  coefficients  in  the 
millimeter  wavelength  region  as  comparable  to  those  of  graphite 
filaments  should  be  similar. 

As  shown  in  the  previous  figures,  when  filamentous  carbon  is 
grown  from  a  batch  process,  the  filaments  form  clumps  with  the 
individual  filaments  being  tangled  together.  This  entanglement 
makes  it  very  difficult  to  disperse  the  material  in  an  airborne 
monofilament  state.  Attempts  were  made  to  break  the  clumps  apart 
by  passing  them  through  high  shear  forces  generated  in  a  high 
velocity  gas  stream  through  a  high  speed  set  of  rotating  blades. 
The  material  was  disseminated  into  a  3.6  m^  aerosol  test  chamber. 
The  path-length  for  attenuation  measurements  was  2.4  m  and 
extinction  coefficients  were  measured  at  the  He-Ne  laser  wavelength 
(0.63  microns)  and  in  the  millimeter  wavelength  region  at  35  GHz 
and  94  GHz.  Table  II  shows  the  extinction  coefficients  that  were 
measured  for  carbon  filaments  generated  over  iron  and  nickel 
catalysts  while  using  a  mixed  hydrocarbon  feed.  The  values  that 
were  obtained  are  less  than  those  observed  for  1/8  inch  length 
chopped  8-micrometer  graphite  in  the  millimeter  wavelength  region, 
but  greater  than  the  graphite  filaments  in  the  He-Ne  region.  The 
reason  for  the  low  values  in  the  millimeter  region  is  due  to  the 
inefficiency  in  disseminating  the  carbon  filaments  to  a 
monodispersed  state. 

The  ultimate  goal  of  the  filament  project  is  to  generate 
carbon  filaments  on  a  continuous  basis.  Generating  the  filaments 
by  this  procedure  should  help  to  minimize  the  birdnesting  problem 
that  is  experienced  when  the  filaments  are  generated  in  a  batch 
process.  This  should  lead  to  the  production  of  carbon  filament 
aerosols  that  are  much  more  effective  in  the  millimeter  wavelength 
region. 


3.0  CONCLUSIONS  AND  RECOMMENDATIONS 

The  work  that  was  presented  in  this  paper  was  the  result  of  a 
series  of  studies  designed  to  explore  the  potential  for  using  JP-8 
and  diesel  fuel  as  a  feedstock  to  generate  multispectral  screening 
smokes.  These  studies  demonstrated  that  JP~8  and  diesel  fuel  can 
be  converted  into  carbon  particles  by  a  thermal  hydrogen  stripping 
process  that  produces  particulates  that  are  effective  screening 
agents  both  in  the  visible  and  infrared  regions.  Recent  work  has 
demonstrated  that  by  cracking  JP-8  and  diesel  fuel  over  a  molecular 
sieve  catalyst  and  then  mixing  the  product  stream  with  an  iron 
oxide  powder  produces  carbon  filaments  that  are  conductive  and 
possess  aspect  ratios  that  make  them  effective  attenuators  in  the 
millimeter  wavelength  region.  Thus,  it  is  theoretically  possible 
to  produce  a  mixed  multispectral  cloud  of  particles  a. id  filaments 
from  JP-8  and  diesel  fuel  under  battlefield  conditions.  The  next 
phase  should  be  to  build  a  prototype  unit  to  evaluate  and  document 
any  scale-up  problems  that  might  occur  in  the  use  of  these 
processes . 
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TABLE  II.  ATTENUATION  PROPERTIES  OF  CARBON  AND  GRAPHITE  FILAMENTS 


Sample 

a  (m^  g  ') 

He-Ne  (0.63 

M) 

94  GHz 

35  GHz 

Filaments 
generated  from 
cracked  JP-8  over 
a  Fe304  catalyst 

0.21 

0.19 

0.40 

Filaments 
generated  from 
cracked  JP-8  over 
a  nickel  catalyst 

0.18 

0.22 

0.50 

1/8  inch  8-micron 
graphite  filaments 

0.02 

0.32 

1.7 
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ABSTRACT 

An  analytic  semi-empirical  approximation  to  the  extinction  efficiency,  Qert  t  for  randomly  oriented 
spheroids,  based  on  an  extension  of  the  anomalous  diffraction  formula,  is  given  and  compared  to  the 
extended  boundary  condition  method  or  T-matrix  method.  Using  this  formula,  Qest  can  be  evaluated 
over  10^  times  faster  than  by  previous  methods.  This  approximation  has  been  verified  for  complex 
refractive  indices  m  =  n  —  ik,  where  1  <  n  <  co  and  0  <  i:  <  oo  and  aspect  ratios  from  .2  ~  5. 
We  believe  that  the  approximation  is  uniformly  valid  over  all  size  parameters  and  aspect  ratios.  It 
has  the  correct  Rayleigh,  refractive  index  iJid  large  particle  asymptotic  behaviours.  The  accuracy  and 
limitations  of  this  formula  are  extensively  discussed. 


1.  INTRODUCTION 

We  have  previously  presented^  a  numerical  approximation  to  Q^xt  for  randomly  oriented  spheroids. 
This  work  was  applicable  to  particles  with  1.01  <  n  <  2  and  0  <  it  <  1  for  arbitrary  sizes  and  aspect 
ratios.  The  required  angular  integration  was  carried  out  by  a  64-point  Gaussian  quadrature.  Since 
many  materials  have  optical  properties  beyond  the  above  limits,  we  have,  in  the  present  work,  extended 
the  refractive  index  range  to  1  <  n  <  oo  and  0  <  it  <  oo.  Furthermore,  large  optical  sizes  produce 
high  frequency  oscillations  in  the  kernel  of  the  angular  integral.  These  integrals  are  very  difficult  and 
time  consuming  to  estimate  numerically.  We  have  replaced  this  numerical  integral  with  an  approximate 
analytic  expression  that  overcomes  this  difficulty. 

The  basic  approach  is  to  orthogonalize  as  much  as  possible  the  scattering  physics  into  well  defined 
regimes.  For  small  physical  and  optical  sizes,  the  electrostatics  (Rayleigh)  approximation  is  used. 
For  larger  and  very  large  optical  sizes  we  still  use  the  electrostatics  approximation  but  with  the  optical 
constants  transformed^  to  include  the  effects  of  the  magnetic  dipole.  In  the  large  physical  size  regime  we 
split  the  physics  into  a  diffraction  (anomalous  diffraction)  component  and,  what  can  be  loosely  described 
as  edge  effects.  The  diffraction  component  is  modeled  by  the  anomalous  diffraction  approximation  as 
developed  by  Van  de  Rulst^.  The  edge  effect  (Fock  theory)  component  is  modeled  by  extending  a 
technique  introduced  by  Jones^*^.  In  this  report,  this  component  is  further  generalized  to  have  proper 
behaviour  at  small  optical  sizes  and  for  large  indices.  The  gap  between  the  large  and  small  particle 
regimes  is  bridged  by  a  binomial  form^  similar  to  the  generalized  mean  (Ref.  5,  page  10). 
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The  report  is  organized  as  follows:  Section  2  develops  the  extinction  formula.  This  includes  section 
2.1,  small  particle  scattering,  section  2.2  atnomalous  diffraction,  2.3  the  edge  effects  and  2.4  the  binomial 
bridging  function.  Section  3  contains  comparisons  of  this  approximation  to  the  T-matrix  method^.  The 
final  section,  Section  4,  gives  the  conclusions  and  remaining  limitations. 


2.  DEVELOPMENT  OF  THE  EXTINCTION  FORMULA 


2.1  Small  Particle  Term 

For  a  physically  and  optically  small  particle,  all  applied  electric  field  gradients  disappear  and 
the  particle  begins  to  respond  to  a  homogeneous  field.  The  electrostatics  approximation  then  holds 
giving  rise  to  the  Rayleigh  scattering  formula  for  randomly  oriented  spheroids^.  If  the  particle  is 
still  geometrically  small  but  optically  large  the  magnetic  dipole  held  becomes  significant.  We  have 
found^  that  one  can  use  the  electrostatics  approximation  but  with  the  optical  constants  transformed. 
This  transform  correctly  describes  the  full  field.  It  is  exact  for  spheres  and  approximate  for  randomly 
oriented  spheroids.  The  following  formulas  for  the  extinction  efficiency  from  small  particles,  Q^matt  sse 
derived  in  Ref.  2: 

Qimalt  ^  Qsca  "h  Qabs  [1] 

with 

Q,ca  =  +  +  and 

y  A  roi 


where 


Qabs  =  {i[m  +  +  2(^2  +  ^2)]} 


^  3(Z,,  +  iTTTn) 


The  optical  constants  transform  is 


where  V^i(z)  is  the  first  Ricatti* Bessel  function  and, 


Zirl>\{Zi)\  * 


zi  =  -h  x(l  prolates 

=  y/^h(r^Y  oblates 

^2  =  y/^ih{\  -h  “  VV^)  prolates 

=  oblates 

where  x  «  \/3/10  and  C  «  {(91|m  --  1|  -  64)/155  |  0  <  C  <  1}. 


The  normalization  factor  is, 


=  1-f 


•  -1  / - 

..>1^ sin  I  — - —  j  for  prolates, 
/ 1  4-  y/l  —  T^\ 

j==  In  /  —  1  for  oblates. 
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The  form  factors  are  defined,  for  prelates  as 


and  for  oblates, 


L2  = 


l-Li 

2  * 


2^1 

2  '  ^  ^ 


1. 
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The  above  set  of  equations  b  identical  to  that  found  in  Ref.  2  apart  from  the  exponent  C  in  [4]. 
This  exponent  is  introduced  for  the  following  reason.  The  exact  solution  of  the  scattering  problem  can 
be  expressed  in  terms  of  scattering  coefficients  (for  spheres  these  are  the  Mie  coefficients).  For  small 
physical  sizes  the  first  scattering  coefficient  is  dominant  and  can  be  expanded  as  an  infinite  power  series 
in  the  size  parameter  x.  The  first  term  of  this  series  is  dominant  only  when  |m  —  Ij  b  Small.  If  we 
transform  the  optical  constants  then  the  first  scattering  coefficient  can  still  be  expressed  as  an  infinite 
series  in  x  but  thb  time  the  first  term  dominates  only  when  Jm  —  1|  is  large.  For  intermediate  values 
of  |m  —  1|,  more  terms  of  the  power  expansion  of  the  scattering  coefficients  are  required.  Since  the 
resulting  expression  would  be  cumbersome  we  have  decided  to  modify  the  first  term  of  the  transformed 
series  in  such  a  way  as  to  empirically  model  the  scattering  behaviour  from  small  to  large  |m  —  1|.  A 
simple  and  robust  way  to  achieve  this  b  to  gradually  turn  on  the  transform  by  using  the  exponent 
Thus  when  C  0  the  Rayleigh  expression  results  and  when  C  =  I  l^he  fully  transformed  expression 
results.  Note  that  C  =  0  when  -  1(  <  64/91  0.7  and  C  =  1  when  jm  —  1|  >  219/91  «  2.4. 


2.2  Large  Particle  Term 

In  this  section  we  discuss  the  extinction  efficiency  of  large  particles  Qiarge-  We  separate  the  physics 
into  two  parts,  one  which  corresponds  to  the  anomalous  diffraction,  and  the  other,  which  can  be 
considered  due  to  edges  effects,  Qed> 


2.2.1  Extended  Anomalous  Diffraction 

The  anomalous  diffraction  formula  is  derived  by  assuming  that  the  incident  plane  wave  b  not 
significantly  skewed  in  passing  through  the  scattering  object  and  that,  to  first  order,  the  effect  of  the 
sc  at  ter  er  b  to  locally  retard  the  phase  of  the  wave  and  attenuate  its  amplitude^.  The  strict  limit  of 
validity  of  the  formula  is  therefore  the  region  where  (n  —  1)  <<  1.  The  scattering  object  is  in  effect 
treated  as  an  irregular  disc  normal  to  the  incident  wave  and  possessing  a  spatially  dependent  phase  and 
amplitude.  The  Fraunhofer  pattern  at  infinity  b  then  derived  and  Qext  evaluated  from  the  standard 
relations.  For  a  spheroidal  scatterer,  this  procedure  leads  immediately  to  the  following  formula  : 

Q.,  =  -Re{i  +  i’-^+4iq^}  1101 

where  u;  is  given  by 

uf  =  iAtpf  =  2(171  —  1)—  [11] 

P  ^  ^ 

and  J _ 

p  =  ^  a  =  2Ta/A,  b-2irj3fX^  m  =  n  -  tit.  [12] 

Where  r  =  a/b  is  the  aspect  ratio  (for  prolateo  r  >  1  and  for  oblates  r  <  1),  a  is  the  length  of  the  semi* 
axb  of  rotation,  P  b  the  other  axis  of  the  spheroid,  6  b  the  angle  between  the  incident  radiation  and  the 
a  or  a  axis,  A  b  the  wavelength  of  the  scattered  radiation.  Hence  a  and  6  are  the  two  size  parameters 
associated  with  the  spheroid  and  p  can  be  considered  a  projection  operator  of  the  penumbral  ellipse 
(the  ellipse  defined  by  the  shadow  line  on  the  surface  of  the  spheroid)  onto  the  plane  perpendicular  to 
the  direction  of  the  incoming  radiation.  When  compared  to  exact  results  thb  formulation  b  satisfactory 
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for  all  oblate  spheroids.  However  for  prelates,  significant  phase  differences  appear  due  to  deviation  of 
the  central  ray. 

To  account  for  the  refr.rction  of  the  central  ray  we  have  in  Ref.l,  modified  slightly  the  anomedous 
diffraction  approximation.  Now  the  deviation  of  the  central  ray  is  taken  into  account  when  computing 
its  phase  difference. 

The  extended  anomalous  diffraction  AV’  is  found  to  be 


p^co8(^)  -h  ssin(^) 


COs(iP) 


p  lp^coe*(^) +7^8in^(^) -r  2scos(^)sin(^) 
m{p^  4-  s^) 


]}(m- 


C08(^)) 


A  =  +  s^)  - 

5  =  [r^cos*(^)  +8in®(^)]’^^. 

In  the  limiting  canes  of  r  — +  oo  A^*  becomes; 

£,rp  =  2b{{m^ -coB^ey^^ -aiae}.  (14J 

For  random  orientations  the  angulcir  averaging  is  carried  out  as  follows; 

n  -  So^^Q<‘dPsmede 

/~~r7r' 

Jp  psin^aP 

I’he  integration  in  the  numerator  of  [15]  can  be  readily  computed  numerically  if  the  kernel  is  not 
too  oocillatory.  However,  [lb]  can  be  analytically  approximated  by  the  technique  described  in  Ref.  9. 
This  eliminates  numerical  difficulties  and  leads  to  a  more  efficient  algorithm.  Following  the  procedure 
of  Ref.  9  ,  [15]  becomes: 

^.d  =  2  +  4{/,-/j)/j(0)  [16] 

with 

h  ~  A  ^c  |(1  +  -  (1  4-  +  (1  +  +  -^J  [17] 


where 


=  _ l_',+  2^1n 

CP  C2'w(0)  u(x/2)’  [(B  +  i(0))w(0) 


A  =  7fl(B+i(0)],  fl  = 


_ u)(0)  —  u>(7r/4) _ 

7  -I-  [w(t/4)  -  u(v/2)]/j{ir/4)  ’ 


C  =  u(0)-7B, 


u)(ic/2)  -  ai(0) 

^  ■■  j(0)  ’ 


co8(0) cos2(0)  -  ~ — _  for  prelates, 

2  L  9  1 

=  ;  L(«) ,  r„  obiaw.. 
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Also, 

F  (r\  =  -  ‘il  gnMV2)-c) 

^“HO-Cr  >  M7r/2)-C)'>-'’ 


[21] 


where  En  is  the  nth  order  exponential  integral^.  And  iinally  for  prelates  (considering  deviated  rays), 


tj(0)  =  2bi 


w{ir/i)  =  2  6 1 


\/m“  —  1  (m  —  1) 


[(]  -  a)(m  —  1)  +  Q\/m^—  1/rj  ' 

j^(v^i^/2-l/N/2)  +  ^ 


w{;r/2)  =  26i(m  -  1), 

1  .  (1  -  r) 

-  =  1  -rcr- - r, 

Q  (1  —  rc) 


rc  = 


m  -  1 


m  +  1 


(22] 


for  oblates  (undeviated  rays), 

a;(0)  =  2bri{m  -  I), 

uiiir/4)  =  2bri(m-l)^Y^’  [23] 

w(7r/2)  =26  i(m  -  1). 

As  a  consequence  of  the  analytic  integration  technique,  [13]  is  approximated  by  [22]  at  three  values 
of  0  whereas  [11]  exactly  reduces  to  [23]  at  the  same  three  values.  Note  that  Equation  [16]  can  be  shown 
to  reduce  to  the  anomalous  diffraction  formula  of  Van  de  Hu  1st  for  the  sphere. 


2.2.2  Edge  Effects 


For  a  particle  whose  typical  size  is  much  larger  than  the  wavelength,  the  edge  cannot  be  treated  as 
sharp  and  the  effect  of  the  curvature  of  the  object  must  be  included.  Jones^  has  shown  how  to  estimate 
these  edge  effects  for  three  dimensional  convex  bodies.  In  Ref.  1  we  showed  that 


on-S/s 

-  3/~3  2^i(-2/3,  1/2;  1;(1  -  1/p^))  (prolates) 


p2/3 

2Dr*/3 


2F,(-2/3,1/2;1;(1-P=*))  (oblates), 


[24] 


2Fi(-2/3,l/2;l;r) 


.999947  -  2, 19081*  +  1.51871**  -  .325449*® 


1  -  1.85884*  +  .947705**  -  .0847327*® 
D  =  c«/6*/®. 


M<1. 


[25] 


It  can  be  shown  for  convex  bodies,  randomly  oriented  or  illuminated  by  a  randomly  polarized  beam, 
that  Ce  is  a  universal  function  of  m.  As  |j7i  —  1|  -♦  0,  ►  co  =  0.996130  and  as  Im  —  1(  — +  oo, 

Cc  — Coo  =  0.0659708^'^^’^^.  This  universal  function  is  not  known.  It  is  therefore  necessary  to  mode) 
it.  Since  is  shape  independent,  this  can  be  accomplished  by  studying  the  sphere  alone.  An  added 
complication  to  D  arises,  however,  when  we  consider  spheroids  with  small  phases,  i.e.  <<  1.  This 
occurs  since,  what  we  have  been  calling  an  edge  effect  is  really  the  field  distortion  around  the  boundaries 
of  the  particle,  and  hence  its  behaviour  for  small  Aip  is  quite  different  than  for  large  Atp.  As  before, 
we  have  modelled  this  effect  in  our  expression  for  D  by  using  the  sphere.  Our  empirical  model  of  the 
above  two  behaviours  is: 


D  = 


[62/3/3^  1/1^ 


4/25 


(m-  1|3  + 8/125 

=  20, 


+ 


Co 


in  |m  -  I] 
1.95 


\m\  <  1.95  or  jml  >  2.05 
|m|  <  2.05 


[26] 
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In  the  above,  the  special  case  for  /?  with  m  «  2  is  to  avoid  the  obvious  singularity  in  the  main  expression. 
At  this  point  we  require  only  a  relatively  large  value  for 
The  large  particle  limit  for  the  spheroid  becomes 

[27] 

We  now  wish  to  produce  a  term  T  which,  when  it  multiplies  [lOj,  gives  the  same  limit  as  [27]  without 
diverging  as  the  size  parameter  goes  to  zero.  We  have  found  that^  an  adequate  expression  for  our 
purposes  is: 

r=2-e’^—* [28] 
For  random  orientations  the  angular  averaging  is  carried  as  in  [15]  but  with  T  replacing  Qad'^ 

-  f^'^TpsmedO  ,  , 

Using  the  same  integration  technique  to  obtain  an  analytic  approximation  to  [29]  we  obtain: 

T  =  2  -  e-^^‘A'F!i/j\Q)  [30] 


where 

A'  =  YB'[B'  +  m],  ^'  =  y  +  [^,/4)_!(^^/2)]/j'(^/4)’ 

C'  =  l-y'B',  y'=±I^,  6  =  Dry\ 

and 

p'  =  EM  _ 

^  b  ^t;(?r/2) 

Here  £*2,  is  the  2nd  order  exponential  integral.  For  prelates, 

y{e)  =  ri(tf), 

t>(T/4)  =  i;  1;  (r^  _  l)/(r2  +  l)][2/(r2  4  1)]^ 


and  for  oblates, 


m  =  -m, 

v(jr/4)  =  1;  1  -  »'V2]/r 

v()r/2)  =  5;  1;  1  “  »•*]/»•* 


2.2.3  Total  Contribution  to  Qiarge 

The  total  contribution  to  Qiargt  for  a  given  orientation  is^: 

Qlargt  “  Qadl'‘ 

For  random  orientation  the  angle  averaging  would  give: 


3  QadTpBxnede 

Qiargt—  -,r/2  Ain 

Jq'  p^mOdB 
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Due  to  their  conuplementary  nature,  Qad  «  2  =  constant  for  large  (wj,  while  T  inconstant  for  small  to 
medium  (w|.  Therefore,  to  a  good  approximation,  we  can  separate  the  kernel  of  the  above  integral  to 

_  _  _ 

Qlar,.  =  QadT.  {37] 

An  extensive  comparison  between  [37]  and  the  numerical  computation  of  [36]  provides 

definitive  evidence  for  the  above  argument.  Some  examples  of  this  are  shown  in  the  next  section. 


2.3  Bridging  Function 

Qimaii  ^  approximation  to  when  the  semi-major  axis  L«  less  than  1.  For  larger  values 
of  the  semi-major  axis  it  overestimates  Similarly,  Q large  a  good  approximation  to  when 

the  semi-major  axis  is  greater  than  2  ~  5  depending  on  |m  -  1|.  For  smaller  valiM  of  the  semi-major 
axis  it  overestimates  In  order  to  obtain  in  the  transition  region,  from  Q large 
need  a  bridging  function  that  smoothly  goes  between  the  two.  The  form  must  have 
term  in  its  series  expansion  and  asymptotically  go  to  ^large- 

A  quite  general  form  that  can  do  this  is  the  confluent  hypergeometric  function  or  Kummer  function 
which  has  the  general  form  \F\\a\b,cz'*]  where  a,b,c,u  are  arbitrary  parameters  and  z  is  the  variable^. 
From  the  basic  properties  of  this  function 


lim  — Fi[a: fc. -cz^  - 


i-o  r(6) 
r(i-a)  , 


r(t) 


2y 


caz*'  6n(a  4-  l)r 

~2!  6(6  +  1) 


-■} 


lim  ■p/'i  \ 


1 F,  [a;  6.  -cz*']  1  +  ^  +  . . . 


[38] 


CZ^ 


With  the  small  particle  and  large  particle  limits  considered  the  bridging  function  B  becomes: 

with 

C  =  r(6)/r(6-l/l/),  and  Z  = 


(39) 


which  has  the  correct  limits,  i.e. 


lim  B 


lim  B 


m 


9  targe 


Wc  now  need  tc  determine  t/  and  b.  We  should  expect  these  pwameters  to_be  insensitive  to  aspect  ratio 
since  most  of  the  shape  effects  are  already  accounted  for  by  Q^matf  Qtarge*  This  supposition  has 
been  confirmed  by  numerical  evidence,  Assuming  these  parameters  are  shape  independent,  we  can,  for 
each  of  an  array  of  m  values  find  the  *best^  set  of  values  of  and  b  by  considering  the  sphere  only.  We 
did  this  by  using  a  nonlinear  fitting  routine.  The  results  of  this  fit,  for  the  vast  majority  of  cases  made 
6  very  large  (>  10).  When  6  becomes  very  large,  B  goes  confluent  (see  Ref,  13  for  more  details).  This 
means  that  the  function  simplifies  dramatically  to  a  bincmial  function,  thus: 


lim  B 


[41] 


This  can  be  rearranged  in  a  form  similar  to  a  generalized  mean  as: 


1 


1 


Q" 


eri 


Q  small 


-f  =7^ 


1 


Qi 


[42] 


arge 


We  now  r.iuflt  model  the  values  for  7.  We  have  modelled  this  p^ameter  in  previous  papers^'^^.  This 
previous  modelling  is  not  usefull  to  the  current  approach  since  and  Qiarge  have  changed,  the 

formula  for  has  been  extendF'd  to  all  n  >  1  and  angle  averaging  has  been  carried  out. 
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In  [42]  it  is  clear  that  if  one  of  either  Qgmad  Qiarge  much  smaller  than  the  other  then,  to  a 
good  approximation,  is  this  value  provided  that  7  >  0.  Larger  values  of  7  will  drive  to  the 
smallest  value  between  ^grnaii  ^large  more  than  smaller  values.  Hence,  when  the  physical  size  of 
the  particle  is  small,  Qgrnaii  equal  to  or  smaller  than  Qi^rga  7  should  be  large.  Conversely,  when  the 
physical  size  of  the  particle  is  large,  Q^rnaU  ^  much  larger  than  Qfarge  I'hen  merely  require  that 

7  be  positive.  The  real  difficulty  in  modelling  7  is  thus  in  the  intermediate  ranges  of  physical  sizes. 
Moat  of  the  behaviour  of  7  in  the  large  particle  regime  can  be  determined  by  considering  first  the  real 
axis,  in  the  refractive  index  plane,  and  then  by  varying  the  imaginzu-y  component.  Considering,  first 
the  real  axis,  the  behaviour  can  be  described  by  the  sum  of  two  asymptotic  terms,  one  as  n  —  1  — ►  0, 
and  the  other  as  n  — ►  00.  The  behaviour  of  j  as  k  increases  is  we!!  modelled  by  a  single  term.  The  sum 
of  these  terms  we  will  call  7/.  As  the  physical  size  of  the  particle  changes  from  small  10  large,  7  must  go 
smoothly  from  some  large  value  to  7/.  This  transition  is  most  sensitive,  and  hence  best  modelled,  where 
the  Rayleigh  scattering  and  absorption  are  roughly  equal.  This  occurs  since  the  Rayleigh  absorption 
term  and  the  anomalous  diffraction  absorption  term  are  close  to  or  may  be  equal  while  the  scattering 
t(  :ms  are  usually  quite  different.  This  can  play  significantly  on  the  balance  between  Q^rnaii  Qiarge 
as  the  physical  size  varies.  This  has  been  taken  into  account  by  an  additional  term  dependent  on  the 
physical  size.  This  size  is  represented  by  the  volume  equivalent  sphere  radius  of  the  spheroid. 

From  an  empirical  fit  on  the  above  terms,  7  becomes: 


7  =  7/  + 
7/  =  1  + 


(54  -  7f) 

1  -f 

n-  1 _ 

[(n  —  1)^/^  -f  ip 


5  3k, 

a  =  r  + 


2  kc'\-k' 


kc  = 


- 1)^ 
66n 


+  4 


4n 


Vl6  +  n2 


-  1 


16u2 

v^T’ 


[43] 


[2(n  -  1)]2 


We  have  verified  that  none  of  the  above  modelling  of  7  changes  the  empirical  fact  that  B  goes  confluent 
in  the  best  fit  and  hence  [42]  still  remains  valid.  It  should  also  be  pointed  out  that  the  bridging  function 
is  not  necessary  if  is  only  required  outside  the  transition  region.  In  thi:;  case  =  Qgmati 
Qext  -  Qiargti  depending  on  the  region  of  interest. 


3.  RESULTS 

The  complete  formula,  as  given  in  the  previous  section,  is  guaranteed  to  give  correct  asymptotic 
behaviour  for  both  large  and  small  |m  -  1|  and  b.  Thus,  in  studying  the  error  behavior  of  the  approxi¬ 
mation,  mid  ranges  of  [m  —  1|  and  b  are  of  greatest  interest.  In  this  section  we  will  compare  the  analytic 
approximation  with  the  T-matrix  method  as  implemented  by  Barber^  or  the  Mie  theory. 

Figures  1  and  2  show  the  comparison  of  Qext  vs  6  for  aspects  2  and  1/2  respectively.  The  refractive 
index  is  a  =  1.3,  close  to  that  of  water.  It  is  clear  that  the  error  decreases  at  either  extreme  of  b.  (The 
deviation  seen  in  Fig.  1  for  6  >  23  is  caused  by  ill  conditioning  in  the  T-matrix  code).  The  largest 
errors  are  near  and  around  the  first  two  peaks.  This  occurs  here  since  much  more  of  the  scattering 
physics  must  be  considered  to  obtain  better  accuracy. 

Figures  3  and  4  are  contour  graphs  of  the  percent  error  between  the  analytic  approximation  and 
the  T-matrix  computation.  The  refractive  index  varies  as  1  <  n  <  2  and  10"®  <  lb  <  10.  Figure  3  is 
for  an  oblate  spheroid  of  aspect  1/2  and  Fig.  4  is  for  a  prolate  spheroid  of  aspect  2.  There  arc  three 
feature  of  note.  One  is  the  increase  of  the  error  for  small  k  and  large  n.  This  error  is  shown  well  in  Fig. 
5  for  the  case  of  a  sphere  and  index  m  =  1.8  —  Oi.  This  feature  is  simply  due  to  resonant  surface  waves 
that  are  not  modelled.  Note  that  for  aspect  1/2  and  2,  these  errors  are  significantly  smaller  since  the 
surface  waves  are  damped  by  the  asphericity.  The  remaining  errors  arise  from  inaccurate  modelling  of 
the  bridging  region—  that  is  between  the  Rayleigh  region  and  the  first  peak.  'J'he  second  feature  occurs 
approximately  when  2  <  ^  <  10.  Here,  for  large  particles,  the  coherence  effect  of  the  internal  refracted 
wave  is  significant,  and  has  not  been  properly  modelled This  is  shown  in  Fig.  6  for  an  oblate  particle 
with  aspect  ratio  1/2  and  m  =  1  -  3i.  This  becomes  insignificant  for  larger  k  since  the  particle  becomes 
rcfiective.  The  remaining  error  at  these  large  values  of  k  and  6  1  u  again  due  to  difficulties  in  the 

bridging  function  attempting  to  model  the  electromagnetic  field  on  the  surface.  The  third  significant 
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feature  occurs  when  the  Rayleigh  scattering  and  absorption  are  roughly  equal.  This  occurs  since  the 
Rayleigh  absorption  term  and  the  anomalous  diffraction  abs<>rption  term  are  close  to  or  may  be  equal 
while  the  scattering  terms  are  usually  quite  different.  This  was  included  in  the  modelling  of  y  in  the 
previous  section  by  tc,  [43].  Residual  errors  can  still  be  seen  in  Figs.  3  and  4  due  to  imperfect  modelling 
following  curves  k  oc  (n^  —  1)^/^- 

For  large  n,  body  resonances  can  occur.  These  are  sometimes  referred  to  as  morphology  dependent 
resonances  (MDR).  For  spheres  these  occur  near  nx  ^  /tt,  where  /  is  a  natural  number.  Figure  7  shows 
an  example  of  an  incipient  MDR  on  the  first  diffraction  peak  of  Qtrt-  Here,  rn  =  3-0  i  and  r  =  2,  Note 
that,  despite  the  significant  perturbation  in  the  transition  region  due  to  the  MDR,  the  approximation 
is  excellent.  Only  the  first,  and  hence  simplest  MDRs  are  modelled  (by  Ii,  [5]  and  I2,  [6]).  To  show 
the  accuracy  of  the  approximation,  the  T-matrix  was  low  pass  filtered  for  6  >  1  and  is  graphed  in  Fig. 
8.  Since  by  far  the  main  contribution  is  now  from  the  diffraction  peaks,  the  underlying  accuracy  of  the 
approximation  is  apparent. 

The  next  example  is  a  model  of  extinction  by  randomly  oriented  copper  flakes  in  the  infrared 
(m  =  35  —  35 i).  An  oblate  spheroid  with  an  aspect  ratio  of  0.333  was  used.  For  this  index,  lower 
aspect  ratios  could  not  be  considered  since  the  T~matrix  will  not  produce  usable  results  and  hence  no 
comparison  could  be  made.  Qc^t  for  this  case  is  shown  in  Fig.  9.  Caution  is  required  since  the  T-matrix 
for  b  >  .25  begins  to  decrease  rapidly  and  will  go  negative  for  larger  6.  This  shows  an  advantage  of 
the  approximation.  It  can  estimate  for  combinations  of  n,  ir,  6  and  r  when  the  T-matrix  cannot. 
Figures  10  and  11  are  examples  of  Qtxt  for  water  prolate  and  oblates  spheroids  at  9.4  GHz,  respectively. 
Both  are  difficult  cases  since  the  T-matrix  is  almost  ill  conditioned  and  several  MDRs  are  becoming 
apparent.  In  Fig.  10,  the  first  MDR  is  reasonably  well  modelled  while  the  second  is  not.  However  the 
latter  only  introducef^  an  error  of  about  20  %.  Again  Fig.  11,  the  first  MDR  is  well  modelled  and  the 
second  is  not.  But  in  contrast  to  Fig.  10  it  introduces  a  smaller  error  since  it  is  coincident  with  the 
first  diffraction  peak.  Note  that  at  the  highest  b  shown  the  T-matrix  has  become  ill  conditioned. 

Extensive  computations  have  been  carried  out  to  indicate  the  error  of  the  approximation  over  the 
complete  range  of  stability  of  the  T-matrix  method. 

All  our  approximate  Q^j:t  diagrams  in  this  section  were  produced  at  a  rate  of  greater  than  10^  times 
faster  than  by  the  T-matrix  code.  Since  the  T-matrix  scales  as  the  cube  of  the  optical  size  whereas  the 
analytic  approximation  is  optical  size  independent,  larger  size  parameters  or  larger  refractive  indices 
lead  to  larger  speed-up  factors. 


4.  CONCLUSIONS  AND  LIMITATIONS 

We  have  presented  an  approximation  to  Qext  for  randomly  oriented  spheroids  which  is  valid  for  all 
size  parameters,  aspect  ratios  and  refractive  indices  n  >  1  and  k  >0  and  /i  =  1. 

Extensive  computations  have  been  carried  out  to  indicate  the  error  of  the  approximation  over  the 
complete  range  of  stability  of  the  T-Matrix  method. 

If  high  precision  is  not  required,  the  formula  is  far  more  economical  in  computer  time  than  the 
T-matrix  method  for  obtaining  Qext  •  When  both  the  range  of  demonstrated  validity  and  the  accuracy 
are  taken  into  account,  this  formula  is  superior  to  all  other  approximations  known  to  the  authors. 

.Several  limitations  of  the  previous  numerical  approach^  have  been  removed.  The  remaining  limita¬ 
tions,  that  for  n  <  I  and/or  k  <  0^  are  not  modelled  since  new  and  significant  physics  arises  (c.g.  total 
internal  reflections,  optical  gain).  Even  n  modestly  less  than  1  can  cause  problems.  Another  limitation 
occurs  for  2  <  t  <  10  and  large  particles.  In  this  region  the  absorption  is  not  well  jiiodelled.  If  this 
effect  was  properly  accounted  for  then  Qabt  and  hence  Qgca  could  be  globally  and  readily  obtained  by 
using  the  same  approach. 
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Fig.l  Comparison  between  approximation  and  T-matrix  method  for  an  index  of  1.3  and  an 
aspect  ratio  of  2. 


Fig.2  Comparison  between  approximation  and  T-matrix  method  for  an  index  of  1,3  and  an 
aspect  ratio  of  1/2. 
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Fig.3  Maximum  relative  error,  in  percent,  between  analytic  approximation  and  T-rnatrix 
r  =  1/2. 


Fig.4  Maximum  relative  error,  in  percent,  between  analytic  approximation  and  T-matrix 
r  =  2. 
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m=1.8-0i,  r-1 


Fig,5  Comparison  between  approximation  and  Mie  theory  for  an  index  of  1.8  and  an  aspect 
ratio  of  1.  Significant  surface  waves. 


Fig. 6  Comparison  between  approximation  and  T-matrix  method  for  an  index  of  1  —  3i  and 
an  aspect  ratio  of  1  /2.  Significant  interna]  wave  coherence  effect. 
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Fig.7  Comparison  between  approximation  and  T-matrix  method  for  an  index  of  3  -  Oi  and 
an  aspect  ratio  of  2.  Incipient  MDR  at  6  «  1 


252 


Qext 
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Fig.9  Comparison  between  approximation  Md  T-matrix  method  for  an  index  of  35  —  35  i 
and  an  aspect  ratio  of  1/3. 


Fig.  10  Comparison  between  approximation  and  T-matrix  method  for  an  index  of  8.075 
1.824  i  and  an  aspect  ratio  of  2.  Water  at  9.4  GHz, 
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Fig.  11  Comparison  between  approximation  and  T-matrix  method  for  an  index  of  8.075 
1.824  i  and  an  aspect  ratio  of  1/2.  Water  at  9.4  GHz. 
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ABSTRACT 

Fikioris  and  Uzunogm  few  years  back  presented  a  formalism  to  describe 
the  electromagnetic  scattering  by  homogeneous  spheres  containing  an  eccen¬ 
tric  spherical  inclusion.  We  have  extended  our  previous  formalism  whicn  is 
designed  to  account  for  the  dependant  scattering  by  aggregated  spheres,  to  the 
case  of  spheres  conatining  more  than  one  inclusion.  Our  results  are  compared 
with  those  of  Filcioris  and  Uzunoglu  and  the  existing  differences  ore  explained 
in  terms  of  the  approximations  that  were  used  by  Fikioris  and  Uzunoglu.  Wc 
also  show  results  for  the  case  of  dielectric  spheres  containing  either  a  metallic 
or  dielectric  inclusion  with  parameters  that  could  not  be  considered  under  the 
approximation  of  Fikioris  and  Uzunoglu.  It  will  be  shown  how  the  scatterers 
response  depends  on  the  direction  of  incidence  and  on  the  polarization  of  the 
field,  therefore  making  possible  to  distinguish  from  both  a  sphere  with  con¬ 
centric  inclusion  and  an  homogeneous  sphere. 


1.  Introduction 

The  theory  of  electromagnetic  scattering  known  as  Mie  theory  was  originally  developed 
to  describe  the  properties  of  homogeneous  spherical  scatterers  [1].  In  time,  it  has  been  modi¬ 
fied  and  improved  to  extend  its  applicability  to  radially  nonhomogeneous  spheres  either  com¬ 
posed  of  several  homogeneous  concentric  layers  or  possessing  a  refractive  index  continuously 
varying  along  the  radius  [2].  The  layered  spheres  are  dealt  with  by  imposing  the  appropriate 
boundary  conditions  across  the  surfaces  separating  each  pair  of  contigu^u..  layers;  the  case  of 
continuously  varying  refractive  index  requires,  instead,  to  replace  the  spherical  Bessel  func¬ 
tions,  that  are  appropriate  for  homogeneous  spheres,  with  the  numerical  solutions  of  a  pair  of 
radial  equations.  This  latter  approach  applies,  in  particular,  to  spheres  with  a  so-called  soft 
surface  [3]  and  proved  to  be  adaptable  to  deal  also  with  stratified  spheres  [4].  Obviously,  the 
theory  for  stratified  spheres  is  appropriate  to  deal  with  a  sphere  containing  a  concentric 
spherical  inclusion  but,  when  the  inclusion  is  nonconcentric,  or  when  more  than  one  inclu¬ 
sion  is  present,  a  different  approach  is  in  order. 

A  sphere  with  an  eccentric  inclusion,  in  spite  of  its  external  symmetric  appearance,  is 
intrinsically  anisotropic  so  that  its  scattering  properties  are  expected  to  evidence  effects  that 
cannot  be  present  for  a  truly  spherical  object.  One  could  also  expect  that  these  effects  influ¬ 
ence  in  turn  the  macroscopic  optical  properties  of  a  dispersion  of  such  objects.  Therefore,  in 
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this  paper  we  investigate  tie  scattering  properties  of  a  homogeneous  sphere  containing  a 
spherical  eccentric  inclusion  with  the  specific  purpose  of  assessing  wether  the  effects  due  to 
the  eccentricity  make  such  an  object  easily  distinguishable  from  a  truly  spherical  scatterer. 
To  this  end  we  present  a  formalism  designed  to  deal  also  with  the  macroscopic  optical 
constants  of  a  low-density  dispersion  of  these  anisotropic  scatterers  and  discuss  the  results  of 
its  application  to  a  few  significant  cases.  Our  approach  can  be  easily  extended  to  the  case  of 
spheres  containing  more  than  one  inclusion,  but,  since  these  objects  require  a  substantial 
increase  of  the  conputational  effort,  we  resolved  to  defer  their  treatment  to  a  forthcoming 
paper. 

As  far  as  we  know,  the  only  precedinig  formalism  devised  to  study  the  scattering  pro¬ 
perties  of  the  same  kind  of  objects  we  deal  with  in  this  paper  is  that  of  Fikioris  and  Uzunoglu 
[5],  whose  approach  is  rather  similar  to  the  one  we  are  going  to  describe.  Nevertheless,  the 
results  presented  by  these  authors  were  not  obtained  through  the  exact  formalism  but  rather 
by  means  of  an  approximational  procedure  that  is  applicable  only  when  the  difference  of  the 
refractive  indices  of  the  inclusion  and  of  the  external  sphere  is  sufficiently  low.  As  will  be 
discussed  later,  the  results  yielded  by  our  formalism  when  applied  just  to  the  same  scatterer 
dealt  with  by  Fikioris  and  Uzunoglu,  show  that  the  range  of  the  applicability  of  their  approxi- 
mationai  procedure  is  narrower  than  one  would  expect  at  first  sight.  The  formalism  we 
present  in  this  paper  arises  as  an  extension  of  the  one  we  devised  a  few  years  ago  to  deal  with 
the  external  anisotropy  of  clusters  of  spheres,  i.  e.  of  objects  built  by  aggregating  several 
spherical  scatterers  [6].  As  the  approach  we  refer  to  is  based  on  the  expansion  of  the  elec¬ 
tromagnetic  field  in  a  series  of  spherical  multipoles  [7]  and  on  the  imposition  of  the  appropri¬ 
ate  boundary  conditions  at  the  surface  of  each  spherical  component  of  the  cluster,  the 
amount  of  calculation  required  to  get  reliable  results  may  grow  rather  big.  In  spite  of  this 
inevitable  feature  of  all  the  approaches  based  on  the  multipolar  expansion  of  the  electromag¬ 
netic  field,  our  formalism  proved  effective  not  only  to  study  single  aggregates,  even  with 
rather  complicated  structure  [8],  but  also,  through  use  of  the  transformation  properties  of  the 
multipoles  under  rotation,  to  calculate  the  macroscopic  optical  properties  of  a  low-density 
dispersion  of  clusters  with  random  orientation  [9].  The  scattering  properties  of  a  number  of 
clusters  with  various  geometries  were  investigated  in  this  way  and  the  predictions  of  our  calcu¬ 
lations  proved  to  be  in  excellent  agreement  with  the  available  experimental  data  for  single 
clusters  [10,11]. 

Also  the  treatment  of  the  scattering  from  spheres  with  an  eccentric  inclusion  that  we 
prsent  here  is  based  on  the  boundary  conditions  approach  and  on  the  expansion  of  the  fields 
in  terms  of  spherical  multipoles.  As  will  be  shown  in  the  next  section,  even  in  this  case  we 
are  able  to  calculate  the  properties  of  single  objects  as  well  as  the  macroscopic  optical  con¬ 
stants  of  a  low-density  dispersion  of  randomly  oriented  scatterers  of  this  kind.  All  our  calcu¬ 
lations  were  performed  with  no  approximation  but  the  truncation  of  the  multipole  expansions 
of  the  field  to  such  an  order  as  to  ensure  the  convergence  of  the  results.  The  refrative 
indices  and  the  size  parameters  of  the  scatterers  we  dealt  with  were  chosen  well  beyond  the 
limits  of  applicability  of  the  approximational  procedure  of  Fikioris  and  Uzunoglu  [5].  The 
notation  is  a  development  of  the  one  we  used  in  our  previous  papers  on  clusters  and  has  been 
designed  to  be  immediately  extended  to  the  case  in  which  more  than  one  inclusion  is  present. 
The  underlying  mathematics  is  sketched  in  section  2;  in  section  3,  after  an  analysis  of  the 
results  yielded  by  the  approximate  approach  of  Fikioris  and  Uzunoglu  [5],  we  discuss  our 
specific  results  and  in  section  4  we  make  some  conclusive  remarks;  the  definition  of  the 
quantities  occurring  in  our  formalism  is  completed  in  Appendix  A. 

2.  Theory 

To  study  the  scattering  properties  of  a  homogeneous  sphere  containing  a  spherical  inclu¬ 
sion  we  partition  the  space  into  the  three  regions  sketched  in  fg.  1;  the  external  region,  that  is 
assumed  to  be  filled  by  a  homogeneous,  non-dispersive,  non-absorbing  medium  '-rith  refrac¬ 
tive  index  n  (typically  the  vacuum);  the  interstitial  region,  centered  at  Ro  and  of  radius  pot 
that  is  filled  with  a  homogeneous  medium,  possibly  absorbing  and/or  dispersive,  with 
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refractive  index  Hq;  the  region  within  the  inclusion,  centered  at  Ri  and  of  radius  charac¬ 
terized  by  a  refractive  index  rti  that  may  be  absorbing  and/or  dispersive.  For  the  sake  of  sim¬ 
plicity,  the  theory  in  this  section  will  refer  to  homogeneous  inclusions  only,  on  account  that 
the  resulting  formulas  are  easily  extended  to  the  case  of  radial  nonhomogeneity. 

We  assume  that  all  the  fields  depend  on  time  through  the  factor  e  ^  ‘  and  define  the 
propagation  constants 

K  «  kn,  Xo  =  kno,  Xj=  krii 

in  each  of  the  regions  mentioned  above,  respectively,  with  k=a;/c.  It  is  also  convenient  to 
define  the  size  parameters  of  the  external  sphere  and  of  the  inclusion  as 

^0  =  =  kpi 

respectively.  Our  aim  is  to  determine  the  response  of  a  sphere  when  excited  by  the  plane 
wave  field 

Ei„c  =  £o  * 


where  Eo  is  the  amplitude  at  Ro  «  «  is  the  (unit)  polarization  vector  and  KiBc=K  kinc  is  the 
incident  wavevector.  As  anticipated  in  the  preceding  section,  we  expand  the  field  in  each 
region  in  terms  of  spherical  multipole  fields  [7].  To  this  end  we  define  the  multilpole  fields  H 
as 


where  the  ^re  vector  spherical  harmonics  [12]  and,  on  account  cf  the  chosen  time 

dependence  of  the  fields,  the  hi^  ’s  are  spherical  Hankel  function  of  the  first  kind;  the  super¬ 
scripts  1  and  2  are  the  values  of  the  parity  index  that  are  apppropriate  to  the  magnetic  mul¬ 
tipoles  and  to  the  electric  ones,  respectively.  We  also  need  to  define  the  multipole  fields  J 
that  are  identical  to  the  H  ’s,  eq.  (1),  but  for  the  substitution  of  the  spherical  Bessel  func¬ 
tions,  /t  ,  to  the  hi^  ’$.  Accordingly,  the  field  in  the  external  region  can  be  written  as 


E=EoI] 

pirn 


(2) 


whereas  in  the  interstitial  region 


E  =  f:oE 

pirn 


PiSMKo  ,  ro)  + 


P^iL  Hfe/  (Ko  ,  ri) 


and  within  the  inclusion 


E  =  £oE  Jfe’  (^1  -ri)  . 

pirn 


(3) 

(4) 


In  the  equations  above  the  AiSi  ’s  are  the  multipole  amplitudes  of  the  field  scattered  by  the 
whole  object  and  the  are  the  (known)  multipole  amplitudes  of  the  incident  planewave 
field  that,  according  to  their  definition  in  Appendix  A,  encompass  all  the  information  on  the 
direction  of  incidence  and  on  the  polarization;  the  PlSL  and  the  P^il,  are  the  amplitudes  of  the 
interstitial  field  and  the  Cjfi  are  those  of  the  field  within  the  inclusion,  'fhe  A’s  are,  there¬ 
fore,  the  main  unknowns  of  the  problem  a.s  all  the  relevant  quantities  can  be  expressed  in 
terms  of  them.  As  an  example,  the  nomalizeu  scattering  amplitude,  that  is  the  quantity  we 
are  mainly  interested  in,  can  be  written  as  [9] 


f=tEH) 


i\i+i 


im 


/lii?  X;„.(k  ten  )  +  iAl^  kjc«X  X/„(k  IC«) 


(5) 
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K,c*  =  being  the  scattered  wavevector,  and  the  dependence  on  the  polarization  as  well 
as  on  the  wavevector  of  the  incident  plane  wave,  K^nc  is  contained  in  the  To  calculate 
these  latter  we  have  tc  impose  the  appropriate  boundary  conditions  at  the  surface  of  the 
inclusion  as  well  as  at  the  surface  of  the  external  sphere.  According  to  eq.  (3),  not  all  the 
multipoles  of  the  interstitial  field  are  referred  to  the  same  origin,  so  that  we  have  to  use  an 
appropriate  addition  theorem  [13]  to  express  the  whole  field  with  respect  to  a  single  origin, 
before  the  boundary  conditions  are  applied.  Then,  the  procedure  we  found  more  convenient 
to  calculate  the  A’s  is  a  two-step  one:  in  the  first  step,  by  eliminating  the  Cs,  and  the  A's  as 
well,  by  means  of  the  equations  that  express  the  boundary  conditions,  we  are  confronted  with 
a  system  of  linear  non-homogenous  equations  for  the  P’s  only;  then,  we  get  the  A*s  from  their 
relations  with  the  Fs.  The  system  for  the  Fs  can  be  written  matrixw’ise  as 


or,  in  more  compact  form, 


ll— 0 

I’l 

o 

(Ro)"‘ 

Po  “ 

w 

A/P=  W  , 


(6) 


with  obvious  correspondence  of  the  symbols.  The  elements  of  all  the  submatrices  uppearing 
in  eq.  (6)  as  well  as  those  of  all  the  submatriccs  that  will  appear  hereafter  are  explicitly  given 
in  Appendix  A.  The  analogy  of  eq.  (6)  with  the  one  we  obtained  for  the  case  of  a  cluster  is 
quite  evident  [6],  In  particular,  the  present  equation  contains  terms  which  account  for  the 
scattering  power  of  the  inclusion  and  of  exteral  sphere  (the  diagonal  submatrices  Rj  and  Ro  , 
respectively)  as  well  as  terms  that  account  for  the  multiple  scattering  processes  between  the 
inclusion,  and  the  external  sphere  (  the  submatrices  Ij^  and  Rwlo^i)*  We  notice  that  the 
submatrices  1  arise  from  the  addition  theorem  of  reference  [13]  and  effect  the  translation  of 
the  spherical  multipoles  from  the  origin  to  ^he  center  of  the  inclusion  (h^)  and  viceversa 

To  solve  the  system,  eq.  (6),  we  have  to  invert  the  matrix  A/,  but  the  actual  calculation 
of  the  P’s,  on  account  of  the  particular  form  of  the  vector  W,  that  contains  a  subvector  of 
zeros,  involves  only  the  rightmost  columns  of  the  inverted  matrix.  So,  if  we  write  in  the 
partitioned  form 

Zj  Zoi 

^  ^  Zoi  Zo  ’ 

where  all  the  submatrices  are  of  the  same  order  as  the  conrresponding  ones  appearing  in  A/, 
and  define  the  rectangular  submatrix 


the  P’s  are  given  by  the  equation 


The  A’s  arc  then  given  by  the  equation 


P  =  ZW, 


A  -  TP  =  SW, 


where  Vis  the  rectangular  matrix 

T  =  Mh/Iq^i  Mq  , 

The  rightmost  form  of  cq.  (7)  evidences  that  the  nuiltipolc  amplitudes  of  the  scattered  field 
are  obtained  by  operating  on  the  amplitudes  of  the  incident  field  with  the  matrix  S-TZ  that 
includes  all  the  information  on  the  geometrical  structure  and  on  the  scattering  power  of  our 
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scattercrs. 


The  matrix  M  is  in  principle  of  order  4Lm(/-m+2),  if  is  the  highest  value  of  / 
retained  in  the  multipolar  expansions  of  the  fields,  eq.  (2)‘(4),  and  its  inversion  is  thus 
responsible  for  the  main  bulk  of  our  calculations.  Nevertheless,  since  the  scattercrs  wc  deal 
with  in  this  paper  have  a  cylindrical  symmetry,  group  theoretical  techniques  can  be  used  to 
factorize  M  [14,15]:  the  maximum  order  of  the  matrices  to  be  inverted  reduces,  in  this  case, 
to  4Lm  ;  only.  It  is  well  known,  however,  that  this  factorization  can  be  achieved  without 
using  the  machinery  of  the  group  theory  sirnplv  by  choosing  the  cylindrical  axis  as  the  z-axis 
(16). 

As  anticipated  in  the  preceding  section,  we  are  also  able  to  calculate  the  macroscopic 
optical  constants  of  a  medium  formed  by  a  low-density  dispersion  of  inclusion-containing 
spheres  identical  to  each  other  and  with  random  orientations.  In  general,  the  macroscopic 
optical  crnstanls  for  the  propagation  of  a  plane  wave  through  a  low  density  dispersion  of 
anisotropic  particles  are  given  by  the  matrix  of  the  refractive  index  [17] 

N^.  ^-n  b^.  +  j^s  p{e)f^ie)de ,  (8) 

where  /)(0)  is  the  number  of  paiticles  per  unit  volume  with  orientation  6  ,  this  latf:  being  a 
shorthand  for  the  Euler  angles  that  individuate  the  orientation  of  each  particle.  In  eq.  (8)  the 
in;  ices  tj, if =1,2  refer  to  a  pair  of  unit  vetlors,  ei  and  e2  ,  orthogonal  to  each  other  and  to 
kjne  'vith  respect  to  which  we  analyze  the  state  of  polarization  both  of  the  incident  and  of  the 
scattered  wave.  Accordingly 

/w'(«)  =  («)•«!' 

is  the  component  along  e,^-  of  the  forward-scattering  amplitude  of  a  particle  with  orientation  0 
when  excited  by  a  plane  wave  with  e  =  e,,  .  In  particular,  the  macroscopic  refractive  index 
and  the  extinction  coeffeient  of  the  dispersion  are  related  to  the  diagonal  elements  of 
according  to 

=  Re[A/^]  .7,  =  , 

respectively.  Equatio  'S)  is  valid  provided  that  the  den.^'ity  of  the  di.spersion  is  so  low  that  the 
fields  scattered  by  the  whole  medium  can  be  approximated  by  the  ‘superposition  ol  the  fields 
scattered  by  the  single  isolated  objects.  Although  this  amounts  to  neglect  the  multiple 
scattering  processes  that  may  occur  among  different  particles,  the  approximation  is  fairly 
acceptable  for  sufficiently  tenuous  media.  To  calculate  the  integral  in  cq.  (8)  one  has  to  recall 
that  the  mullipolc  fields  transform  under  rotation  according  to  the  representations  of  the 
Ihree-dimcLsional  rotation  group  [18].  As  fully  explained  in  ref.  (9),  this  implies  that  once  f 
is  known  for  a  scaltcrcr  with  orientation  0o  it  is  immediately  known  for  any  other  identical 
scattcrer  with  orientation  0  .  Therefore,  assuming  that  the  scattercrs  are  uniformly  distributed 
nil  the  orientations,  the  integral  can  be  performed  analytically  with  the  result 

where  p  is  the  total  number  of  the  scattercrs  per  unit  volume  and 

/  f/n'  =  f  » 

where  f  ,,  must  be  calculated  as  f,,(0),  eq.  (5),.  but  with 

p'm‘ 

h  is  to  be  bor^.c  in  mind  that  the  definition  of  /  turns  out  to  be  independent  of  the  orienta¬ 
tion  00  choose  calculate  the  matrix  elements  of  S. 


3.  Results  and  discussion 

As  far  as  we  know,  no  experimental  data  are  presently  available  on  the  scattering  pro¬ 
perties  of  the  kind  of  objects  we  deal  with  in  this  paper.  Therefore,  we  felt  necessary  to  per¬ 
form  extensive  and  careful  tests  on  the  results  yelded  by  our  formalism.  First  of  all,  we  ver- 
ifed  that  the  scattering  amplitude  conforms  to  the  symmetries  that,  as  shown  by  van  dc  Hulst 
[1],  it  must  display.  Secondly,  we  dealt  with  the  properties  that  our  scattcrers  must  have 
when  all  the  refractive  indices  are  real;  in  particular  the  coincidence  of  the  extinction  cross 
section  and  of  the  scattering  cross  section  was  checked.  Then,  the  limiting  case  of  a  concen¬ 
tric  inclusion  with  the  consequent  identification  of  the  scattering  properties  with  those  of  a 
stratified  sphere  was  also  considered.  At  last,  we  dealt  with  the  limiting  cases  that  occur  for 
particular  values  of  the  refractive  indices.  For  instance,  we  followed  the  vanishing  of  the 
scattering  when  rio—n  and  rti^n  as  well  as  the  coincidence  of  the  results  with  those  for  (he 
bare  inclusion  centered  off  the  origin  when  tii  is  held  fixed  and  All  these  tests  were 

positive  for  any  choice  of  the  parameters  and  confirmed  that  sonic  of  the  features  wc  noticed 
in  our  preceding  studies  on  aggregated  spheres  [19]  persist  even  in  the  present  case.  I'hc  test 
that  reduces  the  eccentric  inclusion  to  a  bare  sphere  off  the  origin  is  particularly  significant 
for  it  involves  the  matrices  and  that  effect  the  transfer  of  origin  of  the  mtillipole 
fields  according  to  the  addition  theorem  of  ref.  [13].  'Fhe  numeric  results  coincide  fairly  well 
with  those  that  can  be  obtained  directly  for  the  bare  sphere  off  the  origin,  but  as  a  conse¬ 
quence  of  the  intervention  of  the  transfer  matrices  the  multipole  expansion  must  be  extended 
to  higher  values  of  I  in  order  to  ensure  the  convergence  to  the  same  precision.  This  is  a  very 
general  condition  that  occurs  in  all  our  calculations  not  only  in  the  present  paper  but  also  in 
our  previous  studies  of  the  scattering  properties  of  aggregated  spheres.  In  fact,  we  systemati¬ 
cally  found  that,  whenever  dependent  scattering  occurs  so  that  the  use  of  the  transfer 
matrices  is  necessary,  the  value  of  that  guarantees  the  convergence  of  the  results  is  larcger 
than  the  values  of  all  the  that  ensure  the  same  convergence  for  all  the  individual 

spheres.  We  give  here  also  a  further  result  from  our  studies  on  dependent  scattering:  the 
value  of  Lm  that  ensures  both  the  fulfilment  of  the  due  symmetry  properties  and  the  coin¬ 
cidence  of  the  extinction  and  scattering  cross  sections  when  the  refractive  indices  arc  real  is 
smaller  than  the  one  that  insures  the  convergence.  As  a  consequence,  the  fulfilment  of  the 
symmetry  properties  does  not  gurantee  the  accuracy  of  the  results. 

Our  successive  step  has  been  the  application  of  our  formalism  just  to  the  same  scattcrer 
dealt  with  by  Fikioris  and  Uzunoglu  and  the  comparison  of  our  results  with  (hose  reported  by 
these  authors.  We  recall  that  the  object  we  refer  to  is  a  sphere  of  refractive  index  and 

size  parameter  Jro=2,  centered  at  the  origin,  containing  a  sphere  with  nx=\n  and  Xj -1,  a  c 
the  center  on  the  x-axis.  The  external  medium  is  assumed  to  be  the  vacuum  {  n=l  ).  In  our 
opinion,  the  most  significant  comparison  is  the  one  we  effected  in  fg.  2  between  the  back- 
scattering  efficiencies  for  incidence  along  the  symmetry  axis  vs.  the  eccentricity,  x^^kz  , 
where  z  is  the  coordinate  of  the  center  of  the  inclusion.  It  is  quite  evident  at  first  glance  that 
the  general  shape  of  the  curves  is  similar  but  that  the  numerical  values  arc  quite  different.  To 
explain  the  origin  of  this  discrepancy  we  remark  that  (he  curves  do  not  completely  agree  nei¬ 
ther  when  the  inclusion  is  centered.  In  fact,  with  reference  to  our  present  notation,  Fikioris 
and  Uzunoglu  expand  the  terms  (Ri)“\  eq.  (6),  as  well  as  the  amplitudes  of  (he  interstitial 
field,  P^iln,  in  powers  of  (ni-no)Ai=0.4,  according  to  their  choice  of  the  parameters,  and 
retain  terms  up  to  the  second  order  only.  Unless  the  expansion  i.s  completely  convergent,  (his 
procedure  alters  the  scattering  power  of  the  inclusion,  and  this  alteration  is  always  effective, 
even  when  the  inclusion  is  concentric.  Of  course,  when  the  inclusion  is  off  center  the  effect 
of  the  expansion  becomes  more  visible,  as  expected,  for  expanding  the  F\s  alters  also  the 
strength  of  the  coupling  between  the  inclusion  and  the  external  sphere.  These  considerations 
should  explain  why  the  curves  in  fig.  2  tend  to  diverge  with  increasing  X]i  and  suggest  (hat  the 
power  scries  expansion  of  Fikioris  and  Uzunoglu  is  not  comnpletely  convergent.  A  close 
examination  of  the  values  for  the  expanded  amplitudes  reported  in  Table  I  of  ref.  [5]  .shows 
that  this  is,  indeed,  the  case.  For  all  values  of  /  the  first  and  second  order  terms  in  the 
expansion  of  the  T’s  are  of  the  same  order  of  iiiagnitude,  so  that  there  is  no  guarantee  that 
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the  third  order  terms  arc  truly  negligible.  Furthermore,  we  found  that  neither  the  inultipole 
expansion  of  Fikioris  and  U/.unoglu  is  perfectly  convergent:  according  to  our  previous  con- 
sidcraiions  one  expects  that  their  value  of  quite  adequate  for  the  bare  inclusion,  but 

from  our  calculations  Lm=6  seems  at  least  necessary  to  achieve  an  accuracy  of  =1  %.  As  a 
consequence,  the  fact  that  the  calculations  of  I'ikioris  and  Uzunoglu  fulfil  the  symmetry  pro¬ 
perties  implies  only  that  is  sufficient  to  achieve  this  effect  and  that  the  power  scries 

expansion,  as  often  occurs,  docs  not  affect  these  properties. 

As  for  th^  angular  dependence  of  the  scattered  intensity,  the  curves  from  our  calcula¬ 
tions,  apart  from  vertical  shifts,  compare  fairly  well  with  those  in  fg.  5  of  ref.  [5],  so  that  this 
comparison  docs  not  deserve,  in  our  opinion,  a  specific  figure.  The  similarity  of  the  angular 
behavior  is  in  no  way  surprising,  indeed,  as  an  examination  of  the  formalism  shows  that  the 
dependence  on  the  polarization  and  on  the  direction  of  incidence  is  contained  in  the  vector 
W,  cq.  (6),  while  the  dependence  on  the  direction  of  observation  is  contained  in  the  vector 
spherical  hamonics  in  f,  cq,  (5):  both  these  quantities  are  untouched  by  the  scries  expansion. 
On  the  other  hand,  the  vertical  shifts  arc  easily  f*ccounted  for  because  the  amplitudes 
that  appear  in  f  do  arc  affected  by  the  scries  expansion. 

Considerations  very  similar  to  the  ones  reported  above  can  explain  any  further  differ¬ 
ence  between  our  results  and  those  of  ref.  (5).  Ultimately,  we  arc  lead  to  conclude  that  the 
range  of  applicability  of  the  approximational  procedure  of  Fikioris  and  Uzunoglu  is  narrower 
than  one  could  expect  so  that,  in  general,  it  is  wise  to  resort  to  the  exact  procedure. 

Our  specific  calculations  are  performed  with  reference  to  the  same  geometry  referred  to 
above:  the  external  sphere  is  centerd  at  the  origin  and  the  center  of  the  inclusion  always  lies 
on  the  z-axis.  The  incident  field  is  a  plane  wave  whose  wavevector  in  individuated  by  the  polar 
angle.s  and  ^irtc  *»  hi  turn  the  wavevector  of  the  scattered  wave  is  individuated  by  the  polar 
angles  and  •  Our  calculations  were  performed  with  ^^ioc-0,ff/4,ff/2,  and  and, 

indicating  by  0(0<0<n)  the  angle  of  scattering, 

0,c*  =  4c  +  0  ,4>,ct  =  0  for  (Sine  +  , 

«,C..  =^2ir-  (0i„c  +  fl)  =  JT  for  0i„c  +  0>r  , 

Therefore  the  scattering  pia  ic  coincides  with  the  x-z  plane;  the  polarization  vector  both  of 
the  incident  and  of  tl  ui:o*cd  field  is  always  parallel  (e  =  cj)  or  orthogonal  (e  ^  €2) 
that  plane. 

The  scattering  properties  are  desribed  through  the  normalized  scattering  amplitude: 
more  precisely,  wc  report  the  qnaiifities  (10] 

K/^o  KpS 

that,  on  account  of  the  definition  of  f,,  eq.  (5),  are  ^dimensional  and  independent  of  the 
radius  of  the  spheres.  Wc  also  report  the  quantities  P  and  Q  that  arc  meaningful  for  for¬ 
ward  scattering  only  and  are  identical  to  T(0)  and  2(0)  ,  respectively,  but  for  the  substi¬ 
tution  of  f  f(0).  According  to  the  preceding  section,  P  and  Q  give  information  on  the 
macroscopic  optical  properties  of  a  low-density  dispersion  of  the  scatlcrcrs  wc  deal  with. 

vSince  the  objects  wc  arc  interested  in  have  a  size  parameter  Xq  >  h  the  value  of 
that  is  necessary  <0  get  fully  converged  results  turns  outto  be  rather  large  and  the  factoriza¬ 
tion  of  Af  referred  to  in  the  preceding  section  is,  therefore,  very  useful  to  reduce  the  compu* 
talional  effort.  As  a  criterion  of  full  convergence  we  lequircd  that,  with  respect  to  the  any 
increase  of  7.^,  our  results  be  stable  at  least  to  4  significant  digits;  this  accuracy  is  by  far 
higher  than  required  for  any  graphical  display.  It  may  be  interesting  to  notice  that,  in  agree¬ 
ment  with  the  remarks  by  other  w'orkers  dealing  with  dependent  scattering  from  aggregated 
spheres,  we  met  the  slowest  convergence  when  the  surfaces  of  the  inclusion  and  of  the  exter¬ 
nal  sphere  touch  each  other  (20). 
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Hereafter  we  present  the  results  of  our  calculations  for  a  dielectric  external  sphere  with 
refractive  index  -  this  value  describes  satisfactorily  the  optica]  properties 

of  spheres  of  acrylic  in  a  large  frequency  range  [10]  -  containing  either  a  metallic  inclusion 
(sect.  3.0.1)  or  an  empty  cavity  (sect.  3.0.2).  In  both  cases  the  external  medium  is  assumed  to 
be  the  vacuum  (n  *  1 ). 

3.Q.1*  Metallic  Inclusion  in  a  dielectric  sphere 

Hie  size  parameter  of  the  dielectric  sphere  and  of  the  inclusion  are  xp=^3  and 
respectively,  so  that  the  ratio  of  their  radii  is  pdIpm^^*  The  eccentricity  of  the  inclusion  can 
range  from  jr£«0,  when  the  inclusion  is  concentric,  to  X£^±2,  when  it  is  tangent  to  the  sur¬ 
face  of  the  external  sphere.  In  our  calculations  of  f(0),  i.  e.  when  forward  scattering  is  con¬ 
sidered,  the  z-coordinate  of  the  center  of  the  inclusion  assumes  both  positive  and  negative 
values.  However,  since  our  scattering  amplitude  rigorously  fulfil  the  due  symmetry  properties 
[1],  we  will  report  only  the  results  for  jr£>0.  The  dielectric  properties  of  the  metallic  inclu¬ 
sion  are  assumed  to  be  well  described  by  the  free  electron  Drude  function 

1 

Cm  =  1—  .  , 

K^+^7) 

where  ,Up  being  the  plasma  frequency.  In  our  calculations  we  assume  7^0.01  and 

choose  i/=0.1  because  for  most  metals  this  value  of  i/  corresponds  to  a  frequency  in  the  visible 
or  in  the  infrared  range  [21]:  the  resulting  refractive  index  of  the  inclusion  is 
/iis /ia/ «  ss  0.4994  + 19,9126.  The  results  we  are  going  to  discuss  required  at  most 
Lm  =  10  to  reach  full  convergence  in  the  sense  explained  above. 

The  quantities  /^(O)and^(O)  as  a  function  of  xe  for  the  three  directions  of  incidence 
referred  to  above  and  for  polarization  both  parallel  and  orthogonal  to  the  scattering  plane  are 
r^ortedjn  figs,  3a  and  3b,  respectively.  In  the  same  figures  we  also  report  the  averages 
P  and  Q  that,  according  to  the  discussion  of  the  preceding  section,  are  independent  both  of 
the  direction  and  of  the  the  polarization  of  the  incident  wave.  Of  course,  also  P(0)  and  ^(0) 
are  independent  of  the  polarization  when  the  direction  of  incident  wavevcctor  lies  along  the 
symmetry  axis  (^i^c  —  0)>  but,  when  ^^inc  =  and  =  ff/2  ,  they  become  strongly  depen¬ 
dent  on  the  polarization.  A  further  interesting  remark  is  at  hand  in  the  results  of  figs.  3.  If 
we  consider  only  one  state  of  polarization,  either  parallel  or  orthogonal,  the  curves  for 
P  and  Q  not  always  lie  within  the  curves  for  the  various  incidences,  contrary  to  what 
would  be  j^xpected  of  averaged  quantities.  This  effect  is  due  to  the  contributions  to 
P  and  Q  ,  coming  from  scatterers  so  oriented  that  their  symmetry  axis  do  not  lie  in  the 
scattering  plane.  These  contributions  are  never  explicitly  computed  but  arc  automatically 
accounted  for  by  our  analytic  averaging  procedure.  Indeed,  the  response  of  a  scattcrer  with 
its  symmetry  axis  not  lying  in  the  scattering  plane  is  easily  recognized  as  identical  to  the 
response  of  a  scatterer  with  its  axis  in  that  plane  when  this  latter  object  is  excited  by  a  wave 
with  an  appropriate  state  of  polarization  that,  in  general,  is  neither  parallel  nor  orthogonal. 
Therefore  the  above  mentioned  response  must  be  a  linear  combination  of  the  responses  for 
parallel  and  orthogonal  polarization  and,  since  the  scattering  properties  of  the  objects  we  are 
dealing  with  here  show  a  noticeable  sensitivity  to  the  state  of  polarization,  we  got  the  seem¬ 
ingly  anomalous  behavior  of  P  and  Q  described  above. 

As  a  reference  we  also  calculated  P{0)  and  Q(0)  for  a  homogeneous  dielectric  sphere 
either  with  the  same  radius  of  the  external  sphorc  {PhiO)  -  1.3173  and  Qh{0)  =  3.9117)  or  con¬ 
taining  the  same  quantity  of  dielectric  material  as  the  sphere  with  the  inclusion 
(P^(0)  1.3151  andj2^(0)  «=  3.9044).  Indeed,  a  comparison  of  these  values  with  those  of  the 

curves  in  figs.  3a  and  3b  will  give  a  better  insight  into  the  effect  of  the  very  presence  of  the 
inclusion  and  of  its  eccentricity  as  well.  Let  us  remark,  first  of  all,  that 
Ph{0)  andP^(O)  as  well  as  QniO)  ^ndQ^iO)  differ  very  little  from  each  other  because  the  ratio  of 
the  volumes  of  the  homogeneous  spheres  defined  above  is  27/26  on  account  of  our  choice 
PdIpu  Moreover,  the  values  of  P(0)  and  (2(^)  ^  sphere  with  a  centered  inclusion  ( 

Z£  =  0  )  are  remarkably  different  from  the  corresponding  values  for  the  homogeneous 
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dielectric  spheres  of  both  sizes  considcred  above.  When  increases  the  difference  of  P  and 
Pk{0)  and,  specially,  that  of  Q  and  Qh(fi)y  tend  to  decrease  while  the  behavior  of  the  differ¬ 
ence  of  P(0)  andP;^(0)  as  well  as  that  of  and  ()(0)  and  Qh(^)  depends  on  the  direction 
of  incidence  and,  in  general,  also  on  the  polarization.  In  fact,  the  spread  of  the  curves  of  P(0) 
and  (2(0)  is  rather  large  and  reaches  its  maximum  at  =2  (fig.  3a)  and  for  X£=1.15— 1.35  (fig. 
3b),  respectively. 

In  figs.  4  we  show  Q{0)  vs.  P{B)  for  parallel  polarization  and  for  =  0  (fig.4a), 
^inc  =  (fig-4b)  and  —  ^/2  (fig.  4c).  In  each  figure  we  report  the  curves  for  the 
extreme  values  of  the  eccentricity  {xe  =2  and  xe  =  -2)  as  well  as  the  curve  for  the  centered 
inclusion  {xe  =  0)  ;  as  a  reference,  the  curve  of  P^(^)  vs,  Qf,{0)  is  also  reported.  Of  course, 
both  the  curves  for  the  centered  inclusion  and  for  the  homogeneous  sphere  do  not  depend  on 
the  incidence  and  are  thus  the  same  in  all  these  figures.  It  is  easily  seen  that  the  curves  for 
the  spheres  with  an  eccentric  inclusion  are  rather  different  from  each  other  and  differ  also 
from  those  both  for  the  sphere  with  a  centered  inclusion  and  for  the  homogeneous  sphere. 
For  forward  scattering  (0  =  0),  the  curves  for  the  two  eccentric  positions  stick  together  as 
expected  on  account  of  the  symmetry  properties  of  the  .scattering  amplitude.  At  all 
incidences  the  position  of  the  inclusion  within  the  external  sphere  has  an  evident  effect  on  the 
shape  of  the  P-Q,  curves,  although  the  general  behavior  remains  unchanged.  When  the 
incidence  is  orthogonal  to  the  symmetry  axis  {0  =n/2)  the  curves  for  —  2  and  forx£  «  -2 
stick  together  not  only  for  forward  scattering  (0  =  0)  but  also  at  backscattering  (0  =  x)  as 
required  by  an  obvious  symmetry  properly  of  tie  matrix  of  the  scattering  amplitude  (fig.  4c). 

We  do  not  report  the  curves  we  calculated  for  orthogonal  polarization  because,  although 
the  values  we  obtained  are  numerically  rather  different  from  those  for  parallel  polarization, 
the  general  .shape  and  properties  of  the  curves  are  identical  to  those  reported  in  figs.  4  and  do 
not  deserve,  in  our  opinion,  a  separate  comment. 

3.0,2.  Empty  cavity  in  a  dielectric  sphere 

The  size  parameter  of  the  dielcctiric  external  sphere  and  of  the  empty  cavity 
(Hi  =nc  =1)  are  Xp  =  4.3410  and  Xc  —  2.1705,  respectively,  and  the  ratio  of  their  radii  is 

Pp/Pc  =  2  .  As  a  consequence,  the  eccentricity  can  range  from  X£  -  0  X£  =  ±2.1705  .  Our 
choice  of  np  1.61  ±  /0.004  and  of  Xp  -  4.341  is  due  to  the  fact  that,  as  noted  above,  the 
experimental  scattering  properties  of  a  solid  dielectric  sphere  with  these  features  are  known, 
so  that  we  used  such  an  object  as  a  reference  scatterer  to  test  the  reliability  of  our  calcula¬ 
tions.  In  the  present  case  the  convergence  of  the  results  required  at  most  «  8. 

The  main  body  of  our  results  is  displayed  in  figs.  5a  and  5b  that  axe  analogous  to  figs. 
3a  and  3b,  respectively.  As  compared  with  the  results  of  the  preceding  subsection  the 
present  results  show  a  less  strong  dependence  on  the  polarization  and  in  particular  this  depen¬ 
dence  is  rather  weak  for  Q(0)  (fig.  5b).  As  an  immediate  consequence  of  this  weak  depen¬ 
dence  we  notice  that  the  curves  of  P  and  Q  always  lie  within  the  curves  of  P(0)  and  Q{0)  for 
a  single  polarization  although  those  latter  refer  only  to  orientations  with  the  symmetry  axis  in 
the  scattering  plane.  The  results  both  for  the  solid  dielectric  sphere  with  radius  equal  to  that 
of  the  external  sphere  (the  reference  sphere  mentioned  above)  and  of  the  sphere  containing 
the  same  quantity  of  dielectrcc  material  as  the  sphere  with  the  inclusion  are 
Pf^  (0)  =-0.9238,2;,  =3.8373  and  Pc  =-0.7796, 2c  -4.1082  ,  respectively.  In  the  present  case 
these  values  arc  noticeably  different  from  each  other  since  the  ratio  of  the  radii  pdIpc  =2 
implies  that  the  ratio  of  the  volumes  is  8/7.  Furthermore,  the  relative  positions  of  these  values 
show  that  P(0)  and  2(0)  ^  homogeneous  sphere  are,  in  this  range,  decreasing  functions  of 

the  size  parameter.  Both  figs.  5a  and  5b  show  that  even  in  the  present  case,  P  andspecially2 
as  the  eccentricity  increases,  tend  to  reduce  their  diffence  both  from  Ph{0)  and  2a(0)  and 
from  Pc{0)  and  2c (0)  •  The  spread  of  the  values  for  the  different  incidences  we  considered 
reaches  a  rather  large  maximum  at  the  highest  value  of  the  eccentricity. 
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Although  we  performed  also  calculations  analogous  to  those  displayed  in  iigs,  4a-c,  we 
resolved  not  to  report  the  results  because  they  do  not  evidence  any  new  significant  feature 
worth  of  a  separate  comment. 

4.  Conclusions 

The  results  we  described  in  the  preceding  section  are  only  a  small  sample  of  the  large 
body  of  calculations  that  could  be  performed  on  the  cases  of  interest.  They  were,  in  fact, 
chosen  as  representative  examples  of  the  physical  situations  one  can  meet  in  dealing  with 
scatterers  of  this  kind.  By  comparing  the  results  for  the  two  kinds  of  inclusion  we  dealt  with 
in  this  paper  it  is  quite  clear  that  the  evidence  of  the  effects  we  described  tend  to  vanish  when 
the  difference  of  the  dielectric  function  of  the  external  sphere  and  of  the  inclusion  becomes 
small.  The  tests  we  discussed  in  the  preceding  section,  strongly  suggest  that  even  in  this  limit- 
ing  case  any  approximation  procedure  should  be  carefully  checked,  on  account  of  the 
transfers  effected  by  the  matrices  /  and  of  the  consequent  complicated  couplings  among  the 
equations  for  the  multipolar  amplitudes. 

In  our  opinion  the  results  we  showed  in  the  preceding  section  succeeded  in  proving  that 
the  presence  of  an  eccentric  inclusion  within  an  otherwise  spherical  object  is  quite  detectable. 
The  eccentricity,  in  fact,  introduces  polarization  effects,  that  are  absent  in  homogeneous 
spheres  as  well  as  in  spheres  with  concentric  inclusions,  /.  e.when  a  true  spherical  symmetry 
is  present;  furthemore,  the  eccentricity  itself  changes  the  response  both  in  the  forward  as  well 
as  in  the  non-forward  scattering.  We  are  not  able  to  present  experimental  data  against  which 
the  reliability  of  our  results  can  be  compared.  Nevertheless,  the  magnitude  of  the  effects  we 
evidenced  may  encourage  specific  experimental  research  on  the  subject. 


Appendix  A 

In  this  appendix  *ve  will  go  through  the  formulae  of  sect.  2  and  give  the  explicit  expres¬ 
sion  of  the  elements  of  the  submatrices  we  used  in  this  paper.  The  multipole  amplitudes  of 
the  incident  plane  wave,  are  the  elements  of  the  one-column  submatrix  W,  eq.(6),  and 
are  defined  as 

(ki„c)  =  4  «•'  (kinc)  =  4  «•'  (ki„cXi)X*;„(ki„,)  , 


Next,  it  is  convenient  to  introduce  the  notation 


-no  -  rt 

n  I  =  —  -1  ,  no  =  —  -1, 
no 


and  the  functions 


Ui{x)  =  xjlix) ,  Wi{x)  =  xhi(x)  , 

that  help  to  write  in  compact  form  the  elements  of  the  matrix  R| ,  that  characterizes  the  single 
inclusion  we  consider  in  this  paper,  as  well  as  the  matrices  Ro  >  Rw  >  Mq  and  Mh^  ,  that 
characterize  the  sphere  containing  the  inclusion.  The  matrices  Ri  ,  Ro  andRiv  diagonal 
with  elements 
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,/m'  =  ^pp'h'^mm'R^  . 


where 


R^\  = 


(1 ^  i^pj)“/(^iPi)»'/(^oPj)  -  i^p2)u'i{KiPi)ui{Kopi) 

(1  +  n  i6pt)ui{,Kipi)w'i{Kopi)  -  (1  +  n  i6p2)u'i{KiPi)'Wi(Kopi) 


=  *  [(1  +  w  ii^piUi{K(ipQ)w'i{KpQ)  —  (1  +  rt  /(^oPo)**'/(^Po)]~*  » 

=  — i  [(1  +  n  o^piy^i{Kopo)w't{Kpa)  -  (1  +  n  o^/>i'*'/(^o/>o)*''/(^/’o)]  > 

respectively.  /?^})  and  coincide  with  the  Mie  coefficients  h/  and  ai  ,  respectively,  for 
the  scattering  by  a  homogeneous  sphere  of  radius  pi  and  refractive  index  ni  embedded  in  a 
homogeneous  medium  of  refractive  index  no.  Also  the  matrices  Miv  and  Mo  are  diagonal 
with  elements 


and 


where 


and 


»  I  [(1  +  n  oSp2Wt{KoPo)u){KpQ)  —  (1  4*  n  o^p2^){KoPo)^i(f^Po)] 


=*  /  [(1  + /I  QbpiUi{KQp(^u*i{KpQ)  —  (1  +  n  o^p2^*i{^oPo)^t{K.Po)\ 

respectively.  Finally,  we  define  the  elements  of  the  matrix  li,_o  ,  that,  as  explained  in  sect.  2, 
effects  the  transfer  of  origin  of  the  multipole  fields  Ro  Ri  •' 


)pC(l,/+l-i^-  ,  /;-//  ,  m  +  //)  X 
!> 


X  ^l+li—ipp'  ,m+p  ;l',tn'+pi^0  >  M  +  //)  , 

where  Rio  =»  Ro  -  Ri  and 
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In  the  preceding  equations  the  Os  are  the  Clebsch-Gordan  coefficients  and  the  quantities  4 
are  the  Gaunt  integrals  [7]  that  are  defined  as 

/x(/,m;/>')  =  /y^y%.yx.«.^dn 

The  elements  of  the  matrix  lo._i  ,  that  effect  the  transfer  from  the  site  Rj  to  the  site  Ro  can 
be  obtained  from  the  expressions  given  above  by  substituting  Roi  to  Rio  • 

As  the  last  item  of  this  appendix  we  make  a  comparison  between  the  definition  of  the 
scattering  amplitude  we  adopted  in  our  formalism  with  the  corresponding  definitions  assumed 
in  some  authoritative  textbooks.  According  to  Jackson  (12),  we  assume  that  the  phase  of  the 
incident  plane  wave  field  propagating  through  a  homogeneous  medium  is 

^(+)  a,  /(n^+^k*  r  -  (jt)  , 


where  is  the  (in  general  complex)  refractive  index  defined  as 

/,(+)  z=  n'  +  in"  . 

For  the  normalized  scattering  amplitude  f  we  use  just  the  definition  of  Jackson 

where  is  the  scattered  field.  Bohren  and  Huffman  [22]  as  well  as  Bayvel  and  Jones  [23] 
assume  different  definitions  for  the  scattering  amplitude  that  are  related  to  that  of  Jackson 
through  the  relations 


/  = 


Sbh  = 


Sbj 


van  de  Hulst  makes  a  different  choice  of  the  phase: 

=  —  i(/|(”^k»  r  -  ut)  , 


with 


)  <=  n'  -  ii 


in 


Therefore, 


=  n(+)  , 

and 

El-)*  _  =s 


266 


whence  the  relation  of  his  noninialized  scattering  amplitude  with  the  /defined  above  follows: 
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5.  Figure  Captions 


Figure  1.  Sketch  of  the  three  regions  into  which  the  space  is  partitioned.  In  actual  calcula¬ 
tions  the  center  of  the  external  sphere  coincides  with  the  origin  and  the  center  of  the  inclu¬ 
sion  lies  on  the  ^-axis. 


Figure  2.  Backscattering  efficiency,  »  (4/i^/Po)  l/(^  -  >  where  A  =  rpl  and  0  is 

the  angle  of  scattering,  as  a  function  of  X£.  The  dotted  curve  shows  the  approximate  results 
of  Fikioris  and  Uzunoglu  (fig.  2  of  ref.[5]),  while  the  solid  curve  shows  our  results  for  the 
same  scatterer. 

Figure  3.  F(0}  (a)  and  Q(0)  (b)  as  a  function  of  jtf  for  a  dielectric  sphere  containing  a  metal¬ 
lic  inclusion  (solid  curves).  The  curves  are  labelled  by  the  values  of  and,  when  necessary, 
ii  is  also  indicated  wether  the  polarization  vector  is  paraUel  (/)  or  perpendicular  (r)  to  the 
scatterinig  plane.  The  figures  also  show  P  fig.  3a.  and  Q  ,  fig.  3b,  as  a  function  of  xe  (dot¬ 
ted  curve). 


Figure  4.  P{B)vs,  Q{0)  as  a  function  of  ^  =  0  (a)  ,  ^inc  =  (b)  and  ^inc  =  ^/2  (c) 

for  a  dielectric  sphere  containing  a  metallic  inclusion.  The  hollow  circles  mark  a  30  ^  incre¬ 
ment  of  $  ;  the  forward  scattering  side  is  marbed  F.  The  solid  curves  are  for  Xe  —  -2  (B) 
and  ;c£  =  2  (T^  respectively.  The  dotted  curve  refers  to  Xe  =0  (centered  inclusion).  For 
the  sake  of  comparison  we  also  report  Pk{B)  vj.  Qk(B)  (dashed  curve). 

Figure  5.  P{0)  and  Q(0)  (b)  as  a  function  of  Xe  for  a  dielectric  sphere  containing  an  empty 
cavity  (solid  curves).  The  curves  are  labelled  by  the  values  of  B^^^  and,  when  necessary,  it  is 
also  indicated  wether  the  polarization  vector  is  parallel  ( /)  or  perpendicular  (r)  to  the  scatter¬ 
ing  plane.  The  figures  also  show  P  ,fig.  5a  and  Q  ,  fig.  5bas  a  functionoix^  (dotted 
curve).  The  maximum  value  of  the  eccentricity  is  Xe  =  2.1705  . 
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ABSTRACT 

Theoretical  procedures  are  described  for  the  determination  of  the  electromagnetic  fields  for 
an  arbitrary  field  (plane  wave,  focused  beam,  etc.)  incident  on  layered  particles  of  spherical, 
near-spherical,  circular  cylindrical,  and  near-circular  cylindrical  geometries.  Presented  calculations 
indicate  that  even  a  relatively  thin  layer  around  an  otherwise  homogeneous  core  can  significantly 
affect  the  internal  electromagnetic  field  distribution  of  the  particle.  Future  work  will  include  the  use 
of  spheroidal  wave  function  solutions  for  the  analysis  of  layered  particles  with  appreciably  elongated 
or  appreciably  flattened  geometries. 

I.  INTRODUCTION 

Procedures  for  the  theoretical  determination  of  the  electromagnetic  fields  for  an  arbitrary 
field  (plane  wave,  focused  beam,  etc.)  incident  on  homogeneous  particles  of  spherical^  and  near- 
sphericai^  geometries  have  been  previously  developed.  In  this  paper,  the  homogeneous  particle 
procedures  have  been  extended  to  permit  the  analysis  of  layered  particles.  Applications  include  the 
modeling  of  laser  interactions  with  biological  particles  (e.g.,  a  bacteria  modeled  as  a  homogeneous 
core  surrounded  by  a  relatively  thin  cell  wall)  and  laser  interactions  with  layered  aerosols. 

IL  GENERAL  THEORY 

The  theoretical  procedures  for  the  determination  of  the  electromagnetic  fields  for  an  arbitrary 
field  incident  on  layered  particles  of  spherical,  near-spherical,  circular  cylindrical,  and  near-circular 
cylindrical  geometries  are  described  in  detail  in  Ref.  3,  only  an  overview  of  the  development  will 
be  presented  here. 

A  layered  particle  of  general  geometry  consisting  of  a  homogeneous  "core”  (material  1)  enclosed 
by  a  homogeneous  "layer”  (material  2)  is  considered.  The  layered  particle  is  surrounded  by  a 
homogeneous,  nonabsorbing,  infinite  medium  (the  external  material).  A  monochromatic  field, 
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presumed  known,  is  incident  on  the  particle.  Within  each  of  these  three  homogeneous  regions,  the 
electric  and  magnetic  field  vectors  satisfy  the  Helmholtz  equation, 

(1) 

and 

+  k^H  =  0. 

(2) 

If  Hjn,  is  a  scalar  eigenfunction  of  the  Helmholtz  equation, 

^  “1“  =  0, 

(3) 

then  corresponding  vector  eigenfunctions  of  the  Helmholtz  equation  can  be  determined 

from  the  operations 

Mlm  =  '^  X  fll/tn 

(4) 

and 

-  - 
Nim  =  ^  V  X  Mlm- 

(5) 

The  electromagnetic  fields  of  the  core  (w)  and  layer  (/),  and  the  electromagnetic  field  of  the 
light  scattered  (s)  from  the  particle  are  of  interest.  Each  of  these  electromagnetic  fields  can  be 
expressed  in  terms  of  expansions  over  the  corresponding  vector  eigenfunctions. 

CORE  FIELD 

/,m 

(6) 

=  -iv^n,  z  J 

Iftn 

(7) 

LAYER  FIELD 

/.m 

(8) 

=  -v^n.  E 

/,m 

(9) 

SCATTERED  FIELD 

Iftn 

(10) 

«'•>  =  -iv^E 

Lm 

(11) 

In  spherical  coordinates  (r,0,  ^),  the  appropriate  functional  form  of  the  corresponding  scalar 
eigenfunctions  for  the  core,  layer,  and  scattered  fields  are 

nff  =  Mnictf)Yimio,4>), 

(12) 

Him’  = 

(13) 
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and 


n!m  ^  =  X<(n2of)yi„(tf,<^), 


(14) 


n!;U^(‘)(af)r,«(tf,«A)  (15) 

where 

{r^=V'/-ix«  (16) 

and  V’itXi  the  Riccati- Bessel  functions  and  Ytm  is  the  spherical  harmonic  function. 

The  expansion  coefRcients  of  the  core  {cim,dim),  layer  &nd  scattered 

(a/mih/m)  fields  are  determined  by  the  application  of  the  boundary  condition  of  continuity  of  the 
tangential  components  of  the  electromagnetic  fields  at  the  layer/externai  and  layer/core  interfaces. 

LAYER/EXTERNAL  INTERFACE 


n  X  (£(•■)  + ^<*))  =  n  X  (17) 

n  X  +  ^<*>)  =  n  X  (18) 

LAYER/CORE  INTERFACE 

n  X  =  h  X  E-"')  (19) 

n  X  /?(')  =  h  X  (20) 


where  n  is  the  unit  vector  normal  to  the  interface  and  the  incident  electromagnetic  field  at  the 
layer /external  interface  is  assumed  known. 

After  substituting  the  series  expansions  of  Eqs.  (6)-(ll)  into  Eqs.  (17)-(20),  the  eight  scalar 
equations  associated  with  Eqs.  (17)-(20)  are  multiplied  by  Fi'm'(^»^)  and  integrated  over  the 
respective  interface  surface.  The  result  is  a  set  of  simultaneous  linear,  algebraic  equations  that  can 
be  solved  for  the  expansion  coefficients  (a/m,6{m9C/m,d{miC/mi//m«P(m)h/ni)-  Once  the  expansion 
coefficients  are  determined,  the  expansion  coefficients  are  substituted  into  Eqs.  (6)-(ll)  and  the 
electromagnetic  field  can  then  be  calculated  anywhere  inside  or  outside  the  particle.  If  the  layered 
particle  geometry  is  that  of  concentric  spheres,  then  the  boundary  conditions  can  be  matched 
mode-by-mode  and  explicit  expressions  can  be  derived  for  the  series  coefficients. 

If  a  polar  cylindrical  coordinate  system  {r,9)  is  chosen,  then  the  procedure  is  similar  to  that 
just  described  except  that  the  appropriate  sc^ar  eigenfunctions  are  of  the  form 


(21) 

=  J,(n2af)c*'«, 

(22) 

and 

=  Y,(n2af)e’'^ 

(23) 

where 

nj*>  =  E{‘^(of)c‘'* 

(24) 

and  Jt,Ni 

E(')  =  J,  +  iN, 

are  the  cylindrical  Bessel  functions. 

(25) 
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III.  CALCULATIONS 


For  the  calculations  that  follow,  all  spatial  quantities  are  nondimensionalized  relative  to  a 
characteristic  radius  of  the  external  particle  surface  (a)  and  all  electromagnetic  quantities  are 
nondimensionalized  relative  to  a  characteristic  electric  field  amplitude  of  the  incident  field  (J^o)- 
Important  input  parameters  for  the  analysis  include  (1)  the  particle  shape  function,  f  (A  nondi¬ 
mensionalized  single-valued  function  of  the  angular  coordinates  that  defines  the  geometry  of  the 
external  particle  surface.),  (2)  the  core/layer  interface  location  parameter,  012,  (3)  the  particle  size 
parameter,  a  =  ^rafXtxti  (4)  the  complex  relative  refractive  index  of  the  core,  hj,  (5)  the  complex 
relative  refractive  index  of  the  layer,  n2,  (6)  the  propagation  direction  angle  of  the  incident  field, 
^bdi  (7)  the  electric  field  polarization  direction  angle  of  the  incident  field,  <l>bd,  and,  for  focused  beam 
incidence,  (9)  the  beam  waist  radius,  tho,  and  (10)  the  location  of  the  beam  focal  point  relative  to 
the  particle,  (ioijtot^o)*  For  the  spherical  andysis.  Bid  is  referenced  to  the  y-z  plane  and  (fi^d  is 
reference  to  the  x-z  plane.  For  the  cylindrical  analysis,  $i,d  is  referenced  to  the  x-z  plane  and  is 
referenced  to  the  x-y  plane. 

Figure  1  presents  the  internal  and  near-surface  normalized  source  function,  S  =  (f/FloPt  in  the 
x-z  plane  for  a  homogeneous  spherical  particle  (o  =  30,  n  =  1.33  -I-  1.0xl0~**i)  with  an  incident 
beam  focused  within  the  upper  hemisphere  of  the  particle  (wo  —  0.2,  io  =  0.7,  jio  =  0.0,  Zq  = 
0.0).  The  beam  propagates  in  the  positive  z  axis  direction  {9bd  =  0")  with  electric  field  polarization 
perpendicular  to  the  x-z  plane  =  90°).  The  Gaussian  profile  of  the  incident  beam  can  be  seen 
along  the  right-hand-side  of  Figure  1. 

The  conditions  of  Fig.  2  are  identical  to  the  conditions  of  Fig.  1,  except  the  outer  30% 
of  the  sphere  now  consists  of  a  layer  of  a  second  material  (di2  =  0.7,  02  =  1-1  +  1.0xl0“®i). 
As  can  be  observed  by  comparing  Figs.  1  and  2,  the  presence  of  the  layer  significantly  affects 
the  electromagnetic  field  distribution.  Figures  3  and  4  present  the  same  data  as  Figs.  1  and  2, 
respectively,  but  in  the  form  of  a  false  contrast  visualization  (white  =>  high,  black  ^  low). 

The  analysis  is  not  restricted  to  purely  spherical  geometries.  Figure  5  shows  the  internal 
normalized  source  function  distribution  in  the  x-z  plane  for  a  plane  wave  propagating  in  the  positive 
X  axis  direction  {6bd  =  90°)  with  electric  field  polarization  parallel  to  the  x-z  plane  {4>i)d  =  0°) 
incident  on  a  homogeneous  1.3  to  1.0  axis  ratio  prolate  spheroid  (o  =  10,  n  =  1.18  -I-  0.07i). 
The  conditions  of  Fig.  6  are  identical  to  the  conditions  of  Fig.  5,  except  that  the  outer  10%  of 
the  prolate  spheroid  has  been  replaced  by  a  layer  of  a  second  material  (012  =  0.9,  na  =  1.48-1- 
0.0055i).  For  this  case,  the  presence  of  even  a  relatively  thin  layer  significantly  alters  the  internal 
field  distribution  of  the  particle. 

The  analysis  can  also  be  applied  to  cylindrical  geometries.  Figure  7  presents  the  internal  source 
function  distribution  in  the  x-y  plane  for  a  plane  wave  propagating  in  the  positive  x  axis  direction 
(Bbd  =  0°)  with  electric  field  polarization  perpendicular  to  the  x-y  plane  =  90°)  incident  on  a 
homogeneous  circular  cylinder  (a  =  10,  n  =  1.18  -f  0.07i).  The  conditions  of  Fig.  8  are  identical 
to  the  conditions  of  Fig.  7,  except  the  outer  10%  of  the  cylinder  has  been  replaced  by  a  layer  of  a 
second  material  (012  =  0.9,  n2  =  1.48  -|-  0.0055i).  As  was  the  case  for  the  prolate  spheroid  particle, 
the  presence  of  the  relatively  thin  layer  significantly  affects  the  internal  field  distribution  of  the 
circular  cylinder  particle. 

Figures  9  and  10  are  identical  to  Figs.  7  and  8,  respectively,  except  now  (1)  the  particle 
geometry  is  that  of  a  1.3  to  1.0  axis  ratio  elliptic  cylinder  and  (2)  the  incident  plane  wave  propagates 
in  the  positive  y  axis  direction  {0bd  =  90°)  with  electric  field  polarization  parallel  to  the  x-y  plane 
{<l>bd  =  0°). 

IV.  CONCLUSIONS  AND  FUTURE  WORK 

Theoretical  procedures  have  been  developed  for  the  calculation  of  the  electromagnetic  fields  for 
the  interaction  of  an  arbitrary  incident  field  (plane  wave,  focused  beam,  etc.)  on  a  layered  particle 
of  spherical,  near-spherical,  circular  cylindrical,  and  near  circular  cylindrical  geometries.  Initial 
calculations  indicate  that  even  the  presence  of  a  relatively  thin  layer  can  alter  the  electromagnetic 
field  distribution  significantly  from  that  of  a  corresponding  homogeneous  particle.  Further  sys¬ 
tematic  calculations  will  be  performed  in  the  future.  In  addition,  spheroidcil  wave  solutions  will 
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be  applied  to  enable  the  analysis  of  layered  particles  with  appreciably  elongated  or  appreciably 
flattened  geometries. 
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FIGURE  1.  Normalized  source  function  distribution  in  the  x-z  plane  for  a  beam  focused  on  a 
homogeneous  sphere,  (a  =  30,  n  =  1.33  +  1.0xl0“®i,  too  =  0.2,  fo  =  0.7,  yo  =  0.0,  zq  =  0.0,  Bbd 
=  0“,  =  90°) 


FIGURE  2.  Normalized  source  function  distribution  in  the  x-z  plane  for  a  beam  focused  on  a 
layered  sphere,  (a  =  30,  h\  =  1.33  4-  l.OxlO”'’],  f/2  =  l.I  -f-  1.0xl0“®i,  =  0.7,  Wq  -  0.2,  io 

=  0.7,  i/o  =  0.0,  Io  =  0.0,  ffbd  =  0°,  =  90°) 


FIGURE  3.  False  contrast  visualization  of  the  normalized  source  function  distribution  in  the  x-z 
plane  for  a  beam  focused  on  a  homogeneous  sphere,  (a  =  30,  h  =  1.33  +  1.0xl0~®i,  tho  =  0.2,  Xq 
=  0.7,  yo  ==  0.0,  zo  =  0.0,  ffbd  =  0°,  =  90°) 


FIGURE  . 
plane  for 
1.0xl0-®i 


1.  false  contrast  visualization  of  ttie  normalized  source  function  distribution  in  the  x-z 
a  beam  focused  on  a  layered  sphere,  (a  =  .30,  tii  1.3.3  +  1.0xl0"®i,  n2  =:  11  -f 
,  d,2  =  0.7,  wo  =  0.2,  xo  =  0.7,  yo  =  0.0,  xo  =  0.0,  fftd  =  0",  =  90°) 
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FIGURE  5.  Internal  normalized  source  function  distribution  in  the  x-z  plane  for  a  plane  wave 
incident  on  a  homogeneous  1.3  to  1.0  axis  ratio  prolate  spheroid,  (a  =  10,  n  =  1.18  +  0.07i,  = 

90^  <t>bd  =  Qo) 


FIGURE  6.  Internal  normalized  source  function  distribution  in  the  x-z  plane  for  a  plane  wave 
incident  on  a  layered  1.3  to  1.0  axis  ratio  prolate  spheroid,  (a  =  10,  hi  =  1.18  +  0.07i,  hj  =  1.48 
+  0.0055i,  012  -  0.9,  Bbd  =  90°,  4>bd  ~  0°) 
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ni  y 


FIGURE  7.  Internal  normalizec 
incident  on  a  homogeneous  circui 


X  O 


FIGURE  8.  Internal  normalized  source  function  distribution  in  the  x-y  plane  for  a  plane  wave 
incident  on  a  layered  circular  cylinder,  (a  =  10,  nj  =  1.18  +  0.07i,  h2  =  I  +  0.0055i,  ujj  -  0.9, 
=  0^  4>hd  =  90^) 
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FIGURE  9.  Internal  normalized  source  function  distribution  in  the  x-y  plane  for  a  plane  wave 
incident  on  a  homogeneous  1.3  to  1.0  axis  ratio  elliptic  cylinder,  (o  =  10,  h  =  1.18  +  0.07i,  0b4  = 
90^  <t>bd  =  0“) 


figure  10.  Internal  normalized  source  function  distribution  in  the  x-y  plane  for  a  plane  wave 
incident  on  a  layered  1.3  to  1.0  axis  ratio  elliptic  cylinder,  (a  =  10,  fii  =  1.18  -f-  0.07i,  nj  =  1.48 
+  0.0055i,  ai2  =  0.9,  =  90°,  <Pbd  =  0°) 
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Abstract 

A  comparison  of  the  differential,  scattering,  and  absorption  cross  sections  of  a  bispherc 
obtained  from  the  discrete  dipole  approximation  (DDA)  is  meide  with  those  determined  from 
modal  analysis.  The  DDA  is  thus  tested,  for  the  first  time  to  our  knowledge,  against  an  exeict 
calculation  of  the  scattering  properties  of  a  finite,  nonspherical  particle.  The  agreement  with 
the  exact  solution  is  very  good,  even  when  the  size  parameter  of  the  monomers  is  «  8  (the 
largest  size  studied). 


Introduction 

The  discrete  dipole  approximation  (DDA)  provides  what  is  perhaps  the  best  method 
available  for  modeling  the  scattering  properties  of  particles  with  morphologies  that  do  not 
allow  for  an  exact  solution.  The  DDA  is  obtained  by  replacing  the  particle  with  an  array  of 
N  point  dipoles  on  a  cubic  lattice.  The  polarization  of  each  dipole  is  found  by  solving  a  self- 
consistent  set  of  linear  equations  that  accounts  for  the  electric  field  of  the  incident  radiation 
and  of  all  other  dipoles  in  the  array.  This  is  represented  by 

P  =  A-‘  Ei, 

where  P  is  the  SY-dimensional  polarization  vector  of  the  array,  E^  is  a  3iV-dimensional  vector 
that  describes  the  incident  electric  field  of  the  plane  wave  at  the  position  of  each  dipole,  and  A 
is  a  3N  X  3N  symmetric  matrix  that  relates  the  electric  field  of  the  ;th  dipole  to  the  location 
of  the  fcth  dipole  in  the  ensemble.  Once  P  has  been  determined,  the  scattered  field  of  the 
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system  can  be  call  ’ilavetJ  as  the  vector  sum  of  the  scattered  fields  of  the  dipoles.  A  more 
detailed  description  of  this  formalism  is  provided  by  Draine.^ 

Computations  have  been  greatly  accelerated  by  applying  the  conjugate  gradient  method 
and  the  fast  Fourier  transform  to  the  solution  of  the  above  equation.  A  description  of  these 
enhancements,  along  with  comparison  of  the  DDA  technique  to  the  exact  solution  for  spheres 
with  size  parameters  as  large  as  15  is  provided  in  the  paper  of  Goodman  et  al.^  Results  are 
also  provided  in  that  work  for  a  cube  having  a  volume  equivalent  to  that  of  a  sphere  of  size 
parameter  10.  Application  of  the  DDA  to  such  optically  large  particles  is  unprecedented. 

A  comprehensive  treatment  of  the  DDA,  along  with  a  compendium  of  results  of  its  ap¬ 
plication  to  cirrus  cloud  particles  can  be  found  in  the  dissertation  of  Flatau.^ 


Scattering  by  Two  Pseudospheres 

The  scattering  properties  of  a  bisphere  can  be  found  exactly  by  modal  analysis.^’®  In 
applying  the  DDA,  the  two  spheres  are  replaced  with  pseudospheres,  each  comprised  of  about 
33,000  dipole  elements.  This  system  is  displayed  in  Fig.  1.  A  similar  approach  was  taken 
by  Kattawar  and  Humphreys,®  but  the  numerical  techniques  employed  at  that  time  did  not 
allow  for  size  parameters  much  greater  than  unity  to  be  considered  (pseudospheres  of  only  32 
dipoles  were  used  by  those  authors). 

The  monomers  used  in  this  study  are  chosen  so  that  two  of  them  woiild  have  a  volume 
equal  to  that  of  a  single  sphere  with  a  size  parameter  of  either  5  or  10.  In  all  cases,  the  wave 
vector  of  the  incident  radiation  is  taken  to  be  parallel  to  the  symmetry  axis  of  the  two-sphere 
system.  Such  a  scattering  geometry  produces  the  strongest  electrodynamic  coupling  between 
the  principals  and  hence  provides  what  is  probably  the  most  stringent  test  of  the  DDA.  It 
is  noted,  however,  that  comparisons  were  made  for  other  particle  orientations  and  agreement 
with  the  modal  analysis  runs  was  at  least  as  good  as  that  seen  in  the  case  of  end-on  incidence. 

Figures  2  and  3  display  the  phase  functions  of  two  pseudospheres  that  are  made  from  the 
same  amount  of  dielectric  as  would  be  required  to  construct  a  single  sphere  of  size  parameter 
5  and  10,  respectively.  Orthogonal  states  of  polarization  of  the  incident  beam  are  considered. 
The  scattering  plane  is  taken  to  be  that  which  contains  the  symmetry  axis  of  the  particle  and 
the  wave  vector  of  the  scattered  fields.  The  cases  7  =  0  or  7r/2  correspond  to  an  incident 
polarization  that  is  parallel  or  perpendicular  to  this  plane,  respectively.  The  phase  functions 
of  the  pairs  of  pseudospheres  closely  match  those  obtained  for  the  corresponding  bispheres. 
This  is  especially  true  in  the  case  of  Fig.  2,  where  the  differences  are  negligible.  The  slight 
disagreements  between  modal  analysis  and  DDA  in  Fig.  3  are  due,  of  course,  to  a  need  for 
an  increased  number  of  dipolar  subunits  in  the  approximation.  It  is  interesting  that  the 
agreement  in  Fig.  3  is  better  for  7  =  0  than  for  7  =  7r/2,  and  that  the  reverse  is  true  in  Fig. 
2. 


In  Figure  4,  the  oflicic-ncics  for  extinction  and  absorption  by  a  bispherc  are  plotted  against 
the  size  parameter  of  an  equivalent  volume  sphere.  The  efficiency  factors  of  the  bisphere 
are  determined  from  the  ratio  of  its  respective  cross  sections  to  the  cross  sectional  area  of 
the  equivalent-volume  sphere.  Agreement  between  the  DDA  and  the  exact  calculation  is 
outstanding. 
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Figure  L  The  scattering  geometry  for  the  pseudosphere  calculations. 
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Figure  2.  Phase  function  comparisons  for  a  two-sphere  system  with  a  volume  equivalent  to  that  of  a 
single  sphere  with  size  parameter  5.  The  soUd  line  corresponds  to  the  phase  function  of  a 
bisphere  illuminated  at  end-fire  incidence  as  determined  from  modal  analysis.  The  discrete 
points  are  the  results  of  the  DDA  calculations  based  on  the  pseudospheres  depicted  in 
Fig,  1,  The  refractive  index  of  the  spheres  is  1,33  -f  O.Oli,  The  polarization  angle,  7,  is 
discussed  in  the  text. 
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Abstract 

An  outline  is  presented  of  the  derivation  of  the  cross  section  for  total  scattering  by  a  cluster 
of  spheres.  The  theory  is  then  used  to  study  the  effects  of  scavenging  and  aggregation  on 
the  specific  absorption  of  carbon.  Results  are  presented  for  polarization-  and  orientation- 
dependent  absorption  cross  sections  of  sulfate  haze  elements  and  cloud  droplets  with  small 
carbon  grains  (spheres)  attached  to  their  surfaces.  Comparisons  between  the  absorption  cross 
sections  of  free  carbon,  linear  chains,  and  tightly  clumped  carbon  spheres  are  also  provided. 


Introduction 

The  total  scattering  cross  section,  <t,,  of  a  particle  is  given  by 

Energy  scattered/unit  time/unit  solid  angle 


I 

'u 


Incident  energy  flux  (energy /unit  area/unit  time) 
For  a  spherical  scatterer,  this  integral  can  be  solved  analytically. 


da. 


(1) 
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The  response  of  a  cluster  of  spheres  to  em  radiation  derives  from  the  natural  modes  of  the 
individual  spheres,  but  the  modes  of  each  sphere  couple  to  those  of  all  other  spheres  in  the 
ensemble  and  the  mathematical  description  of  the  scattered  radiation  is  inherently  more  com-* 
plicated  than  that  for  isolated  spheres.  With  the  use  of  the  addition  theorem  for  vector 
spherical  harmonics,  not  only  can  the  scattered  fields  of  the  cluster  be  determined;  we  have 
shown  that  the  a,  integral  can  once  again  be  solved  analytically.  The  cross  section  for  total 
extinction,  can  be  found  with  relative  ease  from  the  optical  theorem  and  the  absorption 
cross  section  of  the  cluster  is  simply 

Oa-o^-  (2) 

Without  an  analytic  solution  for  Oj,  the  absorption  cross  sections  of  small,  highly  absorbing 
•grains  attached  to  (scavenged  by)  large,  weakly  absorbing  haze  elements  or  cloud  droplets 
could  not  have  been  calculated. 


Cross  Sections  for  Spheres;  Reduced  Symmetry  Case 


The  scattering  geometry  for  the  case  of  a  single  sphere  is  depicted  in  Fig,  1.  Rather  than 
restricting  the  wave  vector  of  the  incident  radiation  to  be  parallel  to  e,,  we  will  require  only 
that  ko  lie  in  the  the  xz-plane,  oriented  at  an  angle  a  froni  the  z-axis.  The  angle  7  specifies 
the  polarization  of  the  incident  field  Eq.  The  expansion,  in  vector  spherical  harmonics,  of  this 
field  is  then 

00  n 

E  E 

n=l  m=— n 

w  here  and  are  of  the  form 


Eo  exp(zko  ■  r)  --  |Eo| 


Pmn 


2n  +  1  (n  —  m)!  — ir„t„(cosa) 

n(n  +  l)(n  +  m)!  •;r^„(cosa) 


(4) 


and 


9mn 


2n  -f  1  (n  —  m)! 
n(n  +  1)  (n  +  m)! 


_  n)n(C0S  o)  ^ 


(5) 


Radiation  is  scattered  into  an  angle  /3,  relative  to  the  ko  direction,  with  polarization  compo¬ 
nents  Ea||  and  E^j,  that  are,  respectively,  parallel  and  perpendicular  to  the  plane  swept  out 
by  the  scattering  angle.  The  scattered  field  can  be  expressed  as 

E,  =  |Eo  I  f;  ^  +AH„„  ) ,  (6) 

n^l  m=— ft  ' 

where 

AHmn 
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Figure  1.  The  reduced-symmetry  geometry  for  light  scattering  by  a  sphere. 
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and  On  and  are  the  Lorenz  Mie  coefficients. 


When  ko  is  parallel  to  and  the  incident  field  is  polarized  in  the  e,  direction,  then  the  more 
familiar^  expression, 

“r„“  (8) 

is  recovered. 

The  differential  scattering  cross  section  of  a  particle  is  defined  as 

da  _  Energy  scattered/unit  time/unit  solid  angle 

dn  Incident  energy  flux  (energy /unit  area/unit  time)'  ' 

Integrating  the  differential  cross  section  over  all  solid  angles  yields  the  cross  section  for  total 
scattering: 

1  /•» 


where  So  =  (Eq  x  HJ)  and  S,  =  (E,  x  H*)  are,  respectively,  the  time-averaged  Poynting 
vectors  of  the  incident  and  scattered  radiation.  From  the  optical  theorem,  the  extinction  cross 
section  is  simply 

a,  =  ~Re{E,{p  =  0) .  ee),  (11) 

and  the  absorption  cross  section  is,  by  conservation  of  energy, 

aa  =  Oe-  a,.  (12) 


For  a  single  sphere  and  a  =  0 


=  IT  1)(K|^  +  |fcnP). 


When  ko  is  not  parallel  to  e,, 


(7,  =  /  f  sin  0  dO  d^Cr  • 

Jo  Jo 

oo  n'  y 

n'=:lm'  =  -n''  Xj 
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In  carrying  out  the  above  integration,  it  is  noted  that 


^  (M,„,n  X  •  Br  r^sinedOdip  = 

X  .  e,  sin  ed6d<t>  =  0 

(15) 

and 

^(Nm.n  X  •  Br  sin  0ded4>  ~ 

~  ^ {Mm', n'  xN;;,  „)  -er  sine ded<f>  =  //im,n), 

(16) 

where 

_ \  -47rin(n  +  l)(n  +  m)!^*^,  ^  ^ 

N{m,n)-  2n4-i) 

(17) 

and 

are  Ricatti-Hankel  functions.  Now, 

Re{%Cni'n)  =  -1  (see  Ref.  1), 

(18) 

thus 

^ (2n  +  1)  (n -  m)!  ) 

(19) 

Cross  Sections  for  Sphere  Aggregates 


Having  established  the  mathematical  form  of  the  total  scattering  cross  section  of  a  sphere  with 
a  scattering  geometry  that  does  not  fully  exploit  the  symmetry  of  a  single  sphere,  one  can 
more  readily  make  the  transition  to  scattering  by  clusters.  The  optical  properties  of  clusters 
of  spheres  can  be  understood  in  terms  of  multiple  scattering  centers,  and  hence,  multiple 
coordinate  origins.  The  scattering  geometry  for  such  a  system  is  shown  in  Fig.  2,  The  spheres 
in  the  cluster  are  centered  about  the  origins,  where  I  is  an  index  that  identifies  specific 
constituents  of  a  set  of  L  spheres.  The  quantities  are  unit  vectors  in  the  ^th  system.  In 
the  figure,  the  unit  vectors  associated  with  the  f 'th  origin  have  been  displaced  from  the  ^'x  ^'y- 
plane  to  the  h;  ^-plane.  The  constituent  spheres  (with  radii  are  now  characterized  by  the 
size  parameters  k^a  =  ^  and  complex  refractive  indices  5V,  The  dimensionless  center-to-center 
distance  between  spheres  t  and  t'  is  denoted  by  kdi^fi ,  The  principal  or  primary  coordinate 
sytem  in  which  the  integration  of  the  Poynting  flux  is  to  be  carried  out  corresponds  to  f  =  1. 
It  will  be  convenient  in  such  instances  to  visualize  ^  in  Fig.  2  as  the  origin  of  this  system, 

and  any  other  7^  1  as  a  secondary  origin.  The  L  —  I  secondary  coordinate  systems  are 

related  to  the  principal  coordinate  system  by  pure  translations. 

The  coefficients  of  the  plane  wave  expansion  about  an  /th  secondary  origin  are  obtained  by 
simply  multiplying  V/nn  ^9mri  phase  factor  exp(iko  ‘di,/).  In  the  theory  developed 
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Figure  2.  The  scattering 


by  Liang  and  Lo^  and  Bruning  and  Lo,^  as  throughout  this  study,  it  is  assumed  that  the 
scattered  fields  can  be  expanded  as 


E, 


(20) 


where  the  expansion  coefficients  iiEmn  &nd  ^AHmn  correspond,  respectively,  to  the  E-  and 

H'type  modes  of  the  /th  sphere,  and  ^Nmn  and  ^Mmli  are  the  vector  spherical  harmonics  in 
the  £th  coordinate  system. 


In  order  to  apply  boundary  conditions  successfully,  one  must  be  able  to  expand  the  fields 
scattered  by  the  £'th  sphere  about  the  center  of  any  ith  constituent  of  the  cluster.  This  can 
be  accomplished  through  the  use  of  the  addition  theorem  for  vector  spherical  harmonics.*’^’^~® 
Applying  boundary  conditions,  it  can  be  shown  that 


^AEtnn  — 


‘AH„„  =  X 


+  E  E  E  +  '‘AX,BtZ,(kd, ..,))]  (21) 

1/  /i  ^  /J 


^<lmn  E  E  E  (''AX^AtZ„(kd„)  +  ‘^AE^BZ.ikdfx))] ,  (22) 


where  the  quantities  and  ,t)  are  coefficients  that  are  encountered  in  the 

addition  theorem.  These  so-called  translation  coefficients  are  rather  complicated  functions  of 
Clebsch-Gordan  coefficients  and  of  the  geometry  of  the  cluster. 


Alternatively,  the  scattering  coefficients  may  be  found  from  the  order-of-scattering  (OS) 
method,'^’®  which  can  be  visualized  as  follows;  First,  plane  wave  radiation  strikes  one  sphere 
which  then  scatters  a  field  (as  prescribed  by  the  standard  Lorenz-Mie  theory)  both  to  the  field 
point  and  to  the  other  sphere.  This  second  sphere  then  responds  to  the  field  incident  on  it 
from  the  first  sphere,  scattering  radiation  to  the  field  point  and  back  to  the  first  sphere.  This 
process  is  continued  indefinitely,  and  the  total  scattered  field  is  obtained  as  a  vector  sum  of 
these  partial  fields  plus  a  sum  of  of  the  partial  fields  which  arise  from  plane  wave  radiation 
incident  on  the  second  sphere.  For  ease  of  visualization,  the  above  description  has  been  limited 
to  just  two  spheres,  but  the  extension  to  clusters  of  three  or  more  is  straightforward. 


The  total  field  scattered  by  the  pair  is  thus 

oo  L 


EE'Ei^’. 

>=0  /=1 


»  (i) 

where  the  jth-order  partial  fields  are  in  turn  expressed  as 

4- 

^3  /  V I  ^mn  »  ^mn  I' 

n,m  ^  ' 


(23) 
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For  the  case  of  two  spheres, 


t  t  ^  ^  W  —  ^  ^  A  (j  “  J  ^  (i“0  \ 

'<.„„  =  'a„52E(V  -irn+V  •B"") 

fc/  p  V  / 

■C  =  ‘t.  E  Ef’C’^tz + ^v‘’Br„) 

1/  11  '  ' 

^  (25) 

rt  (^)  A  »■  ^  /•  (j”^)  -(i*”0  \ 

=  V  -^iin  +  V  BC.) 

U  fl  ^  ' 

'l’™  =  *inE;E(  V  ^!!.n  +  'v  BS,;)- 

The  expansion  coefficients  of  the  total  scattered  field  are  then  given  by 

/ 

-^-^mn  =  /  ^  ^mn 

,  ?, » 

j=0 

The  OS  method  is  of  particular  importance  in  the  efficient  calculation  of  the  scattering  cross 
sections  associated  with  large  droplets  that  have  small  carbon  grains  attached  to  their  surfaces. 

In  order  to  determine  the  total  power,  W,  radiated  from  a  surface  E  that  encloses  an  ensemble 
of  scatterers,  the  integral 

J  S  •  ir^ s\udd6dtf>  =.  J  (E  x  H*)  •  rr^sm6d9d<(>  (27) 

must  be  evaluated,  where,  for  a  system  of  L  particles, 

L 

E  =  Eo  +  53'E.  (28) 


The  radiated  power  is  thus 


=  (Eo  X  'h;  +'E,  X  HS)  •  e,  r^8in9ded(t> 

+  ^  /  (*E,  X  )  •  Cr  sin  9  d9  d(f> 
e 

4-^5^  /'(%x''HJ.e,  r^8in9d9d(t>, 
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and  the  equation  for  the  total  scattering  cross  section  becomes 

|(So)|a,  =  ^  ''»;)•  e,  sin  6  d0  d<f>.  (31) 

It  is  noted  that  the  integration  is  to  be  carried  out  in  one  set  of  coordinates,  but  is 
referenced  to  a  second  coordinate  system  and  ^  H,  is  referenced  to  a  yet  another. 


In  principle,  one  could  simply  evaluate 


•  Or  r*  sin  6  d6  d4> 


numerically,  and  calculate  the  total  scattering  cross  section  from 


(32) 


(33) 


but,  as  will  be  made  clear  in  the  next  section,  this  provides  only  a  rather  limited  solution  to 
the  problem. 


We  once  again  make  use  of  the  addition  theorem.  In  Eqs.  (21)  and  (22)  it  is  to  be  understood 
that  the  transformation  of  coordinates  has  been  carried  out  at  the  surfaces  of  the  scatterers  and 
thus  <  kdw  •  In  this  case,  the  dependence  of  the  translation  coefficients  on  the  distances 
between  spheres  is  governed  by  spherical  Hankel  functions.  When  evaluating  the  integrals 
over  a  surface  that  contains  all  scatterers  in  the  collection,  >  kdu'-  The  dependence  on 
kdet'  is,  in  this  case,  governed  by  spherical  Bessel  functions  and  the  corresponding  translation 

coefficients  are  here  denoted  as  A^^{kdt',e)  and  .B^”(A:d<<,«).  The  scattered  fields  of  each 
sphere  can  then  be  expressed  in  terms  of  the  basis  functions  of  the  principal  origin,  viz.. 


and 
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The  summations  in  the  addition  theorem  are  uniformly  convergent  and  the  series  can  therefore 
be  integrated  term-by-term,  giving 


-I-  l)(l/  -I-  fi)\ 
k2  (2v  +  1)(|/  -  n)\ 


^(^AEmn‘AEi,  + 


These  terms  can  then  be  rearranged  to  give 
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It  is  to  be  noted  that  ^^’<7,  =  and  thus 

(T,+  cr,  =  2Re(  a,). 

This  allows  the  total  scattering  cross  section  to  be  expressed  as 

a,  =  ^  “ot  +  2i2e  +  2ile  ^  ^  ^^'cr,, 

/  /  />i  t'>e 
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B.  Special  cases 

When  coordinate  translations  are  constrained  to  the  2-axis  we  have 
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It  can  be  shown  that 
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which  it  must  if  the  solution  obtained  from  Lorenz-Mie  theory  is.  to  be  recovered  in  cases 
where  dependent  scattering  can  be  ignored. 

FVom  Eq.  (36)  we  have,  for  I  =  l\ 
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Comparing  this  last  expression  with  £q.  (45)  it  can  be  inferred  that 

^  (A';r(td,,.)  (vi;:"'(*d,,,))'  +  Br"(td,,,)  (B”'"'(*d, ,,))’)  =  (47) 

wnt  n*  ^  ' 


and  that 


E  fe(*<««.o(Br>'(*<><.i))’+^r”(*‘»M)(^“>'(M<,.))') =0,  (48) 

m',n'  '  ' 

Applying  the  same  argument  to  the  case  of  an  isolated  sphere,  displaced  to  the  /th  origin, 

E  Tin  ^'!{n  -  m)l  fe(M«.,)(^;r:"'(M<,))‘  +  Br(*<»»)fe'"'(MM))’) 

m,n  '  A  y  \  / 
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and 


These  relations  provide  valuable  tests  for  convergence  of  the  series  expression  of  the  scattering 
cross  section  of  a  cluster. 


Gram-specific  cross  sections 

It  is  popular  (and,  at  times,  useful)  to  use  the  efficiency  factors 

Qe  Qa  =  (51) 

where  G  is  the  geometric  shadow  of  the  particle.  In  view  of  the  complex  morphologies  of 
aciniform  colloids,  a  better  choice  for  efficiency  factors  is  the  gram-specific  cross  section,  A, 
the  units  of  which  are  m^/p. 

o  o 

= _ 3; _ _ _  ^52) 

m  (specific  gravity)(  particle  volume)  '  ' 


It  is  noted  that  for  a  single  sphere  of  radius  a  <  <  A, 

_  9k\N\^sm{2t}in-^[lm{N)/Re{N)])  ^ 

~  p[\N\^  +  4{1  +  Re^N}  -  Im^{N})] 

At  A  =  5.5  X  10“^  m  this  gives  a  specific  absorption  cross  section  for  carbon  of  «  3.654  m^/p, 
assuming  the  refractive  index  of  carbon  at  this  wavelength  to  be  1.8-4-  O.Sz. 


Results 

Recent  results  from  field  measurements  of  atmospheric  aerosols  indicate  that  a  significant 
fraction  of  haze  elements  can  be  comprised  of  sulfate  particles  with  carbon  grains  disperesed 
internally  or  attached  to  their  surfaces.®  In  understanding  the  optical  properties  of  clouds  more 
fully  it  is  necessary  to  understand  the  scattering  properties  of  cloud  droplets  with  inclusions  or 
surface  contaminants  similar  to  those  just  described  for  haze  particles.  Results  are  presented 
in  this  section  that  illustrate  the  effects  that  the  dispersion  of  carbon  grains  onto  droplet 
surfaces  may  have  on  the  mass-specific  absorption  efficieny  of  atmospheric  carbon. 

The  scattering  geometry  for  the  su)  face  diepersion  calculations  is  shown  in  the  inset  of  Fig.  3. 
At  present,  it  is  assumed  that  the  concentration  of  the  soot  component  of  the  aerosol  or  cloud 
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is  low  enough  so  that  only  single  grains  of  carbon  need  be  considered.  Soot  concentrations  that 
would  involve  two  or  more  grains  per  aerosol  particle  will  be  the  subject  of  future  research. 
Figs.  3-10  catalogue  the  calculated  specific  absorption  cross  sections  of  selected  sizes  of  carbon 
grains  attached  to  nonabsorbing  sulfate  particles  with  radii  of  0.5  and  l.O^m  or  to  water 
droplets  with  radii  of  3.0  and  5.0/im.  The  variation  in  specific  absorption  with  the  orientation 
of  the  particle  is  displayed  for  orthogonal  polarizations  of  the  incident  beam. 

The  basic  features  can  be  understood  from  geometric  optics:  An  optically  large  sphere  with 
a  refractive  index  of  «  1.5  will  focus  light  into  a  region  near  its  surface.  If  the  refractive 
index  is  »  1.33  then  light  will  be  focused  into  a  volume  slightly  less  than  half  a  radius  from 
the  sphere  surface.  The  refractive  effects  of  the  sphere  will  prevent  most  of  the  incident 
radiation  from  reaching  any  other  regions  on  the  shadow  side  of  the  surface.  Reflections  from 
the  shadow  surface  of  the  sphere  will  produce  a  secondary  focal  volume  narrowly  centered 
about  the  illuminated  side  of  the  droplet.  Such  features  of  a  spherical  lense  are  manifested 
in  the  behavior  of  the  absorption  cross  sections  of  the  carbon  grains  with  particle  orientation 
in  each  of  Figs.  3-10.  The  larger  the  optical  size  of  the  host  particle,  the  more  accurate  the 
geometric  optics  picture.  Attention  is  also  called  to  the  second  peak  in  Aa  near  a  «  17®.  This 
corresponds  to  the  location  of  the  so-called  critical  ring.*® 

Table  I  summarizes  the  orientation-averaged,  polarization-dependent  absorption  efficiencies 
for  the  cases  considered  in  Figs.  3-10.  It  appears  that  the  more  finely  divided  the  carbon,  the 
more  efficient  its  absorption  when  residing  on  the  surface  of  a  sulfate  host.  This  efficiency 
has  not  been  found  to  be  more  than  about  a  factor  of  two  greater  than  that  of  free  carbon. 
Carbon  residing  on  the  surface  of  cloud  drops  appears  thus  far  to  absorb  slightly  less  than 
when  it  exists  as  isolated  grains. 

Also  of  interest  are  the  optical  properties  of  aggregates  of  carbon  monomers.  Two  examples  of 
such  aggregates  are  considered  here:  A  linear  chain  of  five  spheres  and  a  tightly  pricked  cluster 
of  five  spheres.  The  specific  extinction  and  absorption  cross  sections  for  the  linear  chain  as 
a  function  of  orientation  are  shown  in  Fig.  11  for  two  polarizations.  Similar  results  for  the 
tightly  packed  cluster  are  provided  in  Fig.  12.  For  comparison,  the  cross  sections  for  isolated 
monomers  and  for  equivalent- volume  spheres  are  also  shown. 

It  is  important  that  the  numerical  efficacy  of  Eqs.  37  and  40  compared  to  strmghtforward 
numericcil  integration  be  pointed  out.  The  series  expansion  avoids  the  following  four  pitfalls: 

(1)  The  number  of  oscillations  in  the  differential  scattering  cross  section  of  a  droplet 
increases  dramatically  with  optical  size,  thereby  requiring  very  high  angular  resolu¬ 
tion  of  the  integrand  when  hosts  with  large  size  parameters  are  involved. 

(2)  When  the  carbon  grains  are  very  small  relative  to  the  host  particle,  the  extinc¬ 
tion  cross  section  of  the  carbon/droplet  system  is  dominated  almost  entirely  by  the 
scattering  cross  section  of  the  host.  The  quantity  —  CTj  can  easily  be  of  the  order 
10“®  or  less  and  hence  the  integral  must  bt;  evaluated  with  a  very  high  precision. 

(3)  For  a  0°  or  180°,  azimuthal  symmetry  is  lost  and  the  integral  over  4>  cannot 
be  performed  analytically. 

(4)  The  structure  of  the  electric  field  at  the  surface  of  the  host  is  quite  compli¬ 
cated  and  therefore  the  absorption  cross  section  of  a  small  carbon  grain  is  extremely 
sensitive  to  orientation.  Orientation  averages  require  a  high  resolution  in  a.  (The 
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calculations  summarized  in  the  Table  were  based  on  a  sampling  frequency  of  1®.) 

This  makes  it  all  the  more  imperative  that  the  integrals  over  B  and  <f>  be  evaluated 
expeditiously. 

An  additional  problem  that  will  arise  when  large  numbers  of  spheres  are  involved  is  that 
the  intereference  between  them  will  impose  an  additional  oscillation  in  the  differential  cross 
sections  of  the  clusters.  The  more  monomers  there  are  comprising  the  cluster,  the  greater 
the  number  of  these  interference  fringes.  (These  oscillations  are  analogous  to  multiple  slit 
diffration  patterns.) 

A  fuller  discussion  of  these  results  will  be  provided  in  a  future  publication.^* 


Acknowledgments 

This  work  was  supported  in  part  by  National  Park  Service  grant  ^NA90RAH000077.  The 
author  also  wishes  to  express  his  thanks  to  the  Chemical  Research,  Development,  and  Engi¬ 
neering  Command  for  supporting  his  travel  and  accomodations  for  the  1992  conference. 


310 


Absorption  Cross  Sections  (m  /g) 


.05  /im  C  grain  on  0.5//m  SO4 


0  20  40  60  80  100  120  140  160  180 

a 


Figure  3.  Gram-specific  absorption  cross  sections  for  a  carbon  grain  located  on  the  surface  of  a 
spherical  sulfate  aerosol.  The  carbon  particle  has  a  radius  of  0.05  /zm  and  a  refractive 
index  of  1.80-t-0.5t.  The  radius  and  refractive  index  of  the  sulfate  particle  are  0.50  /zm  and 
1.52  -I-  O.Oi,  respectively.  The  straight  line  corresponds  to  the  gram-specific  absorption 
cross  section  of  an  isolated  carbon  grain.  In  the  inset,  the  size  of  the  carbon  particle 
relative  to  the  sulfate  aerosol  is  drawn  to  scale. 
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2 

Absorption  Cross  Sections  (m  /g) 


Figure  4. 


C  grains  on  0.5/xm  SO4 


Same  as  Figure  3,  but  with  either  a  0.1  or  0.01  /xm  carbon  grain.  The  heavy  and  light 
lines  show  the  absorption  cross  sections  of  isolated  0.1  and  0.01  /xm  grains,  respectively. 
The  inset  is  drawn  to  scale  for  the  O.l/xm  carbon  sphere. 
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Absorption  Cross  Sections  (m  / g) 


05  fim  C  grain  on  1.0/im  SO4 


0  20  40  60  80  100  120  140  160  180 

a 


Figure  5.  Same  as  Figure  3,  but  with  a  1.0  fim  sulfate  particle. 
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Absorption  Cross  Sections  (m  / g) 


C  grains  on  1.0  /xm  SO4 
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a 


Figure  6.  Same  a£  Figure  4,  but  with  a  1.0  /im  sulfate  particle. 


Absorption  Cross  Sections  (m  / g) 


5 


C  grains  on  3.0/xm  H2O 
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Figure  8.  Same  as  Figure  4,  but  with  a  3.0  fiia  water  droplet. 
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Absorption  Cross  Sections  (m  /g) 


.05  jim  C  grain  on  5.0/xm  H2O 


Figure  9.  Same  as  Figure  3,  but  with  a  5.0  /im  water  droplet. 
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Absorption  Cross  Sections  (m  /g) 


C  grains  on  5.0/xm  H2O 
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Figure  10.  Same  as  Figure  4,  but  with  a  5.0  /xm  water  droplet. 
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Table  I 

Orientation-averaged  specific  absorption  cross  sections  of  carbon  grains  on  droplet  surfaces 


Specific  Absorption  of  Scavenged  Carbon 


C  Radius 
(microns) 

.7=0 

7=90 

0.01 

0.05 

0.10 

8.574244499 

7.896352768 

6.503396511 

4.893493176 

5.202662468 

5.337140560 

0.5  micron 

sulfate 

0.01 

0.05 

0.10 

8.816226959 

6.845155239 

5.319453716 

2.266729116 

3.072171688 

4.746981621 

1.0  micron 

sulfate 

0.01 

0.05 

0.10 

4.135703087 

4.664968014 

5.213868141 

2.469252825 

3.163699865 

4.424438477 

3 . 0  micron 

water 

0.01 

0.05 

0.10 

4.235696793 

4.673493385 

5.013107300 

3.586464882 

4.323986530 

5.192254543 

5.0  micron 

water 

Ratio  of  Specific  Absorption  of  Scavenged  Carbon  to  Free  Carbon 


C  Radius 
(microns) 

7=0 

7  =  90 

(7=0  +7=90)/2 

0.01 

0.05 

0.10 

2.320 

1.730 

1.218 

1.324 

1.140 

0.999 

1.822 

1.435  0.5  micron  sulfate 

1.109 

0.01 

0.05 

0.10 

2.386 

1.499 

0.996 

0,613 

0.673 

0.889 

1.500 

1.086  1.0  micron  sulfate 

0.943 

0.01 

0.05 

0.10 

1.119 

1.022 

0.976 

0.668 

0.693 

0.828 

0.894 

0.858  3.0  micron  water 

0.902 

0.01 

0.05 

0.10 

1.146 

1.024 

0.939 

0.971 

0.947 

0.972 

1.059 

0.986  5.0  micron  water 

0.956 

Specific  Absorptions  for  Single  Carbon  Spheres 

C  Radius  Specific  Absorption 

(microns)  {m'‘2/g) 


0.01 

0,05 

0.10 
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3.695 

4.565 

5.340 


.05  /im  C 

Linear  chain,  5  spheres,  ka=0.57 


0  I - L  i ^—1  .  ^  1  .  1  _  .  i  L  A ^  J 

-10  0  10  20  30  40  50  60  70  80  90 

a 


Figure  11.  Extinction  and  absorption  cross  sections  of  a  linear  chain  of  five  carbon  spheres.  Each  of 
the  monomers  has  a  radius  of  0.05  and  a  refractive  index  of  1.8  +  0.5t. 
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ABSTRACT 

This  paper  briefly  summarizes  the  recent  work  on  the  subject  title,  as  a  continuation  of  the 
work  reported  in  Refs.  B)  and  C).  All  the  10  rough  particles  studied  are  comparable  in  size  to  the 
incident  microwave  wavelength  X  ( =  3. 1 835  cm ),  and  are  of  2  shapes  resembling  roughened 
spheres.  The  averaged  scattering  data  over  random  particle  orientations  are  compared  to  Mie 
calculations  for  independently  scattering,  size-distributed  spheres  of  very  narrow  size  spread.  The 
compaiison,  shown  both  in  tabulated  and  in  graphical  forms,  is  made  on  extinction  and  angular 

scattering,  and  also  on  ,Q^ ,  (averaged  efficiencies)  and  g  (averaged  asymmetry 

factor  of  scattering).  Aside  from  some  minor  mismatches  at  large  scattering  angles  in  the  angular 
profile  comparison,  the  good  overall  agreement  between  experiment  and  theory  suggests  the 
reasonableness  of  the  theoretical  modeling.  This  is  a  part  of  our  COTtinuing  effort  in  the 
systematic  analysis/cataloguc  of  our  existing  microwave  data. 


I.  INTRODUCTION 

Almost  all  scattered  light  we  see  are  from  particles  with  rough  surfaces.  Scattering  by  very 
smooth  particles,  whose  surface  irregularity  is  very  small  compared  to  the  wavelength  X  of  incident 
radiation,  is  rather  exceptional.  Not  only  the  reflected  light  from  a  frosted  glass  is  different  from  a 
smooth  one,  the  reflection  also  depends  on  the  glazing  angle  of  incidence.  For  this,  a  simple  ray 
optics  rule  known  as  the  Rayleigh  Criterion  [  Ref.  2  ]  was  widely  employed  in  estimating  the 
effective  roughness  of  an  object.  This  classical  tlicory  by  Rayleigh,  as  well  as  most  of  the  recent 
theoretical  approaches  [  Refs.  1,7,10,11,14,18  ],  assume  that  the  scattering  target  is  very  large 
compared  to  X,  and  few  have  discussed  the  case  of  moderately  small  sized  rough  particles  ( e.  g.,  in 
the  so-called  resonance  region). 

Resonance-sized  rough  panicles  arc  abound,  however,  and  indeed  the  extreme  difficulty 
involed  in  solving  the  scattering  problems  led  us  to  take  an  experimental  approach  for  seeking 
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appropriate  answers  [  Refs.  4,5  ).  We  refer  the  detailed  microwave  analogue  technique  and  the 
data  analysis  to  in  our  earlier  reports  [  Refs.  C),  9,12,13,16  ]  and  describe  in  sec.  II  the 
mathematics  and  computational  procedures  for  evaluating  the  Mie  scattering  by  gamma-size- 
distributed  spheres.  The  experiment-theory  comparison  is  made  in  sec.  Ill,  and  sec.  IV  contains 
the  concluding  discussion. 


11.  MIE  CALCULATIONS  FOR  GAMMA-SIZE-DISTRIBUTED  SPHERES 

The  gamma  size  distribution  in  this  article  is  syntmymous  to  the  Standard  Size  Distribution  by 
Hansen  and  Travis  [  Ref.  6  ],  and  represents  a  skewed  Gaussian-like  distribution  of  the  sphere 
number  density  n(x)  as  a  function  of  the  sphere  size  x: 


n{x)  =  const. x^'  exp 


(2.1) 


where  x  =  2nafk  -  sphere  size  parameter,  b  =  effective  variance  of  the  distribution  which  gives 
a  measure  of  the  spread  of  n(x)  around  the  effective  size  parameter:  x^  =  a^  is  the 

effective  particle  radius  and  corre.sponds  to  a  certain  mean  radius  of  the  sphere  ensemble.  The  net 
scattering  from  the  sphere  ensemble  is  assessed  by  integrating  tlie  scattering  contribution  from 
each  X  over  tiie  particle  sizx  limits  X|  and  X2,  with  n(x)  in  Eq.  (2.1)  as  the  weighting  factor. 

(1)  Single  Sphere  Mie  Formulas 

The  needed  Mie  scattering  functions  for  each  x  are  copied  from  the  literaure  [  Refs.  3,8,15,17]. 
For  example,  the  perpendicular  and  parallel  components  of  the  complex  scattering  amplitudes  are; 


Siix,m,d)=  =  \Si(x,m,Q)\c\p(ia^)  (2.2) 

Zt  n{n  +  \) 

S2(x,m,d)=  y  - —{aj^in)  +  b„K^(^)}  =  \S2(.x,m.Q  j|cxp(/02)  (2.3) 

n?  «(«  +  !) 

where  bfi  =  Mie  expansion  coefficients,  with  the  maximum  tcmi  at «  = 
p  =  cose,  7t„(ti)  =  dFn(.\i)/d\i,  t„(p)  =  pTC„(ti)-(  \-]i^)dnffyx)ld\i, 

and  P^(]i  )  =  n-th  order  Legendre  polynomial  of  p. 

The  respective  phase  shifts  suffered  by  the  scattered  wave  for  the  two  components  arc: 
(pl(x,m,0  )  =  71/2  -  O](x,m,0  )  (2,4) 

(P2(x,m,0  )  =  n/2  -  a2(x,m,0  )  (2.5) 

At  the  forward  beam  direction  where  0  =  0,  these  formulas  simplify  to: 

S](x,m,0)  =  52(x,m,0),  and  (p](x,m,0)  =  (P2(x,m,0) 

and  the  complex  extinction  efficiencies  P  and  Q  for  the  single  sphere  are  found  to  be; 
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(2.6) 


(2.7) 


P  =  P,u(.x,m)  =  \  ^(2/z  +  l)Im{a„+feJ 
X  «=1 

Q  =  Q.«ix,m)  =  \  ^(2n  +  l)Re{a„+i7„}  (2.8) 

X  ns] 

The  perpendicular  and  parallel  scattering  intensity  components  are  simply  defined  as 
/l(x,m,e)=  |Si(;c.m,0)|2  (2.9) 

i2{x,m,Q)  =  I  S2(.x,m,Q)  I  ^  (2. 10) 

and  similar  to  Eqs.  (2.6),  these  two  components  are  equal  to  each  other  at  6  =  0. 

The  single-sphere  expressions  for  other  efficiencies:  Qsca-  Qabs’  Qpr  2*^*^  ^Iso  the  asymmetry 
facor  of  scattering  g  can  be  written  in  terms  of  the  Mie  coefficients  Off ,  alone  [  Refs.  3,8,15  ]. 

(2)  Averaged  Extinction/Scattering  over  the  Sphere  Ensemble 

The  complex  extinction  efficiency  expressions  for  the  gamma  distributiOT  are  then 


P{x^,m)  =  J**  P{x,m)n{x)dxl  n{x)dx  (2.1 1) 

Q{x/n)  =  Q{x,m)n{x)dx  !  n{x)dx  (2.12) 

Similarly,  the  averaged  angularscattering  intensity  compements  over  the  ensemble  follow  from 
Eqs.  (2.9)  &  (2.10)  as 

I^{x,,m,6)  =  ^\^{x,m,d)n{x)dx  !  nix)dx  (2.13) 

h(Xt>fn,6)  =  i2{x,m,d)n(x)dx/ n(x)dx  (2.14) 

The  total  scattering  intensity  for  unpolarized  incident  light  and  the  degree  of  linear  polarization 
by  the  size  distribution  are  respectively 

Sii  =  (/i+/2)/2  (2.15) 

Pol.  =  (/i -/2)/Sii  (2.16) 


Notice  that  there  is  no  cross-polarized  scattering  intensity  component  for  the  sf^ere  case. 

The  ensemble  average  on  other  efficincies  Qsca<  Qabs  Qpr  on  the  asymmetry 

factor  g  can  be  evaluated,  as  in  Eqs.  (2, 1 2)-(2. 14),  by  taking  in  the  proper  integrands. 

By  virt..ie  of  the  exponential  dependence  of  n(x)  on  x  in  Eq.  (2.1),  the  integration  limits  x\  and 
X2  arc  chosen  in  such  a  way  that  botn  n(X])  and  n(X2)  fall  off  from  n(Xg)  by  4  orders  of  magnitude. 
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thereby  contributing  little  to  the  integral.  The  smaller  the  magnitude  of  b  is,  the  more  rapidly  n(x) 
drops  off  from  n(Xg)  as  x  departs  from  Xg  .  The  required  number  of  divisions,  n^jjy  .  between 
X]  and  X2  for  the  numerical  integration  then  decreases.  For  example,  the  value  b  =  0.005  employed 
in  most  cases  represents  a  rather  narrow  size  distribution  so  tliat  X]  =  0.75x^  and  X2  =  . 

ryjv  =  40  was  then  found  to  give  fairly  good  convergence  for  all  the  microwavi;  target  sizes.  We 
took,  however,  n£jiv=160  in  this  article  to  make  sure  the  accuracy.  Our  stable  and  efficient  Mic 
algorithm  [  Ref.  17  ]  has  allowed  us  to  perform  all  computations  via  the  8-digit  single-precision 
arithmetic  on  a  VAXl  1/750  computer. 


III.  COMPARISON  OF  EXPERIMENT  AND  THEORY 


Scattering  from  a  rough  particle  differs  strikingly  from  that  of  a  smooth  homogeneous  sphere: 
the  former  is  particle-orientation  sensitive,  but  the  latter  is  not.  Yet,  if  we  take  tltc  avcr.'gc  of 

scattering  data  over  all  random  particle  orientations  at  each  scattering  angle  0,  Uic  angular  p,  'ittn 
of  the  former  is  considerably  smoother  than  the  latter  f  Ref.  C)  ].  Similar  smootfiing  o!  ’h 
angular  profiles  seen  as  one  goes  from  a  single  sphere  to  an  ensemble  of  .sphere.s  [  Ref.  > 
motivated  us  to  compare  the  scattering  data  for  rough  panicles  with  Mie  results  for  size-distributi 
spheres  in  [  Refs.  B)  &  Cl],  and,  in  a  more  detailed  way,  also  in  this  article. 

The  target  parameters  of  the  10  rough  particles  arc  listed  in  Table  1,  where  the  averageo 
microwave  data  over  random  particle  orientations  for  each  particle  (marked  Expt.)  are  compared  to 
the  spheie-ensemble-avcraged  data  (  marked  Mie.).  The  microwave  targets  co.sis'.  of  two 
refractive-index  groups:  m  =  1.610-/0.004  (made  of  plexiglass)  and  m  =  1.36-/0.005  (made  of 
expanded  polystyrene).  They  were  prepared  cither  by  machining  or  by  molding  into  two  shapes 
(see  Table  1  inset)  resembling  roughened  .spheres  but  retaining  ccrtani  cylindrical  rotational 
symmetries. 

The  technical  matters  related  to  averaging  the  microwave  data  over  random  particle 
orientations  were  explained  in  Ref.  C).  Dc.spitc  the  microwave  data  were  accumulated  on  a  large 
number  of  scattering  aiiglcs  (plus  =44  orientations  at  each  angle),  we  had  to  skip  the  data  taking  at 

some  non-important  angles  due  to  the  time  constraints.  In  evaluating  g ,  c.  g,,  the.se  missed  data 
were  filled  in  by  the  Lagrange-Aitken  cubic  spline  technique.  To  compute  the  Mic  data  average 
over  the  size-distributed  spheres,  tlic  mean  radius  of  the  cn.scmbc  x^,  Eq.  (2.1),  was  taken  equal  to 
X,  the  size  parameter  of  the  corrc.spondiug  rough-particle’s  equal-volume  sphere. 

The  comparison  in  Table  1  is  made  on  Q,ca'Qab.,’  Qpr  (  averaged  extinction, 

scattering  ,  absorption  and  radiation  pressure  efficincies  );  and  also  on  g ,  the  averaged  asymmetry 

factor  of  angular  scattering.  Except  for  the  comparison  wiierc  tlic  smallness  of  tlic  imaginary 
part  of  refractive  index  results  in  measurement  precision  uncertainty,  the  agreement  between 

experiment  and  theory  is  fairly  clo.se.  The  clo.scst  match  is  .seen  in  the  (2„,  and  g  conipaii.sons, 
which  arc  also  displayed  in  Figs.  1  &  2,  rcsfxjctivcly.  For  the  Mic  curves  in  Fig.  1,  the  efffect  of 
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the  effective  variance  of  the  distribution,  b,  on  is  shown  for  several  values  of  b,  from  which 
we  deduce  that  b  =  0.005  appears  to  give  the  best  fit. 

Fig.  3  compares  the  detailed  angular  scattering  profiles  by  experiment  and  theoiy,  and  is  to 
supplement  the  similar  comparisons  made  in  Refs.  B)  and  C).  Ij  j  and  I22  denote  respectively  the 
scattering  intensity  when  both  the  transmitter  and  receiver  are  vertically  or  horizontally  polarized. 
S]  ]  stands  for  the  total  scattering  intensity  for  unpolarized  incident  wave,  and  Pol.  is  for  the  degree 
of  linear  polarization.  Among  the  three  values  of  6  in  Fig  3,  b  -  0.005  ag^  seems  to  give  the 
closest  agreement  between  experiment  and  theory.  The  tx:ati  ering  intensity  comparison  is  excellent 
at  the  forward  angles,  6  <  50°,  where  most  of  the  scatter^jig  energy  is  directed.  Indeed,  the 

scattering  in  this  angular  range  is  the  most  dominant  erne  in  determining  and  g ,  and  hence 
explains  why  the  experiment  &  theory  agreed  best  on  these  two  quantities. 


IV.  CONCLUSION 


We  summarize  below  the  findings  on  extinction  &  angular  scattering  by  a  roughened-sphere- 
like  particle  whose  volume-equivalent-sphere  size  is  near  the  first  resonance  peak  in  extinction: 

(1)  The  particle  volume,  rather  than  the  particle  surface  area,  controls  the  scattering. 

(2)  Both  the  extinction  and  angular  scattering  depend  on  the  particle  orientation  in  the  beam, 
but  if  the  averages  are  taken  over  the  random  orientations,  the  patterns  can  be  qualitatively 
predicted  using  Mie  theoory  for  the  equal-volume  sphere  with  same  refractive  index. 

(3)  Further  improvement  on  (2)  is  possible  via  averaging  the  Mie  data  over  a  garoma-size- 
disuibuted  spheres  whose  effective  mean  size  Xg  is  equal  to  the  volume-equivalent  size 
parameter  of  the  rough  particle,  and  whose  effective  variance  of  distribution  is: 

b  =>  0.005.  Quantitatively  good  experiment-theory  agreements  arc  then  obtained, 
particularly  on  and  on  g . 

Schadc  and  Smith's  work  [Ref.  1 1]  also  agrees  with  our  conclusions  (2)  &  (3),  in  that  they 
modeled  by  an  ensemble  of  noninteracting  spheres.  Mukai  and  Mukai's  scattering  evaluation  on 
fine  and  coarse  regoliths  [  Ref.  14  ]  also  treat  a  coarse  regolith  as  made  of  an  indqrendently 
.scattering  ensembe  of  spheres. 
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Table  I  Averaged  elTiciencies  Qcxi<Qsca>Qahs>Qpr  and  the  asymmetry  factor 

g  over  random  orientations  of  the  10  rough  particles.  The  microwave  data 
are  compared  with  Mie  calculations  for  gamma*size-distributed  spheres 
around  the  equal-volume  sphere  of  each  particle,  with  an  effective 
variance  b=0.005. 


ID 

Target 

Shape 

X 

Data 

Source 

Q<xt 

Qsca 

Qpr 

g 

1 

A 

3.650 

1.610-.0.004 

Expt. 

3.78 

3.58 

0.208 

1.32 

0.690 

Mie 

4.234 

4.152 

0.0818 

1.373 

0.6890 

2 

A 

5.499 

1.610-/0.004 

Expt. 

2.51 

2.04 

0.476 

1.48 

0.506 

Mic 

2.352 

2,223 

0,1284 

1.287 

0.4791 

3 

A 

7.346 

1.610-i0.004 

Expt 

2.49 

2.13 

0.358 

1,20 

0.604 

Mie 

2,276 

2.108 

0.1690 

1.013 

0,5996 

4 

A 

8.626 

1.610-/0.004 

Expt. 

2.89 

2.56 

0.334 

1.13 

0.689 

Mic 

2.842 

2,650 

0.1918 

0,8784 

0.7409 

5 

A 

3.592 

1.256-/0.003 

Expt. 

1.65 

1.66 

-0,01 

0.340 

0.788 

Mie 

1,519 

1.479 

0,0394 

0.2926 

0.8288 

6 

A 

5.184 

1.388  /0.005 

Expt. 

3.90 

3.85 

0.050 

0.754 

0.817 

Mie 

3.918 

3.804 

0.1142 

0.7996 

0.8198 

7 

B 

A. 251 

1.366-/0.005 

Expt. 

3.22 

3.02 

0.192 

0.636 

0.853 

Mie 

3.347 

3.257 

0.0900 

0.6599 

0.8250 

8 

B 

6.069 

1.367-/0.005 

Expt 

3.96 

3.40 

0,563 

1.09 

0.845 

Mie 

3.840 

3.709 

0,1308 

0.7768 

0.8258 

9 

B 

7.694 

1.360-/0.005 

Expt. 

3,43 

2.95 

0.476 

1,09 

0.791 

Mie 

3,136 

2,971 

0.1644 

0,8000 

0,7861 

10 

B 

12.882 

1.353-/0.005 

Expt. 

2.34 

1.64 

0.701 

1.24 

0,670 

Mie 

2.232 

1.970 

0.2621 

0.7463 

0.7542 

Note:  X  here  denotes  the  volume-equivalent  size  parameter. 
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Figure  1  Extinction  Efficiency  Qgxt  vs  Volume-Equivalent  Size  Parameter  Xy 


The  microwave  data  (symbols)  are  fhe  averaged  data  over  random  orientations  of  each  rough 
particle.  Curves  show  the  averaged  Mie  data  over  gamma-sizc-distributed  spheres,  several  values 


of  the  effective  variance  b  employed  for  the  distributions  arc  as  shown. 


EXPANDED  POLYSTYRENE 

m  =  1.360-i0.005 

PLEXIGLASS 
m  «  1.610-t0.004 


Figure  2  Asymmetry  Factor  g  v$  Volume- Equivalent  Size  Parameter  Xy 

The  microwave  data  (symbols)  are  the  averaged  data  over  random  orientations  of  each  rough 
particle.  Curves  are  the  averaged  Mie  data  over  a  gamma-size-distributed  ensemble  of  spheres, 
whose  effective  variance  of  distribution  is  b  =  0.005. 


Figure  3  Microwave  Angular  Scattering  Data  (symbols)  Averaged  Over  Random 
Orientations  of  a  Rough  Particle  with  x  =  4,257  and  m=  1 ,366-iO,(X)5 
Curves  show  the  averaged  Mie  data  over  gamma-size-distiibuted  spheres.  3  effective  variances  of 
the  distributions  are  employed:  b  =  0.001,  b  =  0.005  (  marked  as  -*»** )  and  6=0.025. 
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The  purpose  of  this  paper  is  to  develop  both  (i)  a  theory  of  laser  stimulated  vaporization 
of  droplets  and  (ii)  a  theory  of  internal  heating  resulting  from  vibr  ition  waves  in  linearly 
responding  elastic  material,  and  (iii)  flame  theory.  There  are  applications  to  sending  in¬ 
formation  through  clouds  on  laser  beams  and  to  the  control  of  temperature  in  ultrasonic 
welding,  and  improvement  of  the  design  of  aircraft  engines  and  the  processes  used  for  the 
destruction  of  toxic  chemicals. 

We  develop  a  theory  of  thermal  excursions  resulting  from  ultrasonic  v/elding  in  3  and  7 
dimensions,  and  interpi.et  it  as  an  elastic  interaction  with  damping  in  a  Voigt  solid.  It  is 
hypothesized  that  with  good  control  of  temperature,  one  could  achieve  strong  and  uniform 
welds  by  this  process  and  greatly  reduce  the  cost  of  manufacture  of  aircraft,  end  other  alu¬ 
minum  structures.  We  consider  equations  describing  the  conservation  of  mass,  momentum, 
and  energy  coupled  by  an  equation  of  state,  and  consider  general  mass,  momentum,  and 
energy  transfer  relationships  in  a  compressible  body  subjected  to  external  stimuli.  For  the 
Voigt  solid  theory,  a  linear  elastic  theory  with  damping  forces,  we  show  how  some  simple 
local  time  averaging  gives  us  a  dovetailed  system  consisting  of  the  elastic  wave  equations 
whose  solution  provides  the  source  term  for  an  otherwise  uncoupled  heat  equation.  For  the 
more  general  theory  of  droplet  vaporization  we  illustrate  a  general  nonlinear  energy  equation 
which  includes  a  radiation  energy  conductivity  term.  We  get  a  class  of  exact  solutions  for  a 
nonlinear  flame  front  boundary  value  problem. 
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1  INTRODUCTION 


We  use  this  concept  of  a  material  derivative  and  fluxes  of  mass,  momentum,  kinetic 
energy,  internal  energy,  temperature,  and  radiation  to  express  the  conservation  of  mass, 
momentum,  and  energy  in  a  Voigt  solid  that  is  stimulated  by  an  elastic  wave  energy  source. 
Initially  there  are  more  dependent  variables  than  there  are  equations.  However,  these  equa¬ 
tions  are  coupled  by  an  equation  of  state  which  enables  one  to  develop  a  semigroup  for¬ 
mulation  which  will  predict  pressure,  density,  velocity,  and  temperature  distributions  in  the 
interior  of  the  stimulated  solid.  Local  time  averaging  gives  us  a  heat  equation  with  £in  elastic 
energy  source  term. 


1.1  Vector  Analysis 


The  material  derivative  of  a  function  /  is  defined  by 


Df  _  ^  .  df  dz 

Dt  dt  dx  dt  dy  dt  dz  dt 


Thus,  the  material  derivative  is,  if  we  define. 


^_dx^  ,dy^  ,dz^ 
at®* 


(1.1.1) 


(1.1.2) 
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given  by 

^  =  |+(»-jrarf)  (1.1.3) 

where  v  is  the  velocity  of  a  point  in  the  fluid. 

1.2  External  Energy  Sources 

Thermal  energy  is  transferred  by  conductivity  and  internal  radiation  as  well  as  radiation 
from  the  surface.  We  assume  that  the  elastic  material  is  electromagnetically  poly  anisotropic, 
a  material  more  general  thsin  a  bianisotropic  material.  The  nonlinear  Faraday  Maxwell 
equation  is  given  by 

curUE)  =  •  •  •,  (I)*  (I)*  ■  ■  ■) 

while  the  nonlinear  Ampere  Mztxwell  equation  hzis  the  form 

=  a,... (1.2.2) 

For  a  general  material  where  we  have  continuity  of  tangential  components  of  S  and  H  across 
the  boundary  separating  regions  of  co::tinuity  of  electromagnetic  properties  the  radiation 
source  term  is 

(^)  "  i^/^)R<div{E  X  H-)  (1,2.3) 

The  radiation  source  term  which  provides  a  thermal  energy  is  for  a  linearly  responding 
material  given  by 

(1  /2)Re  [&•  ■  {iul  +  f  )^  +  i  •  WH*- 

s  •  +  ^  •  (F  ^•)+ 

I  ^tangential  |  }  (1.2.4) 

where  if  5ft  is  the  surface  containing  the  impedance  sheet,  then 

I  XdO^i  I  ^tangential  I  dv  —  j  0'§\  -^tangential  dA  (1.2.5) 

Jn  Jdfl 

defines  the  characteristic  function  xsn  of  the  surface  supporting  the  impedance  sheet,  c  is 
the  permittivity,  /x  is  the  permeability,  a  denotes  conductivity,  and  o  and  are  coupling 
tensors  which  appear  in  the  linear  Faraday  and  Ampere  Maxwell  equations,  respectively. 

Another  internal  source  term  is  the  Voigt  solid  deimping  term  contribution  which  will  be 
derived  in  the  sections  which  follow.  Another  source  of  heat  is  the  friction  of  a  mechzmical 
vibrator  on  the  surface  of  the  aluminum. 
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2  Mass  Transfer 


We  consider  that  through  melting  or  movement  of  a  fluid  that  matter  can  flow  across 
the  boundary  of  a  surface  or  that,  in  the  case  of  an  elastic  medium,  that  it  cannot,  and 
examine  the  consequences  and  mathematiced  representation  of  of  these  assumptions. 

2.1  Continuity  Equation 


Assuming  that  in  the  Voigt  solid  or  liquid  interior  that  the  rate  at  which  mass  is  created 
or  destroyed  is  given  by  Qm  and  that  the  flux  of  mass  across  a  surface  is  given  by  pv  we  see 
that 

^  +  dtv(pu)  =  QM  (2.1.1) 

or  if  Qm  =  0  that 

div{pv)  =  -^  (2.1.2) 

3  Momentum  Equations 


We  examine  the  consequences  of  momentum  conservation  for  the  Voigt  solid  and  for 
liquids  permitting  the  derivation  of  generedizations  of  the  elastic  wave  equations  and  the 
Navier  Stokes  equations. 

3.1  Voigt  Solid  Momentum  Conservation 

In  this  section  we  derive  the  conservation  of  momentum  by  equating  the  rate  of  change 
of  momentum  to  the  work  done  by  the  fluid  pressure  and  the  viscous  forces  and  the  body 
forces  and  the  flux  of  momentum  across  the  boundaries  of  test  volumes.  We  define  the 
velocity  as 

V  =  Utx  +  Vty  +  Wtz  (3.1.1) 

An  important  identity  involving  the  dyadic  product  of  two  vectors  A  and  B  is 

div{AB)  =  div{A)B  +  {A  •  grad)B  (3.1.2) 

Another  important  quantity  is  the  tensor  or  dyadic  quantity  quantity  obtained  by  taking 
the  gradient  of  a  vector  field  given  by 

grad{A)  =  ^  j  (3.1.3) 

Using  equation  (3.1.3)  we  define  the  symmetric  strain  tensor  in  terms  of  the  displacement 
V  of  &  point  of  a  solid  from  its  equilibrium  position  as 

_  grad{V)  +  grad{i)y 

"  =  - 2 - 
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(3.1.4) 


^^n\(aUi  auA,. 


and  cubictil  dilatation  9  is  given  by 

^  =  S(i) 

The  Voigt  solid  elastic  stress  tensor  is  defined  by 

5  = 


(3.1.5) 


where 


_  =  de  -89= 

2./ic  +  \9I  +  2-fL^  +  A^/ 


<=l  i=:l 


(3.1.6) 


(3.1.7) 


If  F  is  the  force  per  unit  mass,  and  pjs  the  mass  per  unit  volume,  then  the  generalized  equa¬ 
tions  of  elasticity  for  a  stress  tensor  3  by  Newton’s  force  is  equal  to  mass  times  acceleration 
law,  or 

=  P^  +  div(S) 


dt^ 

When  the  stress  tensor  S  is  given  by  the  Voigt  solid  relationship  (3.1.6) 

^  dt^  -  + 

{X  +  fi)9rad{9)  +  fiAU  +  (A  +  ii)^grad(9)  + 
where  in  Cartesian  coordinates  the  Laplacian  A  is  defined  by 

8^ 


(3.1.8) 


\dx\'^  8x1'^  '  ‘  dx'ij 


U 


(3.1.9) 


(3.1.10) 


When  the  material  through  which  the  elastic  wave  is  propagating  is  three  or  seven 
dimensional,  the  displacement  vector  U  is  necessarily  a  curl  plus  a  gradient  given  by 


U  =  grad{<j>)  -f-  curl{tl)) 


(3.1.11) 


This  is  true  for  any  C°°  faction  defined  on  an  open  set  in  R**  with  values  in  C"  for  n  equal 
to  three  or  seven,  and  can  be  seen  from  the  following  lemma  ([19]). 

Lemma  3.1  If  n  is  three  or  seven,  then  for  every  open  set  Cl  in  R"  and  for  every  vector 
field  P  in  C'°°(Q,C’‘)  there  is  a  vector  field  G  in  the  same  space  such  that 

P  =  grad{div{G))  +  curl(curl{—G))  (3.1.12) 


337 


where  tfnts  equal  to  seven  the  curl  is  defined  by  the  rule, 

curl{S)  = 


f  urn*. 

aSi+A 

5®i+3  / 

+ 

/  dEi^^s 

/  dEi+B 

V  dXi+4 

dXi+B/, 

V  ox, +2  OX, +6  J  \  OX<+4  OXi+s  /  J 

where  Ci  is  the  unit  vector  in  the  direction  of  the  ith  coordinate  axis  in  7  dimensional  space 
and 

Ei+r  =  Ei  (3.1.14) 


If  we  then  substitute  equation  (3.1.11)  and  equation  (3.1.5)  into  (3.1.9)  we  deduce  that 

-  (A  +  2/^)A^  -  (A  +  2A)A^^ 

=  cur/.^pA^?  +  fiA^  -  ' 


=  curlinAxj}  + 


(3.1.15) 


where  A  is  defined  by  (3.1.10).  If  we  take  the  dot  product  of  both  sides  of  equation  (3.1.15) 
with  the  gradient  of  any  test  function  P  with  compact  support  and  integrate  over  an  open 
set  containing  the  support  of  this  test  function,  then  the  curl  term  disappears,  since  the 
curl  of  a  gradient  is  the  zero  vector.  We_^et  two  wave  equations  with  damping  terms  and 
different  wave  speeds  satisfied  by  d>  and  ip.  The  <p  wave  equation  is 


d^4>  -  d<p 

/>—  =  (A  +  2u)A<P  -  (A  +  2 .  fi)A^ 


=  /‘AV-  + 


(3.1.16) 


(3.1.17) 


with  A  being  defined  by  (3.1.10).  Note  that  if  we  set  fi  and  A  equal  to  zero,  then  we  get 
exactly  the  wave  equations  for  the  two  types  of  observed  Eeirthquake  waves.  If  we  Fourier 
transform  all  terms  of  equations  (3.1.16)  and  (3.1.17)  with  respect  to  time  we  see  that  the 
Fourier  transforms  of  both  ip  and  <p  with  respect  to  time  satisfy  a  Helmholtz  equation  of  the 
form, 

AV  +  k^V  =  0  (3.1.18) 

where  A  is  the  Laplaciiui  defined  by  (3.1.10)  and  A:  is  a  complex  constant.  Thus,  except 
for  the  rather  complex  boundary  conditions  these  equations  might  be  solved  by  standard 
theories.  The  boundary  conditions  are  highly  mixed  and  require  us  to  consider 

•  a  region  of  welded  contact  between  the  plates  where  both  the  displacement  and  the 
stress  tensor  are  continuous, 


•  a  free  surface  where  all  the  entries  of  the  stress  tensor  are  zero, 
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•  a  region  of  contact  of  the  vibrator  and  the  surface  of  the  material  being  welded  where 
the  stress  tensor  is  specified, 

•  the  nonwelded  contact  region  where  the  normal  components  of  the  stress  and  displace* 
rnent  are  continuous,  and 

•  the  region  of  contact  of  the  workpiece  and  the  clamp,  where  the  normal  components 
of  the  stress  are  specified  and  the  normal  component  of  the  displacement  is  fixed  at 
zero. 

3.2  Generalized  Navier  Stokes  Equations 


For  compressible  materials,  the  momentum  conservation  equations  are  nonlinear.  The 
momentum  flux  is  the  dyad  pvv  and  using  the  concept  of  conservation  of  mass  or  equation 
(2.1,2)  and  equation  (3.1.2)  we  see  that 

div{pvv)  =  div{pv)  +  p(v  •  grad)v 

= -~v  +  p{v  •  grad)v  (3.21) 

at 

If  p  is  the  pressure,  then  the  total  stress  tensor  11  is  given  by 

n  =  — p(^Cx  +  +  CxCt)  +  r  (3.2.2) 

The  viscous  stress  tensor  is  given,  using  equation  (3.1.1)  for  velocity,  by  the  rule, 


r  = 


2  / du  dv  dw\  _  ^ 

-3"  (SJ  +  ai; 

2  (du  dv  dw\  ^  _ 


(3.2.3) 
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We  have  seen  that  the  total  stress  tensor,  equation  (3.2.2)  is  given  in  terms  of  the  pressure 
p  and  the  viscous  stress  (3.2.3).  The  momentum  equation  is  given  by 


^(pu)  =  -divipvrTl 

+  pf  +  d:u(n)  (3.2.4) 

Using  equation  (3.2.1)  we  see  that  equation  (3.2.4)  and  equations  (3.2.2)  and  (3.2.3)  we  see 
that 

dv 

+  Piv  ■  grad(v))  = 

pf-  grad(p)  +  div{f)  (3.2.5) 

Using  the  concept  of  material  derivative,  equation  (1.1.1)  and  assuming  that  f  is  the  zero 
vector,  equation  (3.2.5)  reduces  to 

^  =  ~-grad{p)  +  -dit;(r)  (3.2.6) 

JJt  p  P 

4  Energy  Conservation 


There  is  internal  energy,  kinetic  energy,  work  done  by  the  viscous  forces  (equation  3  2.3), 
pressure,  and  work  done  by  the  externed  body  forces.  The  energy  is  transferred  from  one 
region  of  the  heated  Voigt  solid  to  another  by  thermal  conduction,  kinetic  energy  flux,  and 
radiation  conduction  processes,  and  by  the  external  elastic  and  thermal  energy  source.  For 
boiling  liquids  we  consider  viscous  dissipation  functions  and  a  radiation  conductivity  term. 

4.1  A  Heat  Equation  for  Voigt  Solids 


We  begin  by  considering  the  Voigt  solid  stress  tensor  and  then  go  on  to  analysis  of  energy 
transfer  where  viscous  dissipations  functions  are  responsible  for  energy  transfer. 

We  now  consider  specific  energy  per  unit  mass  e  within  a  stimulated  Voigt  solid,  and  we 
let  the  velocity  of  a  point  be  defined  by 


-♦ 

V  = 


dt 


(4.1.1) 


where  U  is  the  displacement  from  equilibrium.  Then  the  toted  energy  within  a  volume  Q  is 
given  by 

=  l^{p{e  +  V-V/2)}dv  (4.1.2) 

The  time  derivative  of  Sn{t)  is  the  rate  of  energy  input  into  fl  by 


•  body  forces. 


•  the  stress  system. 
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•  the  flux  of  kinetic  energy  across  the  boundaries, 

•  thermal  heat  conduction, 

•  internal  heat  generation, 

•  radiative  transport,  and 

•  internal  energy  flux. 

The  above  means  of  energy  transport  are  all  important  in  fluid  flow,  but  in  elastic  media, 
many  of  the  terms  may  be  ignored  because  there  is  no  gross  motion  of  material  across 
boundaries.  With  our  periodicity  assumption,  many  of  the  terms  which  are  conceptually 
small  will  be  shown  to  vemish  exactly  when  they  are  smoothed  by  using  local  time  averages. 
This  local  smoothing  may  be  thought  of  as  a  transistion  from  a  temporally  microscopic  to 
a  temporally  macroscopic  theory. 

To  get  to  the  final  form  of  the  equation  that  we  consider  we  shall  assume  that  the  integral 
of  the  product  of  a  slowly  varying  function  and  a  highly  oscillatory  function  is  nearly  zero. 
The  rigorous  energy  equation  may  be  expressed  in  the  form, 

j  ■  17/2))*)  = 

f  {F-V  +  div(§  •  V)  -  (div{p{V  •  V/2)V)) 

+  div(K  •  grad{T))  +  ^  +  div{qr  -  epV^Yjdv  (4.1.3) 

where  the  terms  on  the  right  side  of  (4.1.3)  are  respectively 

•  power  transfer  by  body  forces 

•  rate  of  kinetic  energy  transfer  across  the  boundary 

•  the  rate  of  energy  transfer  by  thermal  conduction 

•  the  rate  at  which  energy  is  created  internally 

•  the  rate  at  which  energy  is  transferred  into  the  body  by  radiation, 

•  the  rate  at  which  internal  energy  is  transferred  across  the  botmdary  by  material  mo¬ 
tion. 


From  equation  (4.1.3)  we  deduce  an  energy  transfer  equation. 


F-V  +  div{S-V) 


f ^  == 

— o—  V)  +  div{K  ■  grad{T)) 
2  / 
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do  -♦  -♦ 

—  +  div{qr)  -  cdiv{pV)  -  pV  -  grad{e.)  (4.1.4) 

If  a  slowly  varying  time  envelope  is  riding  on  a  rapidly  varying  oscillation,  (e.g.  very 
rapid  vibrations  and  a  periodic  movement  of  the  source  of  those  vibrations  or  a  steady 
increase  in  temperature  resulting  from  those  vibrations)  then  we  can  use  the  local  time 
averaging  operator 

Pr,(m  =  7(i)  =  (i)  f{r)dT  (4.1.5) 

then  it  is  clear  that 

Lemma  4.1  If  f  is  periodic  with  period  Tp  and  if  Pt^  w  defined  by  (4-1-5)  then  for  all  real 
t 

PTpif'f)  =  0  (4.1.6) 

This  follows  from  the  fact  that 

and  the  fact  that  if  /  is  periodic  with  period  Tp  that  then 

/>((  +  T,)  -  fit)  =  0  (4.1.8) 

We  shall  use  elementary  vector  analysis  to  reduce  the  energy  equation  (4.1.4)  to  a  place 
where  we  can  use  the  Lemma  and  the  local  time  average  operation  defined  by  equation 
(4.1.5)  to  get  a  simplified  heat  equation. 

We  shall  use  the  identity, 

div{{A-B)C)  =  {A-B)div{C)  +  C-grad{A-B)  = 

{A  ■  B)div{C)  4-  C  •  ^A  X  curl{B)  +  B  x  curl{A) 

+  {A-grad)B  +  {B  •  grad)A^  (4.1.9) 

which  means  that  if  we  let  A  be  equal  to  S  be  equal  to  C  be  equal  to  pV  to  deduce  a 
simplification  of  the  divergence  of  p  times  half  of  the  dot  product  of  V  with  itself  times  V. 
We  see  that 


j  div(pV)  +  V  •  grad{V  ■  V)  = 

j  div{pV)  +  p~  ■  {V  X  curl{V)  + 

9  X  curl(V)  +  {9  •  grad)9  +  [9  ■  grad)9}  (4.1.10) 

But  since 

9  •  (9  X  curl{9))  —  0,  (4.1.11) 


v-v 

2 


div{  I  p 


VV 


V)  = 
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we  see  that  equation  (4.1.10)  reduces  to 


pV  •  ((V  •  grad)V) 


The  generalized  momentum  conservation  equation, 

d9 


p-^  -  -  p{V^  •  grad)9  +  P  +  div(3) 


(4.1.12) 


(4.1.13) 


Using  the  equation  (4.1.12),  which  simplifies  the  divergence  of  the  kinetic  energy  flux,  and 
the  result 

pi?.  —  =  -  pV  •  {V  ‘  grad)V  +  F-V  +  div(S)-V  (4.1.14) 

of  dotting  all  terms  generalized  momentum  equation,  (4.1.13),  we  deduce  from  (4.1.3)  that 


% 

dt 


+ 


{-pV’{{V'grad)V  +  F'V  +  div(S)’9} 

=  F-V  +  div(S  •  V)  + 

{(^)l  + 

div(K  ■  grad{T))  +  ^  +  div{qr) 

-  e(div(pP))  +  pi?  •  grad{e)  (4.1.15) 

where  the  terms  in  energy  equation  (4.1.15)  that  differ  from  the  original  energy  equation 
(4.1.3)  are  enclosed  in  curly  brackets.  We  further  simplify  equation  (4.1.15)  by  using  the 
mass  conservation  equation  (2.1.2)  and  cancelling  out  terms  that  appear  on  both  sides  of 
the  equal  sign  of  equation  (4.1.15)  to  obtain. 


P  +  div(^)  •  i?  =  div(3  •  i?)  + 

div{K  ’  grad(T))  +  ^  +  div{qr)  -  pV  •  grad{e)  (4.1.18) 

We  now  make  use  of  the  dyadic  identity 

div(S-V)  -  div(§)-V  =  (S‘grad)-V  (4.1.17) 

Substituting  equation  (4.1.17)  into  equation  (4.1.16)  we  obtain  equation 

^  _ 

=  (S-grad)-V  +  div{K  -  grad{T)) 
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(4.1.18) 


+  -^  +  div{qr)  -  pV-grad{e) 

We  assiune  that  p  and  the  conductivity  tensor  K  are  time  independent  and  that  the  internal 
energy  source  Q  and  the  reidiative  energy  source  are  both  identically  zero  and  apply  the 
local  time  averaging  operator  Pt^  defined  by  equation  (4.1.5)  to  all  terms  of  the  simplified 
energy  equation  (4.1.18)  ([41],  p  17)  to  obtain  equation 

=  ^-grad^-X^  +  div{K-T)  —  p^  ■  grad{e)  (4.1.19) 

We  now  use  the  oscillation  theorem  which  says  that  if  a  is  smaller  than  b  and  if  /  is 
continuous  on  [a,  6]  then 

n^oo  Ja  =  0  (4.1.20) 


to  say  that  to  a  good  approximation  since  K  is  a  rapidly  varying  function  and  e  is  a  slowly 
varying  function  we  may,  in  view  of  (4.1.20),  say  that  to  a  good  approximation, 


pV  •  grad{e)  ~  0 

to  obtain  the  first  approximate  heat  equation, 

p-^  =  (S  •  grad)  •  V  +  div{K  •  grad{T)) 

We  now  are  prepared  to  exploit  equation  (4.1.6)  and  the  relation 

e  -  cT 


(4.1.21) 


(4.1.22) 


(4.1.23) 


where  c  and  T  are  respectively  increases  in  energy  density  and  temperature,  and  where  c  is 
the  specific  heat  to  obtain  our  final  form  of  the  heat  equation  with  an  elastic  energy  power 
density  source  term.  We  write  for  n  equal  to  three  or  seven. 


5  = 

(=1 ,=i 


where 


c  _  (sVi^evA  ,  .is‘u,  ,  d‘‘Vi\ 

(*.»  ^  \dxjdt  dxidt ) 


(4.1.24) 


We  now  take  the  dot  product  of  both  sides  of  equation  (4.1.25)  with  V  obtaining, 

(^>grad)>V  = 


(4.1.25) 


n  n  n 


1=1  j=i  k=i 


v=i 
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(4.1.26) 


^''^^dxkdt  j 


=  I  mm 

\.«i  j=i  k=i 

We  apply  the  local  time  average  operation  defined  by  (4.1.5)  to  all  terms  of  equation  (4.1.26) 
making  use  of  (4.1.6)  and  substitute  into  equation  (4.1.22).  Thus,  from  (4.1.4)  we  derive 
the  heat  equation, 

(^)  "  •  3rad(T))  = 


pc  j 


(EUl 


\dxjdt  '  dx 

where  the  index  set  is  defined  by 


^.V  +  Atf^V 

dxidt)  ^ 


J{n)  ~  {{ij):j>i  and  {*,;}€  {1,2,  •• ',n}} 


(4.1.27) 


(4.1,28) 


and  the  internal  energy  density  increase  e  that  appeared  in  our  original  energy  equation 
(4.1.4)  is  related  to  temperature  increase  by  the  relation  (4.1.23),  where  c  is  the  specific 
heat  and  T  is  the  temperature  increase,  which  means  that  since  the  right  side  source  term 
of  the  heat  equation  (4,1.27)  is  positive  that  heat  will  be  generated  by  vibrations  in  a  Voigt 
solid. 


4.2  Droplet  Explosion  by  Lasers 


We  now  consider  energy  transfer  in  a  stimulated  fluid.  Using  equation  (3,2,3)  we  define 
the  viscous  dissipation  function  $  by  the  rule. 


i  =  fi 


(dv  /dw 

\dx^  dy)  ^\dy^dz) 

(du  2  (du  dv 

^  dx)  3  ^  dy^  dz) 


(4.2.1) 


In  these  terms  the  energy  equation  is  given  by  (Anderson,  Tannehill,  and  Fletcher  [1],  pages 
188-189). 


d  {  pv  •  v\ 

alh  +  V|  = 

—  div{pev)  f  •  V  + 
div(TI  •  v)  —  div{  ^  v)  -f 

div(kgrad{T))  +  C?.„  f  Qaui  (4.2.2) 
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(4.2,3) 


We  define  the  enthalpy  h  as  (see  Anderson  [1],  p  188) 

/i  =  c  +  - 


where 


e  =  the  internal  energy  including  quantum  states, 
p  =  the  pressure,  and 
p  =  the  density. 

To  telescope  the  terms  in  the  energy  equation  we  make  use  of  the  vector  identity 
grad(A  -  B)  =  Ax  curt{B)  4  3  x  curl{A)  + 


(B  •  grad)  A  -4  (vl  •  grad)B 


(4.2.4) 


to  observe  that 


pv  •  grad 


(v-v\ 


p^ -  {v  X  curf[v".  V  •  grad(v)}  (4.2.5) 

Interchanging  the  dot  and  cross  product  in  equn.'(  ion  (4.2.5)  we  see  that  since  for  an  arbitrary 
vector  field  v 

V  •  (tT  X  curi{v))  (j7  x  o)  •  curl(v)  ==  0  (4.2.6) 


it  follows  that 


pv  -  grad 


{¥)■ 


pv-  {(ir-sra<i)(i?)} 


(4.2.7) 


We  can  then  collapse  terms  in  equation  (4.2.2)  by  observing  that  the  momentum  equation 
implies  that 

V  •  p{v  •  grad)v  = 

dv  ^ 

-P^^v 

+  pf~  grad{p)  ‘  V  +  div\j)  ■  v  (4.2.8) 

Thus,  using  equation  (1.1.1)  and  equations  (4.2.7)  and  (4.2.8)  the  energy  equation  (4.2.2) 
may  be  rewritten  in  the  form, 

Dh  Dp 


(I) 


^  Dt  Dt'^ 


Qin  + 


Qoutd- 


i  “  div{Kgrad{T))  (4.2.9) 

where  {d/dt)  Qin  is  given  by  equation  (1.2.4)  and  $  is  the  dissipation  function  representing 
the  work  done  by  the  viscous  forces  of  the  fluid.  The  term  representing  the  transfer  by 
radiation  from  one  part  of  the  fluid  to  another  is  given  by  (Siegel  and  Howell  [62],  page  6S9) 


(!) 


Q,.,  =  div  ■  r<‘d(T) 


(4.2,10) 
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This  equation  may  be  interpreted  as  providing  a  radiation  flux  across  a  surface  defined  by 


kr  = 


3afl  ’ 


(4.2.11) 


where  an  is  the  Rosseland  mean  absorption  coefficient  (Siegel  [62]  ,  p  504  and  Rosseland) 
and  where  a  (Siegel  [62],  page  25)  is  the  hemispherical  total  emissive  power  of  a  black  surface 
into  vacuum  having  a  value  of 


a  -  5.6696  x  lO"®  Watts  /  (meters^  “K  )  (4.2.12) 


Using  equation  (4.2.10)  and  equation  (4.2.2)  we  see  that 


(~pdiv(v))  ~  div(Kgrad(T))  +  $ 

where  $  is  the  viscous  dissipation  function  given  by  equation  (4.2.1) 


4.3  EQUATION  OF  STATE 


(4.2.13) 


In  the  energy  equation  (4.2.13)  the  perfect  fluid  aissumption  ([1],  p  189)  would  yield 


e  =  CvT, 


(4.3.1) 


where  is  the  specific  heat  at  constant  volume,  and  if  we  define 


7  = 


Cv 


(4.3.2) 


where  Cp  is  the  specific  heat  at  constant  pressure,  then  the  pressure  p,  the  internal  energy  e 
and  the  density  p  are  related  by  ([1],  p  189) 


P  =  (7  - 


(4,3.3) 


5  SUMMARY 


Using  the  definition  of  velocity  (equation  3.1.1)  and  the  equation  of  state  (4.3.3)  we  see 
that  the  number  of  equations  is  5,  allowing  3  equations  for  the  three  components  of  the 
momentum,  and  while  the  intial  variables  are  u,  v,  p,  c,  and  7’,  w«j  see  that  since 
the  temperature  T  is  related  to  e  and  since  pressure  is  a  function  of  p  and  e,  we  see  that 
there  arc  now  exactly  5  unknowns.  This  means  that  locally  within  the  Voigt  solid,  wc  can 
describe  the  future  state  of  the  Voigt  solid  as  a  semigroup  acting  on  the  conditions  at  time 
to.  If  wc  want  to  know  the  value  at  time  t  and  5  is  defined  so  that  the  solution  at  time  t  is 
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given  by  S{t  —  to)  acting  on  the  values  at  t  =  to  of  the  density  /),  the  velocity  components 
u,  V,  and  u),  and  the  temperature  T.  The  semigroup  relation, 


p(0 

K<o)  ^ 

u{t) 

u(to) 

vit) 

—  S(t  —  fo) 

v(fo) 

w{t) 

w{to) 

m  J 

K  ^(^o)  y 

tells  us  how  to  get  future  values  of  the  density  p,  the  three  velocity  components,  Eind  the 
temperature  at  time  t  when  the  values  at  time  to  known. 


6  FLAME  THEORY 


Flame  theory  can  be  considered  as  a  system  of  partial  dijfferential  equations  ([43])  in¬ 
volving 


•  conservation  of  mass, 


•  species  creation,  diffusion,  arid  transport, 

•  conservation  of  momentum. 


•  conservation  of  energy,  and 


•  equations  of  state. 

We  need  several  deiintions  of  terms  for  the  formulation  of  the  equations.  The  variables  are 


t 

T 

P 

Yk 

Cp 

u 

Vk 


Here,  the  specific  heat 


—  time 
=  temperature 
— •  density  of  mixture 
=  concentration  of  species  k 
=  specific  heat  of  the  mixture 
=  specific  heat  of  species  k 
=  velocity  ol  mixture 
=  (j,k)  entry  of  species  diffusion  tensor 
=  diffusion  velo'^ity  of  species  k 
=  '  u  equals  the  stream  function 

for  transport  down  a  tube 
described  in  cylindrical  coordinates,  where 
=  the  distance  from  the  axis  of  the  cylinder,  and 
=  molar  rate  of  production  of  species  k. 

of  species  k  and  the  specific  heat  of  the  mixture  are  related  by  ([36]) 

Cp  =  ^  •  C(p,A.)  (6.0.1) 


where  p*  is  the  density  of  species  k 
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6.1  Multicomponent  Diffusion 


One  of  the  more  recent  developments  are  the  concepts  ([22],  [43])  of  mole  fraction  dif¬ 
ferential  pressure  gradients  with  the  idea  that  even  as  a  gas  is  moving  along  a  pipe  or  a  jet 
aircraft  engine  with  velocity  u  the  species  or  molecular  entities  are  diffusing  with  individual 
velocities  14  as  a  result  of  weighted  mole  fraction  pressure  gradients  dk  emd  temperature 
gradients.  If  we  suppose  that 


p  =  pressure 

Xk  =  mole  fraction  of  species  k,  and 
Yk  =  mass  fraction  of  species  k 

then  the  weighted  mole  fraction  difFerenti^J  pressure  gradient  is  ([43])  given  by 

=  grad{J^k)  +  (Xk  -  Yk)  •  grad{p) 


(6.1.1) 


(6.1.2) 


and  if  we  let 

Wk  =  moleculEU-  weight  of  species  k 

W  =  mixture  average  molecular  weight  (6.1.3) 

Dk  =  the  species  k  thermal  diffusion  coefficient 

then  the  Dixon  -  Lewis  species  k  diffusion  velocity  ([22],  [43])  (for  k  running  from  1  to  N) 
is  given  by 


-  (^)( 


Dl\  (gradlTY 

•  ■Yt  \  T 


(6.1.4) 


Then  using  equation  (6.1.4)  we  see  that  the  species  k  diffusion  flux  is  given  by 

Jk  =  P-Yk-Vk 

The  overall  geis  velocity  contribution  of  the  species  k  flux  is  given  by 

Jk  =  P-  YkU 


(6.1.5) 


(6.1.6) 


6.2  Conservation  of  Species  and  Energy 


Using  the  species  diffusion  flux  (6.1.5)  and  the  species  transport  flux  (6.1.6)  and  the  idea 
that  if  the  partial  derivative  with  respect  to  time  of  Uk  is  the  molar  rate  of  production  of 
species  k  from  chemical  reactions  that  then  the  species  c.onser\'ation  equation  is 


=  div{jk)  -f  div{p  ‘Yk-u)  + 


(6.2.1) 


where  the  species  diffusion  flux  jk  is  given  by  equation  (6.1.5) 

The  chemical  kinetics  and  species  creation  processes  are  an  integral  part  of  flame  model¬ 
ing  and  can  be  used  to  describe  soot  particle  nucleation  and  growth  and  to  understand  the 
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type  and  kind  of  dangerous  materials  that  can  be  formed  during  burning  processes  (Fren- 
klach  and  Wang,  [29]);  in  particular  we  can  describe  the  formation  of  the  PAH,  pulycyclic 
aromatic  hydrocarbons  nucleation  and  coagulation  or  growth  in  premixed  flames  ([28],  [30], 
[31],  [33]).  Microscopic  equations  can  account  for  surface  growth  of  soot  particles;  the  soot 
formation  mechanisms,  in  spite  of  intensive  study  have  only  recently  come  to  be  understood. 
As  a  consequence  we  better  understand  just  how  very  dangerous  to  health  these  particles 
really  are. 

We  now  turn  our  attention  to  the  development  of  energy  flux  using  the  concept  of 
enthalpy  which  is  defined  by  equation  (4.2.3),  the  universal  gas  constant,  72,  and  the  concept 
of  the  partial  pressure  pk  of  species  k  and  the  concept  of  the  en^gy  e*  possessed  by  species 
k  to  define  the  enthalpy  of  species  k  smd  the  total  stress  tensor  11  defined  by  (3.2.2)  to  give 
an  energy  flux  defined  by 

9  =  E  {jkhk)  -  TgradT  - 


Then  if  we  define 


dQinternal 


ip-e)u  + 


+  n-u 


(6.2.2) 


=  rate  of  chemical  and  radiative  heat  production 


to  be  the  heat  produced  by  chemical  reactions  and  the  electromagnetic  radiation  energy 
density  term  (1.2.3) 


^Qout 

dt 


=  the  rate  of  radiative  transfer  of  heat  to  the  outside 


which  includes  terms  like  the  one  on  the  right  side  of  equation  (4.2.10)  describing  radiation 
leaving  from  flames  to  all  other  parts  of  the  reacting  system.  The  energy  equation  is  given 
by 


(h^)|  =  *„( 


dQinUrnal  ^  GUi 

^  dt  ^  dt 


(6.2.3) 


6.3  Cylinder  Flame  Front  Models  and  Homotopy 

Margolis  and  Sivashinsky  ([49])  considered  a  flame  front  in  a  right  circular  cylinder  whose 
boundary  is  the  surface  defined  by 


z  =  ^{r,e,t) 


(6.3.1' 
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where  $  satisfies  the  nonlinear  partial  differential  equation  ([49],  p  100) 

~  +  ^{gradi^)-grad(^))  +  A{i)  -I-  4-A^($)  -  Wo  =  0 
(H  2 

where  the  parameter  c  is  equal  to  one  and  where  ([49],  p  100) 

Wo  =  -(?•($-?) 


(6.3.2) 


(6.3.3) 


is  a  scaled  diffusion  velocity  with  G  ([49])  denoting  a  scaled  buoyancy  parameter  and  with  $ 
denoting  the  average  value  of  $  over  the  cross  section  of  the  cylinder  defined  by  the  formula 


(6.3.4) 


where  R  is  the  radius  of  the  right  circuleir  cylinder,  and  we  assume  that  on  the  sides  of  this 
cylinder  the  flame  front  $  satisfies  the  boundary  conditions 


=  •  -  (i) 


and  since  in  cylindriczil  coordinates  the  laplacian  A  is  given  by 


di  _i_  (d^^\ 

\r)'~dr  r2  ^5^2 ) 


to  see  that  if  we  remember  that  the  Bessel  function  Jn(^)  satisfies 


and  we  choose 

$  =  exp{iud)J^{\r) 
then  the  easily  observed  relations  that 

A(ea;p(tV^)  •  Ju(Ar))  =  —  ■  exp{iu0)  •  J^i^r) 


(6.3.5) 


(6.3.6) 


(6.3.8) 


(6.3.9) 


A^exp{iu9)  ■  JuiXr))  =  A^*  •  carp(ij/0)  ■  J,,(Ar)  (6.3.10) 

enable  us  to  find  simple  equations  that  must  be  satisfied  by  A,  G,  ana  R  in  order  to  cause 
(6.3.8)  to  be  a  solution  of  equation  (6.3.2)  when  c  is  equal  to  zero.  For  each  value  of  the 
cylinder  radius  there  are  a  discrete  collection  of  A  which  satisfy  the  boundary  conditions 
(6.3.5)  which  are  in  view  of  (6.3.5)  and  (6.3.9)  the  condition  that 


JliXmR)  =  0 


(6.3.11) 


If  equation  (6.3.11)  is  satisfied,  both  boundary  conditions  embodied  in  equation  (6.3.5)  are 
satisfied.  If  we  select  one  of  these  values  of  A  we  see  that  there  is  a  simple  relationsliip 
between  R  and  G  that  must  be  satisfied  in  order  that  the  expression  (6.3.8)  satisfy  equation 
(6.3.2)  and  the  boundary  conditions  (6.3.5).  We  can  move  along  a  path  from  these  c  equal 
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to  zero  solutions  of  (6.3.2)  using  a  Maclauren  series  expansion  about  c  equeJ  to  zero,  that 
involves  solving  lineu  equations  at  each  stage  to  move  along  a  homotopy  path  from  c  equals 
zero  to  c  equals  one. 

However,  we  give  here  a  direct  solution  of  the  nonlinear  problem  by  assuming  that  we 
cam  represent  the  stationary  or  nonstationary  flame  front  $  ais  a  Fourier  series  of  the  form 


^  =  ^{Ck{t)‘exp{ikue)-F,{r)) 


(6.3.12) 


ksl 


Applying  the  Laplacian  A  defined  by  equation  (6.3.6)  to  both  sides  of  equation  (6.3.12)  we 
see  that 


A«  =  ■  exfiiM)  ■  +  ^  + 

As  we  aJso  need  to  compute  A^$  we  begin  by  observing  that 


and  then  that 


auld  also  that 


fj(r)  _ 

“  O  I  Q 


fVM  _  -fTW  _  ,  SM  I  ■  Fi(r) 


(6.3.13) 


(6.3.14) 


(6.3.15) 


(6.3.16) 


Collecting  terms  using  equations  (6.3.14),  (6.3.15),  and  (6.3.16)  we  see  that  since 


exp{—ikv6)  ■  <  + 


jo 


f«r)  ,  (-r^t^)n(r)' 


+ 


(ir*H 


+  (—1/^1:^)  I  •  \exp{—iki'6) 


dr^ 


('')  +  ~r"  +  - Z2 - 


(6.3.17) 


that 


expi-ikue)-  <Fl^{r)  + 


|n'( 


Kir)  .  (-''‘t^)K(r) 


+ 


) 


Fr(r)  +  2 


'K'(ry 


-  (1  +  2-v‘^-e) 


'F'^irY 


+ 


(l  +  -  (4  •  •  k'^  -  ■  k^)  •  (6-3.18) 

For  a  class  of  solutions  we  can  see  how  to  systematically  make  the  transition  from  the 
solution  of  the  problem  for  c  equal  to  zero  tu  the  solution  of  the  problem  for  c  equal  to  one 
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or  any  other  nonzero  number  by  substituting  the  series  under  the  assumption  that  u  is  an 
integer  which  means  that  $  is  zero.  As  a  result  of  the  substitution  of  (6.3.12)  into  (6.3.2) 
making  use  of  equation  (6.3.13)  and  equation  (6.3.18)  we  find  that  the  relationship  between 
the  coefficients  is  that  of  a  nonhomogeneous  linear  parabolic  equation  that  is  exactly  solvable 
in  terms  of  a  series  of  Bessel  functions  which  satisfy  the  boundary  conditions  as  at  each  stage 
the  nonlinear  terms  in  the  equation  involve  previously  computed  functions  which  at  the  kth 
stage,  for  k  larger  than  one,  we  expand  using  eigenfunctions  f(fc,»(r)  associated  with  an 
eigenvalue  ^[kj)  such  that 


=  0  =  1  [(!)“  +  1  (I)] 


(6.3.19) 


We  shall  construct  a  fourth  order  differential  operator  with  eigenfunctions  satisfying  (6.3.19) 
by  considering  the  linear  differentisd  equation  that  enables  us  to  solve  the  nonlinear  problem 
by  expressing  new  coefficients  ia  terms  of  previously  computed  coefficients  and  previously 
computed  functions  is  given  as 

f2{C'i,{i)exp{iuk9)Fk{r))  = 

ib=l 

f  00  [it-l  ]  ) 

^  U=2  JJ 

+  i:|c.(f)  FHir)  +  ^  +  exp{iukB)^  + 

f:{4c.(f)[Fr(r).^Mi.^ 

4-  (l  +  2.z/*-A:2)^^^j  _  (4  .  ^2 .  j  expiiukO)^  + 

G  Ck{t)  Fk{r)  •  exp{ivk6)  -  Fk(r)  ■  r  ■  dr^  exp(ityk9)d9  ^ 


(6.3.20) 

We  can  get  a  representation  of  the  F*(r)  and  the  expansion  coefficients  Ck(t)  by  solving 
nonhomogeneous  linear  equations.  To  solve  this  we  introduce  singular  ordinary  differential 
operators  Lk  by  the  rule 


(■  -  C 


+  2  •  1/2  •  it* 


-1/2  •  /t* 


(4 . 1/2  .  p  _  4  .  J(.4) 

i ^ - i  +  (7 

r'* 


i) 


(6.3.21) 
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We  require  that  the  eigenfunctions  S^kj)  satisfy,  in  addition  to  the  boundary  condition, 
(6.3.19),  the  relationship 

Lk^(kj)  +  Mk,i)^(k,})  =  0  (6.3.22) 


If  we  use  the  definition  (6.3.21)  we  can  simplify  the  differential  equation  (6.3.20)  after  using 
orthogonality  to 

C'k(t)Fk{r)  = 


Li=i 


+  Ck{t)-Lk{Fk){r) 


(6.3.23) 


Continuing  we  define  a  source  term  Sk{t,  r)for  our  linear  ordinary  differential  equation  by 
the  rule, 

5fc(t,r)  = 


•>=» 


which  means  that  if  we  substitute  (6.3.24)  into  (6.3.23)  we  obtain  the  relation 


(6.3.24) 


c;(0n(r)  =  Ci(()t*n(r)  +  lSt(t,r)  (0.3.25) 


for  k  that  are  two  or  larger.  At  this  stage  we  use  eigenfunctions  E^k  j)  with  eigenvalue  ^{k.j) 
of  the  linear  operator  Lk  which  satisfy  the  boundary  conditions  (6.3.5)  to  write  under  the 


assumption  that 

OO 


Sk{t,r)  = 

j=t 

(6.3.26) 

and 

n(r)  = 

OO 

(6.3.27) 

i=i 


to  further  reduce  (6.3.25)  to 


^[(0  •  =  {-\k,})}Ck{t)  ■  a(k,j)  +  2  ■ (6.3.28) 

This  is  simply  a  first  order  linear  ordineiry  differential  equation  in  the  time  variable  t  which 
completely  determines  the  functions 


i  Ck{i)^a^k,J)  (C.3.29) 

and  consequently,  in  view  of  (6.3.27)  and  (6.3.12)  the  flame  front  <5  satisfying  (6.3.2)  and  in 
view  of  equation  (6.3.19)  the  boundary  conditions  (6.3.5).  This  gives  us  a  means  of  moving 
along  a  homotopy  path  from  c  equal  to  zero  to  c  equal  to  one  and  to  obtain  exact  solutions 
of  the  full  nonlinear  flame  front  equation  (6.3.2). 
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1  Introduction 


Prolate  spheroids  are  cigars  and  footballs  and  oblate  spheroids  are  falling  raindrops  and 
doorknobs.  A  spheroid  is  an  ellipse  rotated  about  an  axis.  If  it  is  rotated  about  a  major 
axis  it  is  a  prolate  spheroid.  If  it  is  rotated  about  a  minor  axis,  it  is  an  oblate  spheroid. 
In  the  halls  of  Congress  a  certain  young  representative  had  his  desk  in  a  most  undesirable 
location;  for  some  reason,  however,  he  was  able  to  rise  instantly  and  give  brilliant  rebuttals 
of  the  arguments  of  his  opposition.  It  turned  out  that  the  roof  was  a  spheroid  and  his  desk 
was  at  one  of  the  focal  points  and  the  desk  of  the  opposition  was  at  the  other  focal  point. 
He  could  hear  the  whispered  planning  of  the  oppositon  long  before  they  got  up  to  speak. 
Unlike  the  wedding  guest  described  2000  years  ago,  he  refused  to  move  up  to  a  place  of 
greater  honor,  and,  his  secret  remaining  with  himself,  others  were  content  to  allow  him  to 
remain  in  his  more  humble  post. 

Spheroid  scattering  is  important  because  it  provides  challenges  for  general  purpose  codes, 
and  because  one  is  interested  in  the  propagation  of  electromagnetic  information  through 
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clouds  of  spheroids,  such  as  falling  raindrops.  The  computer  codes  developed  may  also  have 
a  bearing  on  the  design  of  liquid  crystal  devices,  such  as  liquid  crystal  television  sets  and 
computer  monitors  which  would,  as  they  use  natural  room  light,  be  far  safer  for  the  users, 
often  young  girls,  than  cathode  ray  tube  (CRT)  devices  currently  in  use.  Young  children, 
in  poor  urban  settings,  often  spend  hours  huddled  close  to  television  sets.  If  they  are  going 
to  do  this  anyway,  let  us,  for  the  sake  of  the  children,  make  television  screens  safer  with  a 
liquid  crystal  design.  The  ability  to  remember  sight  together  with  sound,  may  provide  a 
way  to  teach  and  make  literate  a  larger  segment  of  human  society  all  over  the  world;  we 
have  many  serious  problems  to  solve,  and  no  one  knows  from  where  the  gerius  to  create  a 
solution  may  come. 

There  are  at  least  two  approaches  to  spheroid  scattering.  These  use  ordinary  spheroidal 
harmonics  ([44],  [43],  and  [45])  and  the  more  general  spin  weighted  angular  spheroidal 
harmonics  (Fackerell  [10]  and  Putterman  [17]).  The  key  to  both  methods  is  the  determination 
of  the  eigenvalues  of  angular  spheroidal  harmonics.  We  have  proposed  a  Rayleigh  Ritz 
functional  approach,  the  classical  method  of  estimating  eigenvalues  for  elliptic  boundary 
value  problems,  and  the  solution  of  a  transcendental  equation  involving  continued  fractions. 
The  latter  requires  an  efficient  method  of  evaluating  continued  fractions. 

2  Solving  Maxwell’s  Equations 


Spence  and  ^^ells  ([46])  in  their  classic  paper  on  vector  wave  functions  considered  the 
difficulties  of  describing  scattering  of  electromagnetic  radiation  by  spheroids.  They  consid¬ 
ered  the  possibility  that  a  general  function  vector  valued  function  F  might  give  solutions  of 
the  vector  Maxwell  equations  of  the  form 

V  =  curl{F^) 

They  show  that  if  ^  is  a  solution  of  the  scalar  Helmholtz  equation,  then  F  must  be  a 
constant  vector  or  else  a  scalar  times  the  vector 

r  =  xCx  +  yty  +  ztg 

where  (i,y,z)  is  the  representation  of  a  point  in  Cartesian  coordinates  and  4,  Cy,  and 
Cz  are  the  unit  vectors  along  the  positive  i,  y,  and  z  axes,  respectively.  When  these  are 
transferred  to  spheroidal  coordinates  we  have  a  basis  of  solutions  as  a  linear  combination  of 
the  functions  cnrl{F{r)^)  and  curl{curl{F{r)'i))^  since 

-  A{curl{F(r)^{r)))curl{curl{curl{F{v)<l!)))  =  curl{grad{div{F{r)'i!{r)))  -  Avt(r)) 

(2.1) 

Since  the  curl  of  a  gradient  is  the  zero  vector  and  since 

A('I')  =  (2.2) 

we  see  that 

curl{curl{curl{F'^)))  =  ■  curl{F'^)  (2.3) 

This  idea  is  the  basis  of  the  solution  of  ([!))  and  many  others. 
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3  Spheroidal  Coordinates 


To  solve  the  problem  of  spheroid  scattering  it  is  important  to  represent  the  Faraday  and 
Ampere  Maxwell  equations  in  spheroidal  coordinates. 

Consider  an  ellipse  with  foci  at  (0,  —d/2)  and  (0,  d/2)  on  the  z  axis  and  if 

r*  =  (3.1) 

and  (r,  z)  is  a  point  on  the  generating  curve  for  the  spheroid,  then  if  we  define  for  rj  being 
the  distance  between  (r,  z)  and  (0,  —d/2)  and  if  r2  is  the  distance  between  (0,  d/2)  and  (r,  z), 
and  if  we  then  define  |  by  the  rule, 

i  =  (ri  +  r2)/(2  •  c)  (3.2) 

and  define  fj  by  the  relation, 

fj  =  {ri-  r2)/(2  •  c)  (3.3) 

where  c  is  a  constemt,  we  have  a  set  of  coordinates  for  describing  points  within  a  spheroid. 
We  shall  actually  use  a  slightly  different  set  of  coordinates  that  are  qualitatively  the  same. 
We  can  define  points  on  the  surface  of  the  spheroid  as  all  those  points  (^,t/,  (f>)  for  which  ^ 
is  a  constant,  which  since  an  ellipse  is  the  locus  of  points  such  that  the  sum  of  the  distances 
from  fixed  foci  is  a  constant  is  embodied  in  the  definition  of  (  given  by  equation,  (3.2). 
The  other  coordinate  surface  defined  by  setting  t]  equal  to  a  constant  is  a  hyperbola,  as 
this  says  simply  that  the  difference  of  the  distances  between  two  foci  is  a  constant.  The 
third  coordinate  surface  defined  by  setting  <t>  equal  to  a  constant  is  simply  a  plane  peissing 
through  the  axis  of  rotation.  We  give  an  alternative  definition  of  the  spheroidal  coordinates 
and  show  that  this  definition  is  compatible  with  the  more  intuitive  definitions  of  equations 
(3.2)  and  (3.3)  The  relations  between  spheroidal  and  Cartesian  coordinates  eire  given  by 

®  ^  [(1 -»?*)(^^  +  l)]^^^cos((;i)  (3.4) 

and 

1/  =  2  +  1)]  (3-^) 

and 

*  =  (3.6) 

Going  back  to  the  equation  for  an  oblate  spheroid  we  have  that 

(x^  +  y2)/^2  +  ^2/52  = 

-  n-te  + 1)  (<P/4)„^e 

(P  {l  —  TJ^  if 

T  (W'*'{W 
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(3,7) 


(3.8) 


if  we  simply  1st  A  and  B  be  defined  by 

and 

For  the  oblate  spheroid,  we  have 

A  >  B 

and  the  foci  of  the  ellipse  may  be  thought  to  be  on  the  x  axis  located  at 

X  =  C  =  VA^  -  B^  =  d/2 


(3.9) 

(3.10) 

(3.n) 


and  the  sum  of  the  distances  from  a  fixed  point  on  the  surface  to  the  two  foci  is  2A  which 

happens  to  be  _ 

2A  =  dy/^  1  =  n  +  rj  (3.12) 

If  we  compare  equation  (3.12)  with  the  earlier  equation  (3.2)  we  can  see  easily  the  connection 
betv/een  (  and  ^  axid  that  setting  either  one  of  these  equal  to  a  constant  defines  a  surface  of 
a  spheroid. 

We  now  try  to  develop  the  unit  vectors  in  the  direction  of  the  normals  to  the  coordi¬ 
nate  surfaces  (  =  constant  or  rj  —  constant.  Note  that  if  we  had  a  general  coordinate 
transformation  relationship 

X  \  /  a:(u,  v,w)  \ 

y  =  y(u,v,w)  (3.13) 

z  )  \  z(u,v,w)  J 

and  the  unit  vector  in  the  direction  of  the  normal  to  the  coordinate  surface 


is  given  by 


where 


u  ~  constant 


-  — /  ( II  —  II 
du'  \  "  du  '' 


(3.14) 


(3.15) 


R  =  xcx  -f-  ycy  +  zct  (3.16) 

If  we  imagine  an  arc  in  three  dimensional  space  and  try  to  describe  it  in  Cartesian  and 
spheroideil  coordinate.  Assume  that  the  arc  R{t)  is  defined  as  an  orbit  defined  by  a  contin¬ 
uous  parameter  t.  Let  sit^)  minus  s(<j)  denote  the  arc  length  between  RiU)  and  R{t\)  on 
this  curve  so  that 


/dyV  (dz^ 

[aj  ~['^J  '^[^J 


(3.17) 


In  order  to  get  values  of  parameters  h(,  hr,,  and  so  that  we  may  express  the  Laplacian 
and  curl  operations  in  spheroidal  coordinates  we  observe  that  equation  (3.4)  implies  that 


dx 


=5i(i-’i'')r''«i(«'+i)r'"cK.^) 


-1/2 


(3.18) 
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Prom  equation  (3.5)  we  see  that 


ae  2 

FVom  equation  (3.6)  we  see  that 


I?  =  ^  [(1  “  ^  +  1)] 


dz  d 

rr2^ 


(3.19) 


(3.20) 


Thus,  using  the  unit  vector  equation  (3.15)  and  equations  (3.18)  and  (3.19  )  and  (3.20  )  we 
see  that  the  unit  vector  is  given  by 


= 


fii±i 

e+v^ 


sin(<l>)ey  + 


(3.21) 


Thus,  we  see  that  the  length  factors  In  an  analogous  manner  we  write  down  the  unit  vector 
e„  by  the  rule  _  _ 


c.,  = 


l~r7^ 


£2  +  1 

- -rCos(^)e;  + 


+  7/2  [  S  I -n 


-n\ 


'ii±i 

1-rj^ 


sin{<j))Sy  + 


We  observe  from  equations  (3.4  ),  (3.5  ),  €ind  (3.6  )  that 


=  -  5  [(1 + 


1/2  , 


dy 

d<j> 


=  5  [(1 + l)]^^^cos(^) 


and 


a^ 


=  0 


(3.22) 

(3.23) 

(3.24) 

(3.25) 


Finally,  again  making  use  of  the  equation  (3.15)  and  equations  (3.23)  and  (3.24  )  and  (3.25 
)  we  see  that  the  unit  vector  is  given  by 


=  —  sin{<j))et  +  cos{<j>)ey 


(3.26) 


It  is  clear  from  the  definition,  equation  (3.15)  used  in  creating  equations  (3.21),  (3.22),  and 
(3.23)  that  there  are  scalar  functions  h,,,  and  of  ^  and  rj  that  satisfy 


,  - 

,  -  _dx^  ,dy^  dz  ^ 

-  a;,^*  +  ar/^*' aT?*"' 


(3.27) 

(3.28) 
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and 


(3.29) 


~  d<\>^'‘  d4>  ^ 

We  notice  that  these  vectors  c^,  c,,,  are  pairwise  orthogonal  in  the  sense  that 

c,  •  c-i  =  C-;  .  =  C4  ■  e-;  =  0  (3.30) 

We  can  use  these  relationships  to  represent  the  vector  R  defined  by  equation  (3.16)  in  terms 
of  C{,  e„,  and  *6^.  We  see  that 


where 


R  =  (^•cj)c«  +  {R'er,)er,  +  iR-e^)e^ 

5a;  y  §y  ,  ±  ^ 
~  hi'  d(  ^  hi' ^  h^' 

h,'  dr,  hr,'  dr,' 

^  ~  h^'  d<{>  ^  h^'  d<i>  h^'  d<f>' 


(3.31) 

(3.32) 

(3.33) 

(3.34) 


First,  substituting  equations  (3.18),  (3.19),  (3.20),  (3.4),  (3.5),  and  (3.6)  into  equation  (3.32) 
we  obtain  _ _ 


(R-ei)  =  --i 


fil±l 
e  + 


Next,  determining  that 


(3.35) 


(3.36) 


and  that 


Equations  (3.36),  (3.37),  and  (3.4),  (3.5),  and  (3.6)  tell  us  that 

(A-e,)  =  -  (3-38) 

For  a  general  coordinate  transformation  from  an  (x,y,z)  frame  to  a  (u,v,w)  frame  we  have 
the  relationship. 


(3.38) 


i±y  A.(±\\  f^Y = /  [  [^eY  X  -f  f 
\dt  J  \dt  J  \dt  J  j  \5u/  \5u/  \ 

5xV  /5y  V  f ^Y  f —\  i-  f — V  +  f 1 
dv  J  \dv  J  ^  \dv  J  \9t  J  \  dw  J  \  div  J 


52;^^]  ( du 


duj  \dt 


+  (1^) 


dw  J  V  5t 
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dx  dx  dy  dy  dz  dz  du  dv 

du  dv  ^  du  dv  ^  du  dv  dt  dt 

dx  dx  dy  dy  dz  dz  du  dw 

du  dw  du  dw  du  dw  dt  dt 


dx  dx  dy  dy 
dv  dw  ov  dw 


dz  dz  dv  dw ) 
dv  dw  dt  dt  ) 


(3.39) 


Making  use  of  the  orthogonality  of  the  t),  and  coordinate  system  we  see  that  with 


iu,v,w)  =  (^,7?,^) 

that  all  of  the  terms  in  equation  (3.39)  with  a  factor  of  2  vanish,  and  that 


(3.40) 


(3.«) 


Thus,  for  oblate  spheroidal  coordinates  we  obtain  upon  making  use  of  equation  (3.41)  the 
following  expressions  for  h^,  and  h^.  FVom  this  equation  and  equations  (3.18),  (3.19), 
and  (3.20)  we  see  that  _ 

(3«) 


Next  observe  that 


d 

hn  =  r\/-: - r 


Finally  equations  (3.23  ),  (3.24),  and  (3.25)  imply  that 


(3,43) 


'•♦=5\/(l-'7’)({=  +  l) 


(3.44) 


In  order  to  carry  out  vector  calculus  in  oblate  spherddal  coordinates  we  need  the  followmg 
relations.  Equations  (3.42),  (3.43),  and  (3.44)  imply  that 


Also,  equations  (3.42),  (3.43),  and  (3.44)  imply  that 

^  =  5(e+i) 

The  other  two  similar  relations  are 


h*  2  +  1)(1  - 


(3,45) 


(3.46) 


(3.47) 


=  1(1--/’) 


(3.48) 
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The  above  relations  are  needed  to  define  the  Helmholtz  equation  in  oblate  spheroidal  coor¬ 
dinates.  In  order  to  define  the  curl  operation  in  oblate  spheroidal  coordinates  we  need  the 
product  pairs  as  well  Equations  (3.42  )  and  (3.43  )  imply  that 


-  — 


4  ./(f2 


(^2 +  !)(!_  ^2) 


(3.49) 


Equations  (3.42)  and  (3.44)  imply  that 


(3.50) 


Finally,  equations  (3.43)  and  (3.44)  imply  that 


(3.51) 


The  curl  operator  in  a  general  orthogonal  coordinate  system  of  orthogonal  u,  v,  and  w 
coordinates  is  given  by 

curl(E)  = 


1  ■ 


•^(huEu)  ~  £(*«£?w)  e;  -I- 


(3.52) 


Equation  (3.52)  may  be  derived  from  combining  the  representation  of  Cartesian  frame  unit 
vectors  in  terms  of  e^,  e^,  and  e^  and  using  the  gradient  equation, 


grad('^)  —  t,  ^ 

hy  0X) 


(3.53) 


since  (3.53)  can  used  to  express  the  curl  of  a  vector  field  as  the  gradient  cross  this  vector 
field.  The  divergence  is  given  by 


It  is  easy  to  show  that 


where 


curl(curl{E)  =  grad(div(E)  —  AE 


A*  = 

huhyh^  \  au  \  du  J 


(3.54) 


(3.55) 
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(3.56) 


dv  \  ht,  dv )  dwyhy^dw/j 
The  relationship  (3.55)  implies  that 

A(curl(£))  =  —  curl{curl(cur  /(.f)))  =  cur/(A(^))  (3.57) 

since 

curl(grad('i))  ~  6  (3.58) 

4  Rayleigh  Ritz  Procedures 

One  method  is  to  use  separation  of  variables  to  obtain  a  solution  of  the  scalar  Helmholtz 
equation  and  then  to  use  the  fact  the  if  we  multiply  the  position  vector  by  this  single  solution 
and  repeatedly  apply  the  curl  operation,  we  only  generate  a  basis  for  a  finite  dimensional 
vector  space. 

A'J'  +  = 

,  e  +  ri^ _ 

(f*  +  1)(1  - 

+  +  »?')«'  =  0  (4.1) 

We  now  seek  solutions  of  equation  (4.1)  of  the  form 

’i'  =  R{^)S{rj)exp(im<^)  (4.2) 

and  substitute  equation  (4.2)  into  equation  (4.1)  and  then  divide  all  terms  of  this  equation 
by  the  function  defined  by  equation  (4.2)  after  making  use  of  the  relationship 


(^*  +  1)(1  -  r?»)  " 


1  1 
l-r/3  e  +  1 

(4,3) 

and  making  the  subsitution 

c*  =  k^<^l4 

(4.4) 

we  obtain  the  relation, 
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-{|((«'  +  i)^))/«(c.e)  + 

=  -  A(n..n)  (4.5) 

FVom  equation  (4.5)  we  obtain  a  kind  of  Rayleigh  Ritz  functional  for  the  vadue  of  A(,„,„). 
Elquation  (4.5)  tells  us  that 

A(TO,n)  = 

{£  [('  -  (f ^  +  T?^}]  ^ {/-. 

Wc  note  that  when  c  is  equal  to  zero,  we  are  dealing  with  a  sphere  and  that  the  angular 
functions  are  the  associated  Legendre  functions  P^{r})  so  it  makes  sense  that  we  want  S  to 
behave  like  the  function  when  c  is  zero.  We  note  that  either  n  —  m  is  even  or  odd, 

and  we  know  the  initial  conditions  exactly  in  each  case.  We  use  partial  derivative  notation 
for  functions  Cr(c,  t;)  and  note  that 


UjG(c,0)  = 


LIM  dG 
TJ  -*0  dr) 


(4.7) 


and  define  the  intial  conditions  for  the  second  order  ordinary  differential  equation  satisfied 
by  the  functions  5(c,r/).  We  find  that  if  n  —  m  is  an  even  integer 

0)  =  +  m)!}  /  (2“  l}  (4.8) 

and 

D2S^m.n){c,0)  =  0  (4.9) 

and  when  n  —  m  is  an  odd  number  that 


5(m,n)(c,0)  =  0  (4.10) 

and  that 

(4.11) 

With  these  initial  conditions  we  have  completely  specified  S  eind  its  partial  derivative  and 
mixed  partial  derivative  as  a  function  of  rj,  c,  and  A  and  we  also  know  that 


A(0)  =  n(n-l-l)  (4.12) 

This  gives  us  an  initial  value  problem  and  ein  ordinary  differential  equation 

V(c)  =  F(c,A)  (4.13) 

where  the  function  F  is  determined  by  differentiating  both  sides  of  equation  (4.6)  with 
respect  to  c  and  collecting  terms  involving  A'(c),  and  then  dividing  all  terms  by  the  coefficient 
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of  A'(c)  to  get  the  first  order  ordinary  differential  equation  (4.13).  By  the  uniqueness  of  the 
Cauchy  problem,  different  initial  values  cannot  lead  to  the  same  eigenvalue  at  . 


c  = 

2 


(4.14) 


This  is  effective  if  c  is  real,  but  if  k  is  complex,  then  we  think  of  c  as  being  a  function  of  a 
paramter  s  defined  by 

c{s)  -  (4.15) 

and  with  the  same  initial  condition  develop  an  ordinary  differential  equation  of  the  form, 

A'(s)  =  (?(5,;  (4.16) 

Wc  can  also  use  continued  fraction  relationships  to  get  the  values  of  A  Separation  of  vari¬ 
ables  applied  to  the  scalar  Helmholtz  equation  in  spheroidal  coordinates  yields  the  ordinary 
differential  eqtiatiori 


A 

dr] 


+^A  +  cV- =  0  (4.17) 


V’/e  seek  a  solution,  S{c^r])  which  is  bounded  at  r]  equal  to  plus  and  minus  one  only  for  a 
discrete  set  of  eigenvalues  A.  We  obtain  these  solutions  as  one  of  two  odd  or  even  power 
series, 

.tl 


oi 


=  7?  •  (l  -  Ca*  (l  -  rj^) 

U=:0 

5W(,)  = 


(4.18) 

(4.19) 


Differentiating  both  sides  of  equation  (4,18)  with  respect  to  ij  we  find  that 


dr) 


=  (i--i-)"'’-[Ec«(i-9’y 


, ((m/2)(l-,’)‘”'’‘". (-2, )}  [£C, + 

I)  (l  -  |C24  .  t .  (l  -  ri‘)''  (  -2  .  .;)| 

Similiuly,  differentiating  both  sides  of  equation  (4.19)  with  respect  to  t]  we  find  that 


(4.20) 


drj 


=  (m/2) .  (l  -  .  (-2,) .  fl  -  ,’)*}] 

iU:tO  ^ 


(4.21) 
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We  c8Ln  simplify  the  expression  (4.20)  obtained  by  tfdcing  derivatives  with  respect  to  rf  of 
the  power  series  defined  by  equation  (4.18)  by  making  repeated  use  of  the  tautology 

—  A'Tj^  —  (+A)  •  (1  —  T]^)  —  A  (4.22) 

and,  in  fact,  we  deduce  after  collecting  terms  that 

— <S°(7;)  =  ^  XI  [1  +  m  +  2  •  A:]  (l  —  + 


fc-l 


(4.23) 


fc=0 


,  A  similar  calculation  involving  the  expression  for  the  derivative  of  5*  given  by  equation 
(4.21)  shows  that 


A. 

dr]' 


S\r])  =  77(l-r/*)'"^^£)C2it[-m-2-fc](l-77*) 


k-l 


(4.24) 


fc=0 


Now  we  multiply  both  sides  of  equation  (4.24)  by  (1  —  r/^)  and  differentiate  with  respect  to 
T]  obtaining 


dr] 


((1-,^)^)  =  (l_,^)-/^gc2.{[-m-2.fc](l-,f}  + 

(-»?*)  (l  -  {C'jjfe  [m  •  i~m  -  2  •  fc)]  (l  -  + 


(-r/^)  (l  -  [E  {C2k  [(2  .  k)i■-rr^  -2-k)]{l- 
By  combining  equation  (4.25)  with  equation  (4.22)  we  deduce  that 

if''"  ^  (l |E^2*{Kl  +  ’^  +  2'A:)(-m-2-A:)](l-T/*)*'| 

(l  -  f)  Cik  {[(-m  -  2  •  k){-m  -  2  •  A:)]  (l  - 


(4.25) 


drj 


+ 


(4.26) 


If  we  substitute  the  two  pov;er  series  given  by  (4.26)  and  (4.19)  into  the  differential  equation 
(4.17),  we  get  a  seemingly  infinite  set  of  recursion  relations;  a  closer  examination  reveals 
that  we  can  use  continued  fraxjtions  to  eliminate  the  a  priori  unknown  coefficients  Cj*  and 
get  a  single  parameterized  continued  fraction  expression  for  A  of  the  form 

7'(A(5),  n,m,c(s))  =  0  (4.27) 

where  if 

c(0)  =  0  (4.28) 

the  equation  is  that  of  the  associated  T.egendre  function  Pl^(n)  which  mean.':  that 

A(0)  =  n-(n  +  l}  (4.29) 
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Thus,  the  eigenvalues  caji  be  systematically  determined,  since  c(s)  could  be  written  eis  s 
times  the  actual  value  proportional  to  the  distance  between  focal  points  of  the  spheroid,  eis 
the  solution  to  the  initial  value  problem 


_  ^4-F(A,n,m,c)cXs) 
DiF{X,n,m,c) 


(4.30) 


We  simply  solve  the  ordiniiry  differential  equation  (4.30)  to  get  to  the  eigenvalue,  which  then, 
because  of  the  original  recursion  relationships  gives  us  all  the  values  of  C2k]  the  spheroidal 
harmonics  are  systematically  determined,  even  when  the  material  properties  are  complex. 
Following  this  plan  we  see  that  the  result  of  substituting  equation  (4.26)  into  the  differential 
equation  (4.17)  is 

= 

(l->l’r'‘fE{C'K{(A  +  c>)  +  (l  +  m  +  2.*l{-m-2*:)}(l-nV} 

+  (1  -  £  {C'2*(-c*)}  (l  -  space+ 

(1  -  [53  {C'j*  +  (_m-2-fc)*]}  (1 -77^)*  *  =  0  (4.31) 


Now  equation  (4.31)  will  give  us  a  recursion  relationship  for  the  coefficients  Cjk  £ind  will 
ultimately  give  us  an  expression  for  A.  Thankfully,  the  coefficient  of  the  reciprocal  of  (1  —77^) 
in  the  series  expansion  in  equation  (4.31)  is  the  k  =  0  term  of  the  third  sum  on  the  right 
side  of  equation  (4.31)  which  is 


C2.0  ~m^  +  (— m  —  2 ' 0)^  =0 


(4.32) 


Making  changes  in  indices  using  the  formulae  j  =  (k  + 1)  and  j  =  (A;  —  1)  in  the  second  and 
thii*''  sums  on  the  right  side  of  equation  (4.31)  we  obtain 


c^)  -  c*.(l-r7*) 


m2  \ 

1-772; 


S‘  = 


(1  -  772)W3  I  g  {Cj*  {(A  +  c2)  +  [1  +  m  +  2  .  A](-m  -  2fc)}  (1  - 

U=o 


(1  -  f 


.1)  I-m’  +  (-m-2-O' +  1))’]}  (1 -77’)'  =0  (4,33) 


Equation  (4.33)  after  replacing  the  index  j  by  k  in  the  last  two  sums  on  the  right  side  this 
equation  gives  lu;  a  three  term  rc''  u”sion  relationship  involving  the  expansion  coefficients 


and  the  a  priori  unknown  eigenvalue  A  for  indices  k  which  are  larger  than  1.  For  Jb  s  0, 
however,  we  have  a  vital  relationship  between  Co,  A,  cmd  Cj  given  by 

Co  ■  [(A  +  c*  -  m  •  (1  +  m)]  +  Cj  •  (-m’  +  (-m  -  2)’)  =  0  (4.34) 

This  tells  us  that 

If  we  set  Co  equal  to  zero  when  m  is  2,  then  we  can  get  a  solvable  relation  for  all  values  of 
m.  ESquation  (4.35)  tells  us  that 


C, 


4 -2m 


(A  +  c*)  —  m  •  (m  +  1) 


(4.36) 


Looking  at  equation  the  three  term  relation  determined  by  equating  coefficients  of  powers 
of  (1  -  t;’)*  in  (4.33)  for  values  of  k  larger  than  0  we  deduce  that 


C'jfc  ■  [(A  +  c*)  +  [1  +  m  4-  2  •  k]  •  (-m  -  2  •  k)]  + 

C'2.(ifc+i)  +  {-m*  —  2  •  (1:  +  1)}  j  =  C2.(fc_i) 


(4.37) 


(4.38) 


By  dividing  all  terms  of  the  relation  (4.37)  by  the  middle  term  C2k  we  get  a  series  of 
continued  fractions  defined  by 

— “  [(^  "b  +  [1  +  m  +  2  •  fc]  •  (— m  —  2  •  fc)j  + 

[-m^  H-  {(-m  -  2  •  (fc  "I- 1)}^] 

■  [C2*/ C2.(fc+i)] 

The  continued  fraction  relationship  and  a  finite  relationship  based  on  repeated  use  of  (4.38) 
and  the  initial  condition  (4.36)  gives  us  a  transcendental  equation  for  the  eigenvalues  A.  In 
particular  combine  equation  (4.38)  for  k  equal  to  zero  with  the  initial  condition  (4.36)  then 
we  get  a  functional  relationship, 

-F(A,c)  =  0  (4.39) 

Differentiating  both  sides  of  equation  (4.39)  with  respect  to  c  we  see  that  we  can  think  of  A 
as  a  multivalued  function  of  c 

(f).A'(c)  =  f  (4.40) 

This  is  a  first  order  nonlinear  ordinary  differential  equation.  Let  us  imagine  that  a  sphere  is 
changing  slowly  into  a  sj  )id  by  having  c  go  from  zero  to  a  positive  value.  The  solution  of 
Maxwell’s  equations  will  cliange  smoothly  from  the  solution  of  the  sphere  scattering  prob¬ 
lem  to  the  solution  of  the  spheroid  scattering  problem.  The  eigenvalues  for  the  associated 
Legendre  functions  which  are  n*(n-fl)  will  change  systematically  from  those  for  the  solution 
of  the  associated  Legendre  function  equation 

^  (d  -  6')^Pr(6))  +  (n  ■  ("  +  1)  -  PTW  =  0  (4.41) 
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to  the  corresponding  solution  of  equation  (4.17)  by  solving  the  differential  equation  (4.40) 
with  initial  value 

A'(0)  =  n  •  (n  +  1)  (4.42) 

By  the  theory  of  continued  fractions  ([55])  we  can  show  the  convergence  of  the  continued 
fractions  used  to  represent  the  function  jF’(A,c)  mentioned  in  equation  (4.39)  to  be  the 
difference  between  the  two  representations  of  Co/Cj  given  by  (4.38)  for  k.  equal  to  zero  and 
(4.36),  we  can  express  the  derivative  by  using  Gaussian  quadrature  to  help  us  evaluate  the 
contour  integrals 


(a-iO) 


(4.43) 


where  C  is  a  small  contour  in  the  complex  plane  surrounding  A  inside  of  which  F(A,  c) 
is  analytic.  You  simply  move  along  solution  paths  from  the  n  •  (n  +  1)  initial  veilues  for 
the  eigenvalues  associated  with  equation  (4.41)  to  the  eigenvalues  A(,„,„)  associated  with 
equation  (4.17). 

One  problem  with  this  approach  is  that  the  resulting  vector  functions  that  represent  so¬ 
lutions  of  Maxwell  equations  are  not  orthogonal  with  respect  to  dot  product  and  integration 
over  the  surface  of  the  spheroid  as  they  are  with  sphere  scattering.  One  way  to  overcome 
this  is  to  use  a  completely  different  concept.  This  is  the  concept  of  spin  weighted  angular 
spheroidal  harmonics,  solutions  of  a  modification  of  the  differential  equation  (4.17).  The 
spin  weighted  angular  spheroidal  harmonics  can  be  determined  by  a  similar  method. 

A  generalization  of  (4.17)  is  the  ordinary  differential  equation  for  the  spin  weighted 
angular’  spheroidal  functions  ([10])  is  given  by 


-  2-7*3.t?  5(c,»7)  =  0 


(4.44) 


A  +  73.^2  _  - ^  -  2-7*3.T?j5(c,»7)  =  0  (4.44) 

We  note  that  we  get  the  usual  differential  equation  (4.17)  simply  by  setting  3  equal  to  zero 
in  equation  (4.44).  The  method  of  using  the  spin  weighted  angular  spheroidal  harmonics 
to  calculate  scattering  by  spheroids  is  discussed  in  ([17]).  The  key  to  success  is  the  deter¬ 
mination  of  the  eigenvalues.  We  attempt  to  find  solutions  of  equation  (4.17)  of  the  form  of 
equation  (4.18)  or  equation  (4.19).  It  appears  at  first  glance  that  there  would  be  a  term 
involving  the  reciprocal  of  (1  —  r;^),  but  this  term  exactly  cancels  out,  which  means  that  if 
we  can  simply  solve  the  resulting  recursion  relationship  for  some  values  of  A,  we  have  our 
bounded  solution.  The  values  of  A  for  which  we  can  find  bounded  solutions  of  equation 
(4.17)  are  eigenvalues  and  are  determined  by  solving  a  transcendental  equation  in  A  involv¬ 
ing  a  continued  fraction.  A  similar  but  more  complex  situation  arises  in  determining  the 
eigenvalues  associated  with  the  spin  weighted  angular  spheroidal  harmonics  satisfying  the 
more  general  equation  (4.44). 

The  precise  solution  of  a  spheroid  scattering  problem  will  provide  a  convincing  bench¬ 
mark  for  the  general  surface  or  volume  integral  equation  method. 
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5  Continued  Fractions 


The  following  theorems  give  us  a  practical  means  for  evaluating  continued  fractions  on 
a  digital  computer  with  a  minimum  of  round  off  error. 

Theorem  5.1  Lei  bo,  bi,  62,  •  ♦  *  and  oq,  Oi,  02,  •  •  •  be  two  sequences  of  complex  numbers. 
Assume  that  Wo  is  equal  to  bo  and  let 


Wn  -  60  +  oj _ 

fri  + 


62  + 


63  + 


+  On 

bn 

for  all  integers  n  greater  than  zero.  Define  initial  values  of  a  recursion  by  the  relation, 

=  (1,0, 60,1)  (5.2) 

Then  define  An  and  Bn  for  integers  n  larger  than  zero  by  the  recursion 

An  =  bnAn~l  +  OnA-J  (5.3) 

and  the  relation 

Bn  =  bnBn-l  +  OnBn-Z  (5.4) 

Assume  that  bn  is  nonzero  and  that  for  every  positive  integer  n  that 

bn~i  -bn  +  an  ^  0  (5.5) 

for  all  positive  integers  n.  Then  for  all  positive  integers  n  we  have 

W.  =  ^  (»6) 

Proof:  We  proceed  by  induction  on  n.  The  statement  (5.6)  wliich  we  shall  call  proposition 
P{n)  is  true  trivially  if  n  is  equal  to  zero  and  also  for  n  equal  to  1,  since  the  initial  conditions 
(5.2)  and  the  recursion  relations  (5.3)  and  (5.4)  imply  that 

B.  ”  b~  iTa\-0  -  »•  +  -  H'.  (5-7) 

Thus,  assume  that  n  is  larger  than  one  and  that  if  m  is  a  positive  integer  that  is  strictly 
smaller  than  m,  then  propositon  'P{m)  or  the  statement, 

(8.8) 
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is  true.  We  now  define  a  shorter  continued  fraction  related  to  the  Ty„, 
equation  (5.1)  by  the  rule, 

w^n  =  w: 

which  is  defined  by 

where 

w;  =  K+  ai_ 

t;  +  oj _ 

fcj  +  fla 

6a  +  ••• 

(6.9) 

+  <- 

1 _ 

6;. 

1 

where 

6„_1  —  6n-l  •  6n  +  fln» 

(5.10) 

®fi— 1  ~  On— 1  ‘  6rt* 

(5.11) 

and 

a;  =  aj 

(6.12) 

and 

6;  =  6> 

(5.13) 

for  all  j  satisfying 

j  €  {0,1,  2} 

(5.14) 

Defining,  as  before, 

^n-l  ~  6n_i  •  i4*_3  +  On-3  ‘  •^n-3 

(5.16) 

and  the  relation 

b:_,  =  h  •  b:.,  +  On  •  5:^3 

(6.16) 

and  realizing  that 

.^n-2  “  ^n-2» 

(5.17) 

^n— 3  ^  ^n— 3i 

(6.18) 

Bn^2  “  ■®n-2> 

(5.19) 

and 

b;.3  =  B„_a, 

we  see  that  by  the  inductive  hypothesis 

(5.20) 

4* 

ttr  u/*  —  SzL  — 


^n-1  *  ^n^2  4“  ^n-l  *  ^n-3 
6;_l‘Bn-2  +  <_,  -Bn-a 


(5.21) 
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Substituting  (5.10)  and(5.11)  into  equation  ('^.21)  and  collecting  coefficients  of  a„  and  b„  we 
see  that 

_  (fen-l  •  K  On)  •  An-i  +  (fln-1  *  ^n)  •  ^n-S  _ 

'  K  +  Un)  •  •®n-2  +  (On-l  '  ^n)  '  •Bn-3 
*  (hn-1  '  ^n-2  d*  Un-1  *  ■^-s)  ~h  On  *  ■^n-2  /•  nn\ 

K  •  (&n-l  •  ■Bn-2  -H  On~l  *  ■Bn-s)  +  On  '  •Bn-2 

Using  the  recursion  relations  (5.3)  and  (5.4)  for  An  and  .  Bn  and  substituting  these  into 
equation  (5.22)  we  see  that 

fc,  •  4.-1  +  O.  •  A.-1 


= 


bn  ’  Bn-\  +  On  ‘  Bn-J 


Bn 


In  view  of  equation  (5.23)  and  our  original  definition  (5.1)  the  theorem  is  proven  by  induction 
on  n. 

With  any  fractionsd  representation,  one  is  alvrays  concerned  about  division  by  zero.  If 
we  regard  the  ground  field  to  be  the  quotient  field  of  the  integral  domain  of  functions  which 
are  holomorphic  on  some  open  set  SI  of  the  field  of  complex  numbers  C,  then  if  each  On  is 
a  constant  function,  and  if  etu^h  bn  -  &n-i  and  bo  is  nonzero,  then  bn  and  b„-i  *  b„  +  a„  are 
nonzero  meromorphic  functions  for  all  nonnegative  integers,  which  means  that  under  these 
hypotheses,  all  operations  of  the  partial  continued  fractions  Wn  are  defined  for  all  but  at 
most  a  countable  collection  of  complex  numbers. 

The  next  theorem  shows  us  how  to  eliminate  some  of  the  variables  in  the  continued 
fractions. 


Theorem  5.2  Lei  us  suppose  that  a  continued  fraction 


II 

(5.24) 

tj  defined  by  the  initial  conditions 

(i4_i,  Ao,B_i,Bo)  =  (1,  bo,  0,1) 

(5.25) 

and  the  recursion  relations 

An  —  bn  '  An-l  d"  An— 2 

(5.26) 

and 

Bn  =  b„  •  Bn-i  +  Bn-2 

(5.27) 

where  bn  and  bn  ■  bn-i  +  1  ore  nonzero  for  all  nonnegaiive  integers  n.  Then  if  for  all  non 
negative  n  we  introduce  a  symbolic  representation  of  a  continued  fraction  by  the  relation 


=  Wn  (5.28) 

then  the  An  ond  Bn  rnay  be  represented  in  terms  of  these  continued  fractions  by  the  relations, 


An  —  [M  '  '  ■ 

for  all  nonnegative  integers  n  and 

(5.29) 

Bn  =  [i>i]  •  [^>2t  ^>i]  •  (^t  b2,  bi]  •  • 

*  1 »  *  *  *1  ^l] 

(5.30) 

for  all  positive  integers  n 
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Proof  of  Theorem.  We  proceed  by  double  induction  on  n.  Let  V(n)  be  the  assertion  that 
equation  (5.29)  is  valid  and  let  Q(n)  be  the  assertion  that  equation  (5.30)  is  valid,  where  n 
is  a  positive  integer.  Now  if  we  set 

A_,  =  0  (5.31) 

then  7^(0)  is  the  statement 


^  =  N  =  ^  ^ 


(5.32) 


follows  simply  from  the  initial  conditions  (5.25)  and  is  also  consistent  with  the  recursion 
relation  (5.26)  which  has  the  form, 


Aq  —  bo  •  A0..1  +  i4o-2 


(5.33) 


The  statement  'P(l)  is  valid  since 


=  bo-(bt  + 


=  bo  •  bi  +  1  =  bi '  Ao  +  i4_i  (5.34) 

in  view  of  the  initial  conditions  (5.25)  and  the  recursion  relation  (5.26).  This  proves  the 
validity  of  7^(1).  Now  assume  that  7’(m)  is  valid  for  m  not  exceeding  n  and  attempt  to 
prove  P(n  +  1).  We  use  the  recursion  relations  (5.26)  to  define 


d.n+1  —  l*n+l  ‘  An  +  An—] 


(5.35) 


It  follows  from  the  inductive  hypothesis  and  substituting  the  symbol  product  representation 
(5.29)  of  An  and  An-t  into  equation  (5.35)  that 

■4n+l  =  ^n+l  ■  ((M  *  (tl»  *  I^»  ^)]  •  *  •  (ftfn  bn-lt'  '  *,  6j,  5ol) 

-f-  ([6oj  •  (ii»M  *  ‘  (5.36) 

Dividing  both  sides  of  equation  (5.36)  by  the  same  quantity,  An-i,  we  see  that 


' _ _ ) 

J60]  •  (felt  M  •  (^>  fto]  *  “  6n-3j  •  •  •»  61,  60I/ 

[^ni  ^n-l>  ‘  ^]  *  (  ^’n+l  d"  77  7  7  TT/ 

\  l»n»On-l*‘ * 'jPitOo]/ 


(5.37) 


But  by  the  definition  of  continued  fraction 


bn+1  + 


_ 1 _ ) 

i,bn-],‘  • 


(5.38) 


Substi'.uting  equation  (5.38)  into  equation  (5.37)  aiid  multiplying  both  sides  of  this  rewritten 
equation  by  the  symbol  product  in  the  denominator  of  (5.37)  we  see  that 


An^t  * 
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{(6o]  •  [frliM  ’  '  •  •  [in-ljtn-a*  •  •  '  (6n»^n-l»  '  .  &1>  ^)]([fcn+l»  ^nt  *  * 

(5.39) 

This  shows  that  “Pin  ^•  1)  is  a  consequence  of  Pin). 

We  now  proceed  to  prove  the  validity  of  Q(n),  or  the  assertion  that  (5.30)  is  valid  for 
the  postive  integer  n.  Observe  that  even  2(0)  is  true  if  we  assume  that  a  product  of  an 
empty  set  of  integers  is  1  and  the  statement  2(1)  is  true  since  the  recursion  relation  (5.27) 
says  that 

B\  =  bi  •  Bq  4*  (5.40) 

which  in  view  of  the  initial  conditions  (5.25)  implies  that 

=  6x  =  (6x]  (5.41) 

which  proves  that  2(1)  is  true.  Now  assume  that  2(m)  is  true  for  all  m  not  exceeding  n 
and  attempt  to  prove  that  2(^i  + 1)  is  valid.  Note  that  the  recursive  definition  (5.27)  implies 
that 

Bn+l  =  ^n+l  •  Bn  +  B„_i  (5.42) 

and  that  by  the  inductive  hypothesis  we  can  substitute  equations  (5.30)  and  into  equation 
(5.42)  obtaining 

Bn+l  =  bn+i  •  ([6i]  •  •  [^3>52)5i]  ‘  '  [5n-l)in-2>  ’  ’  6i][i>n»  ^n-lj '  ‘ 


+  ([&l]  •  [^2,  fcl]  •  [fts*  &2,  5l]  •  •  •  [5n-lj  &n-2j  •  •  i>2, 5l])  (5.43) 

Dividing  both  sides  of  equation  (5.43)  by  the  product  of  the  first  n  —  1  symbols  we  have 

( _ _ \ 

\[6l]  •  [62,  il]  •  (53,  62)  ^1]  •  •  •  [^n-lj  fcn-2>  ‘  •  ■)  ^2>  ^l)/ 


^n+1  ([^ni^n-l)"  • '>^2*^1])  +1  = 

[^Tu  ^n-1 )  *  ■  *j  ^2>  ^l]  (  ^n+1  "I"  77  7  7  jTTj 

\  [On,On-l,'  • -,0i,0i\/ 

Using  the  interpretation  of  the  continued  fraction  in  definition  (5.28)  which  says 
[bn+\,bnr  •  =  K+i  +  (77 — 7 - 7 — rr) 

VlWfuOn-ir  •  •j02)0xj/ 

Substituting  (5.45)  into  (5.44)  we  see  that 


(5.44) 
that 

(5.45) 


B 


n+l  — 


[61]  •  [62,61]  •  [63,62,61]  •  •  •  [6„,6„_x,'  •  •,62,6i][6n+x,6n,  ■  •  ',62,61 


(5.46) 


which  completes  the  proof  of  the  validity  of  2(^*)  for  £ill  positive  integers  n.  This  completes 
the  proof  of  the  theorem. 

We  cam  use  this  to  stabilize  the  numerical  computation  of  any  continued  fraction  by 
making  transformations  which  reduce  the  continued  fraction  to  the  form  where  each  o„  is 
equal  to  one  by  introducing  new  variables. 
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Theorem  5.3  Under  the  hypothesis  that  each  and  is  nonzero  and 


if  we  introduce  the  new  variables 


K-l  •  fen  +  On  ^  0 


io  =  6o 


6.  = 

fli 


(5.47) 


(5.48) 


(5.49) 


— 


/  IDUl  02t-l  \ 

V  Ilfcsl  02*  ) 


(5.50) 


and  if 


^n+l  ” 


/  riLl  02*  \  f  fr2n+t  1 

\  Ilfcsi  ^2*-l  /  \  Ojn+l  J 


then  ifWn  m  the  general  continued  fraction  defined  by  (5.1)  it  follows  that 

W,  =  [boXkr-X] 


(5.51) 


(5.52) 


Proof  of  Theorem.  We  proceed  by  induction  on  n.  Let  V(ti)  be  the  statement  that  if 
we  define  Wn  by  (5.1)  then  (5.52)  is  valid,  where  the  &n  ve  defined  by  equations  (5.50)  and 
(5.51).  The  validity  of  the  assertion  7^(1)  is  simply  the  statement  that 


=  6o  +  f  = 

*>1 

bo  +  r-T —  ~  ^  IT 

Ol/Oi  0l 


(5.53) 


which  is  exactly  equation  (5.1)  for  n  equal  to  1.  The  assertion  that  'P{2)  is  valid  is,  since 
the  definition,  (5.50),  implies  that 


i,=  (^).6. 


(5.54) 


equivalent  to 


^  ^  (5i  +  i/ii) 


^  (o|)  {(fri/fli)  +  l/((Ol/<l2) '  &a))  ^  frl+(03/^)  ^  ^ 

which  in  view  of  equation  (5.1)  is  true.  We  now  assume  that  'P(m)  is  true  for  m  less  than 
or  equal  to  n  and  then  attempt  to  prove  the  validity  of  'P(n),  thereby  completing  the  proof 
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of  the  theorem  by  induction.  We  introduce  the  transformed  variables  V2I  and  y^k+i 
help  us  define  the  tail  of  the  continued  fraction  that  are  defined  by  the  rules, 


iS!  =  ^ 


and 


^*+1  *  ^fc+i  •  «i 
We  also  introduce,  for  this  theorem,  the  shifted  sequence  variables 

=  fln+i 

and 

»!:>  = 

It  will  then  follow  from  the  inductive  hypothesis  that 

bi  +  22 _ 

^2  +  Q3 

b3  +  04 

^4  +  '  •  • 


+  Oj 

bn 


Consequently,  by  7^(2),  which  we  have  proven  it  follows  that 

8?’.  •••,»!;']  = 


^)  +  7?; 
60  + 


Ol 


1 


To  complete  the  proof  of  the  theorem  we  make  use  of  the  following  lemma. 
Lemma  5.1  We  let  [cq,  C],  •  •  -c^  be  ike  continued  fraction  defined  by 

(co,  Cl,  •  •  -Cn]  =  Co  +  7—— - 

[Cl,  Cj,  •  •  'CnJ 

Then  for  all  nonzero  constants  a  we  have 

O  •  (co,Ci,  •  •  -Cj,,]  = 

((or  •  Co),(ci/a),(a  •  Cj)  •  •  •  o  •  C3„] 

and 

«  •  (CO)CI,- • 'Cjn+i]  = 

(a  •  Co,  (ci/a),  (o  •  cj)  •  •  •  (cjn+i/a)] 


that  will 

(5.56) 

(5.57) 

(5.58) 

(5.59) 

(5.60) 

(5.61) 

(5.62) 

(5.63) 

(5.64) 
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The  lemma  will  be  proven  by  induction  on  n.  We  prove  (5.63)  by  observing  that  by 
definition, 

^  '  (^Oi  ^ 

We  can  then  use  the  inductive  hypothesis  to  show  that 

1 


a  ■  Co  + 

Q;  •  Co  + 


(1/a)  •  [Ci,-  •  -Cjn] 

_ 1 

[ci/a,  ac2,  csfa  -  ■  ■  ac2„] 
[aco,  Cl /a,  ac2 ,  ca/a, . . . ,  aC2„] 


(5.66) 


which  completes  the  proof  of  equation  (5.63)  by  induction  on  n. 

Next  we  use  induction  to  establish  equation  (5.64)  by  assiuning  that  n  were  equal  to 
2  •  m  +  1.  Then  by  definition 


a  *  [co)  Cj,  C2,  •  *  ’Cam+i]  — 
1 


a  •  Co  + 


(1/a)  •  [ci,C2,-  •  •C2m+l] 
and  by  the  inductive  hypothesis  we  conclude  that  equation  (5.67)  implies  that 


(5.67) 


a  •  [cq,  Cj,  C2,  •  •  •C2m+l]  — 

_ 1 _ 

[ci/a,a-C2,-- -cam+i/a] 

Applying  the  definition  (5.62)  to  equation  (5.68)  we  conclude  that 


(5.68) 


a  •  [co,  ci,C2,- • -cam+i]  = 


[a  •  Co,  Ci/a,  a  •  C2,  •  •  / «] 

which  proves  equation  (5.64)  and  completes  the  proof  of  the  Lemma. 
By  applying  the  lemma  to  equation  (5.61)  we  see  that 


bo  + 


(5.69) 


bo  + 


1 

,  ^2 )  ■  ■  ' , 


(5.70) 


in  view  of  equations  (5.57)  and  (5.56).  From  equation  (5.70)  and  (5.48)  and  it  follows  that 
(5.52)  and  the  theorem  are  valid. 

We  can  use  these  theorems  to  compute  values  of  convergent  continued  fractions  by  nu¬ 
merically  stable  algorithms. 
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Scattering  of  Electromagnetic  Radiation 
by  Nonconnected,  Heterogeneous 
Bianisotropic  Structures 

D.  K.  Cohoon 
September  3,  1992 

We  consider  in  this  paper  powerful  general  methods  for  solving  electromagnetic  scat¬ 
tering  problems  that,  while  with  presently  used  methods  require  1000  human  life  times 
of  time  on  an  advanced  computer,  shall  with  the  methods  proposed  in  this  paper  require 
only  one  hour  on  the  same  computer.  Furthermore,  instead  of  guessing  at  the  accuracy 
by  requiring  a  certain  sampling  rate,  the  solution  of  the  integral  equation,  using  the  exact 
finite  rank  integral  equation  methods  described  in  this  paper,  is  obtained  to  computing 
machine  precision. 

We  consider  a  bounded  three  dimensional  body  with  full  tensor  bianisotropy  covered 
with  impedance  sheets. 

As  a  specific  and  ecisily  understood  example,  we  consider  the  discretization  of  the 
integral  equation  of  electromagnetic  scattering  for  a  magnetic,  but  penetrable  structure 
delimited  by  parallel  planes. 

We  conclude  with  a  general  surface  integral  equation  formulation  which  will  permit 
analysis  of  a  complex  of  homogeneous  structures  whose  regions  of  homogeneity  of  elec¬ 
tromagnetic  properties  may  be  as  general  as  the  interiors  of  diffeomorphs  of  N  handled 
spheres. 
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1  INTRODUCTION 


We  shall  in  this  paper  consider  powerful  new  methods  for  formulating  and  solving 
integral  equations  describing  the  interaction  of  electromagnetic  radiation  with  complex 
materials.  Such  interaction  problems,  for  currently  used  methods,  such  as  the  method  of 
moments,  are  beyond  the  capability  of  existing  computers. 

1.1  Classes  of  Tensor  Materiab 
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The  most  general  linearly  responding  material  is  the  bianisotropic  material  ([23],  p  91) 
defined  by  the  equations, 


curl 


( 


E 

H 


\ 

/ 


(1.1.1) 


(It  is  eeisy  to  see  which  interchanges  leave  the  above  system  of  equations  invariant;  this 
gives  us  a  way  of  checking  complex  codes)  The  bianisotropic  relations  are  embodied  in  the 
relationship  ([23],  p  91) 


D 

B 


(1.1.2) 


The  biisotropic  relations  ([23],  p  92)  are 


D  —  tE  ->r  ((x  “  *«)\/(a‘o  •  Co))  •  H 


(1.1.3) 


and 


B  =  (x  “I"  '  ^o)E  +  fiH 


(1.1.4) 


If  in  equations  (1.1.3)  and  (1.1.4)  the  above  two  equations  we  set  x  equal  to  zero,  then  we 
obtain  the  Pasteur  medium. 

The  gyroelectric  medium  ([2],  p  341)  is  a  special  case  of  an  anisotropic  medium  where 
the  permittivity  tensor  for  a  wave  propagating  in  the  direction  of  the  z  axis  heis  the  form 


e 


0  0 


0 


(1.1.5) 


A  different  type  of  material  is  a  general  type  of  gyrotropic  material  ([2],  page  342)  where 
the  permittivity  has  the  form, 


^(r,r)  C  0  ^ 


(1.1.6) 
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A  third  type  of  anisotropic  material  is  ([2],  p  344)  eire  the  biarial  and  the  uniaxial  material 
where  the  permittivity  tensors  respectively  have  the  form, 


e  = 


c,  0  0 

0  Cy  0 
0  0  6, 


(1.1.7) 


and 


0  0^ 


c  = 


0  6  0  I  (1.1.8) 

\  0  0  6,  j 

which  serve  to  characterize  the  optical  properties  of  many  types  of  crystaline  materials. 


1.2  Integral  Equations  and  Bianisotropy 


Bianisotropic  materials,  because  of  their  greater  complexity,  have  greater  potential 
for  creating  materials  with  prescribed  or  desired  absorption,  transmission,  and  reflection 
properties.  Chiral  properties  are  a  special  case  of  bianisotropic  materials.  With  chiral 
materials  there  is  a  special  scalar  (Jaggard  zmd  Engheta,  p  173)  such  that 

D  =  e-E  +  i(cB  (1.2.1) 

and 

B  =  n-H  -  i(,fi  ■  E  (1.2.2) 

With  the  more  general  bianisotropic  materials  described  in  (Lindell  [23])  there  are  tensors 
f  eind  ^  such  that  D  and  B  Eire  related  to  E  and  H  by  the  6  by  6  matrix  embodied  In 
equation  (1.1.2).  Here  the  Faraday  Msixwell  equation  has,  for  time  harmonic  radiation, 
the  form 

curl{E)  =  -  iujB  (1.2.3) 

while  the  Ampere  Maxwell  equation  hris  the  form 

curl[H)  =  iu>D  +  (1.2.4) 
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Using  these  notions  we  make  Maxwell’s  equations  look  like  the  standard  Maxwell  equations 
with  complex  sources  by  introducing  the  generalized  electric  and  magnetic  current  densities 
by  the  relations, 

curl(E)  =  iujfioH  -  Xn  (1.2.5) 

and 

curl{H)  =  iueoE  +  Je  (1.2.6) 

where  the  Je  appearing  in  equation  (1.2.6)  is  defined  by 

Je  =  iJt'E  4-  iJi'H  —  iwco^  (1.2.7) 

and  the  X,  appearing  in  equation  (1.2.5)  is  defined  by 

X,  =  -  HoH]  (1.2.8) 

We  can  think  of  the  current  densities  (1.2.7)  and  (1.2.8)  as  stimulators  of  radiation  in 
ambient  space  and  use  the  Maxwell  equations  (1.2.5)  and  (1.2.6)  to  formulate  the  resolution 
of  the  interaction  problem  eis  the  solution  of  integral  equations.  We,  however,  need  to  use 
the  current  densities  given  by  (1.2.7)  and  (1.2.8)  to  define  electric  and  magnetic  charge 
densities  pe  and  Pm  by  the  relations, 

div{Je)  +  ^  =  0  (1.2.9) 

and 

diviJm)  +  ^  =  0  (1.2.10) 

We  now  use  the  electric  and  magnetic  current  densities  given  by  (1.2.7)  and  (1.2.8)  and 
the  electric  and  magnetic  charge  densities  given  by  (1.2.9)  and  (1.2.10),  respectively,  to 
develop  a  coupled  system  of  integral  equations  describing  the  interaction  of  electromagnetic 
radiation  with  a  bounded  bianisotropic  body  fl.  The  electric  field  integral  equation  is  given 
by 


-  tw^o  /  /eG(r,a)dt)(s)+ 

Jn 

~  curl  JmG{r,s)dv{s)^  (1.2.11) 

If  the  material  is  nonmagnetic,  ihen  there  is  no  nonzero  magnetic  current  density  and  we 
could  derive  a  magnetic  field  integral  equation  directly  from  (1.2.11)  simply  using  Maxwell’s 
equations.  The  general  magnetic  field  integred  equation  may  be  expressed  as 

i}-W  =  -  ,raJf/-i^Gir,s)dv(s)\ 


ufiQ  \Jdo  / 

-  iueo  I  JnG{r,s)dv{s)+ 

JQ 

+  curl  feG{r,s)dv{s)^  (1.2.12) 

where  G(r,s)  is  the  rotation  invariant,  temperate  fundamental  solution  of  the  Helmholtz 
equation, 

{A  +  kl)G  =  6  (1.2.13) 

given  by 


G(r,a)  = 


exp{—iko  I  r  —  a  I) 


(1.2.14) 


47r  I  r  —  a  I 

Substituting  (1.2.7)  tind  (1.2.8)  into  equations  (1.2.11)  and  (1.2.12)  we  obtain,  the 
coupled  integral  equations  for  bianisotropic  materials.  The  electric  field  integral  equation 
for  a  bianisotropic  material  is  given  by, 

E  -  r  = 

(  r  divliu  [c  •  C  '  H  —  ^0-^1 ) 

—grad\  /  - - - —G(r,s)dv(s) 

wn  cucq 

4 — —grad(f  {iu)\l-E  +  ^-H  —  CqEI  •  n)G{r,s)da{s)\ 
locq  \Jdn  '■  ^  J 

—iujpo  ^  iw  •  E  +  ^-H  —  eo-R]G(r,s)du(a)+ 

-  curl  p  ■  H  +  C-E-  fXoH\G{r,3)dv{s)^  (1.2.15) 
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and  the  magnetic  field  integral  equation  for  a  bianisotropic  material  is  given  by 


H  -  H'  =  -grad 


div{i(jj  fi-H  + 


G{r,s)dv(s) 


—grad  f  (iulfi-H  +  (^  •  E  —  HoH]  •  n)G(r,s)da{s) 
Jen  '■  ^ 

-iu€o  ^  ■  H  +  ^-E  -  /io^])G(r,  s)du(,s)+ 

+  curl  iuj  €•  E  +  H  —  cq^]  G{r,  s)dv{s)^ 


(1.2.16) 


In  the  subsequent  sections  we  shall  explore  methods  of  resolving  these  integral  equations 
on  existing  computers  using  novel,  powerful  analytical  methods  of  solution. 


2  Exact  Finite  Rank  Integral  Equation  Methods 


While  we  have  obtained  exact  solutions  for  layered  materials,  most  of  the  problems 
are  so  complex  that  one  must  formulate  the  interaction  problems  Uv'^ing  integral  equations. 
The  primary  focus  of  this  report  is  to  describe  the  design  of  complex  materials  using 
an  improvement  of  classical  spline  methods  (Tsai,  Massoudi,  Durney,  and  Iskander,  pp 
1131-1139).  This  paper  is  unusual  in  that  comparisons  are  made  between  internal  fields 
predicted  from  moment  method  computations  and  Mie  solution  computations.  Successful 
comparisons  have  been  made  for  linear  basis  functions  without  enhancement  by  exact  finite 
rank  integral  equation  theory.  However,  as  the  scattering  bodies  become  more  complex  the 
computational  requirements  become  larger  and  larger.  With  exact  finite  rank  integral 
equation  theory  if  one  has  a  discretization  that  enables  one  to  closely  approximate  the 
solution,  then  refinements  can  be  made  by  a  convergent  iterative  process  based  on  the 
concept  that  the  norm  of  the  difference  between  an  approximate  integral  operator  and  the 
actual  integral  operator  is  simply  smaller  than  one,  not  necessarily  close  enough  to  give 
answers  of  acceptable  accuracy.  Then  the  answer  is  impioved  by  an  iterative  process  to 
any  desired  precision  without  the  use  of  additional  computer  memory. 
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2.1  Examples  of  Spaces  of  Approximation 


Solving  the  electromagnetic  transmission  problem  by  finding  solutions  of  Maxwell’s 
equations  inside  sind  outside  a  penetrable  scatterer  which  satisfy  boundary  conditions  and 
radiation  conditions  requires  functions  on  a  continuum,  the  problem  is  from  a  practical 
point  of  view  a  discrete  one  and  involves  estimation  of  the  values  of  induced  and  scat¬ 
tered  electric  eind  magnetic  vectors  in  the  interior  and  the  exterior  of  the  scattering  body. 
Thus,  it  is  important  to  understand  metaods  of  determining  the  accuracy  with  which  a 
solution  of  a  discrete  approximation  of  an  integral  equation  formulation  of  an  electromag¬ 
netic  interaction  problem  can  be  obtained.  We  specifically  need  to  formulate  a  space  of 
approximates  and  a  projection  operator  onto  this  space  of  approximates  and  formulate 
a  finite  rank  approximation  of  the  original  infinite  rank  integral  equations  (1.2.16)  and 
(1.2.16)  such  that  the  precise  solution  of  this  apnroximate  equation  is  exactly  the  projec¬ 
tion  onto  the  space  of  approximates  of  the  solution  of  the  original  infinite  rank  integral 
equation.  We  further  need  to  develop  a  means  of  correcting  our  solution  so  that  we  may 
exactly  determine  by  iteration  the  difference  /  —  Pf  between  the  solution  f  of  the  original 
equation  and  the  projection  Pf  of  this  solution  onto  the  space  of  approximates,  possibly 
by  an  iterative  scheme  or  a  series  expansion.  In  this  section  we  illustrate  (i)  pulse  basis 
function  methods,  (ii)  linear  interpolation,  (iii)  higher  order  spline  interpolation,  and  (iv) 
a  completetely  novel  L°^  norm  method  of  approximating  the  field  components  with  com¬ 
binations  of  trignomometric  functions  of  the  local  spatial  variables  using  carefully  selet  i,'“d 
frequencies. 

We  now  explain  linear  interpolation.  A  common  example  would  be  to  approximate  the 
space  V  of  functions  which  are  continuous  on  [a,  6]  by  members  of  a  set 

S  =  { [^0»  )i  [^1 )  ^2)*  '  ■  '»  [^n— 1 )  ^n]}  (2'1.1) 

where 

a  =  xo  <  2:1  <  •  •  •  <  Xr,  =  b  (2.1.2) 

and  to  define  the  projection  operator  of  linear  interpolation,  for  the  partition  defined  by 
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equation  (2.1.1)  by  the  rule, 


Pfix)  =  /(X,.,)  +  fix,)  (21.3) 

\Xi-Xi-lJ  \Xi-Xi.iJ 

if  X  belongs  to  the  subinterval  from  i,_i  to  x,  and  we  note  that  if  this  is  the  case  then 


(P/)(x,.,)  =  /(x..-i)-l  +  0 


(2.1.4) 


and  since 


(P/)(x.)  =  0  4  fix,) .  1 


(2.1.5) 


it  follows  from  equations  (2.1.3),  (2.1.4),  Jind  (2.1.5)  that 


PV  =  Pf 


(2.1.6) 


Another  simple  example  is  Fourier  series  or  an  eigenfunction  expansion  in  the  spatial 
variables.  Suppose  that  F  is  a  set  of  functions  defined  on  R"  which  are  square  integrable 
with  respect  to  Lebesgue  meeisure  u  multiplied  by  a  positive  function  p  and  valued  in  a 
Hilbert  space  X  with  norm  |  •  \x  with  two  meaisurable  and  square  integrable  functions  / 
and  g  being  equivalent  on  an  open  set. 


Q  C  R", 


(2,1.7) 


if  and  only  if 

J^{\if-9)ix)\x)pix)duix)  =  0  (2.1.8) 

and  where  the  squ^lre  integrability  with  respect  to  the  ordinary  Lebesgue  measure  multi¬ 
plied  by  p  means  that 

I  {}Jix)\\)  pix)du{x)  <  oc  (2.1.9) 

We  say  that  two  Hilbert  space  valued  functions  /  and  g  are  orthogonal  if  and  only  if 

/  {fix)-gix)]  p{x)du{x)  =  0  (2.1.10) 

where 

ifix),gix))x  =  fix)-g{x)  (2.111) 
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is  the  inner  product  of  the  Hilbert  space  elements  /(x)  and  ^(x)  so  that  the  square  of  the 
norm  of  the  function  /  is 


fix  =  •  f{x)}  pix)du{x) 


(2.1.12) 


F  =  :  t  €  1} 


(2.1.13) 


is  a  finite  set  of  pairwise  orthogonal  functions  in  the  space  V  of  functions  from  fl  into  the 
Hilbert  space  X,  then 


[  /n  fjy)  ■  My)p(y)My)  1  w 
§  i/n  My)  ■  My)piy)My)\ 


(2.1.14) 


The  projection  operator  defined  by  equation  (2.1.14)  yields  a  generalized  Fourier  series 
approximation  of  functions;  which  is  the  basis  of  Mie  like  solutions  of  electromagnetic 
problems. 

The  next  approximation  scheme  that  is  often  used  in  electromagnetic  analysis  is  the 
pulse  basis  function  method.  The  pulse  beisis  function  method  has  been  used  by  Guru 
emd  Chen  [13],  Hagmann  and  Gandhi  [14],  Hagmann  and  Levine  [16],  and  Livesay  and 
Chen  [24]  to  predict  the  results  of  electromagnetic  radiation  with  complex  structures  by 
decomposing  the  body  into  cells  within  each  of  which  the  induced  electric  vector  is  assumed 
to  be  a  constant  and  charge  densities  are  also  assumed  to  be  piecewise  constant.  The  pulse 
basis  function  method  makes  use  of  the  concept  of  the  partition  of  an  open  set  of  R”. 

We  have  defined  for  each  x  in  R"  and  each  positive  number  r  >  0  the  set 


J3(x,r)  =  {i/eR"  :  |x  -  y|  <  r} 


(2.1.15) 


to  be  the  ball  of  radius  r  centered  at  x.  We  let  be  an  open  set  in  R"  whose  closure  is 
bounded. 

Definition  2.1  A  partition  of  0,  is  a  set  V{il)  of  pairs  (l^i,x,)  where  i&I  and  the  ball, 
B{xi,r)  t.i  contained  in  Vi  for  some  positive  number  r, 


UK  = 


(2.1. IG) 
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and 


(2.1.17) 

whenever  (V<,z,)  and  (Vj^Xj)  are  distinct  members  of  the  partition,  V(i})  and  is  the 
standard  Lebesgue  measure  on  R"  where  we  let 


V\  =  {Vi\{yi,Xi)eV{9)  for  some  x.eK) 


(2.1.18) 


and  we  define  the  characteristic  functions, 


XViix)  = 


\  X  eVi 

0  X  is  not  a  member  of  Vi 


(2.1.19) 


to  be  the  characteristic  functions  or  pulse  functions  associated  with  the  sets  Vi  in  P(fl)i. 
The  sets  Vi  are  called  ceils  in  a  cellular  decomposition  of  Cl. 

Next  we  define  the  projection  operators  associated  with  this  partition  of  an  open  set 
in  Euclidean  n  dimensional  space. 


Definition  2.2  We  define  the  projection  operator  P  associated  with  the  partition. 


by  the  rule. 


for  all  functions, 


V{CI)  =  {(K,I,)  :  7,€v;  ,  iei,  v;  c  ci) 


Pf{x)  =  H  [xv.(x)-/(x.)] 

v.eP(fi)i 


f  :  Cl C 


(2.1.20) 


(2.1.21) 


(2.1.22) 


where  C"*  denotes  complex  m  dimensional  space. 

We  prove  the  following. 

Proposition  2.1  If  p{Cl,C'^)  is  any  topological  vector  space  of  functions  from  Cl  into  C” 
which  includes  all  functions  of  the  form. 


X  — >  Xvix)u 


(2.1.23) 


where 


V  e  v{Ci)i 


(2.1.24) 
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and 


uec’"  (2.1.25) 

then  the  mapping  P  defined  by  equation  (2.1.21)  w  an  endomorphism  of  this  topological 
vector  space  which  satisfies 

PP  =  P  (2.1.26) 

2.2  The  Standard  but  Nonoptimal  Discretization 


Kun  Mu  Chen  meticulously  analyzed  the  electric  field  volume  integral  equation  in 
the  work  he  directed  in  ([24])  and  correctly  formulated  the  electric  field  volume  integral 
equation  for  a  nonmagnetic  body  as, 

(E  -  #)(p,w)  =  '■  --'.1''-^)  g(p, ,) .  glq)dv(q)  (2.2.1) 

C*  J(i  \  Co  / 

where 

d  = 

What  is  done  in  practice  is  to  apply  the  projection  operator  to  the  a  priori  unknown 
field  E  that  appears  under  the  integral  and  to  also  apply  it  also  to  both  sides  of  the  integral 
equation  (2,2.1)  to  obtain  the  approximate  equation 

(P-E  -  P^E')  =  ~  /  (^-^^^^^^—]p^dix,y)-iP'>E)dviy)  (2.2.3) 

c‘  Jn  \  Co  / 

where  G  is  defined  by  equation  (2.2.2).  The  so  called  method  of  moments  weis  developed 
in  the  early  1900s  by  mathematicians  and  is  simply  the  weak  topology  approximation;  as 
currently  applied  it  is  an  attempt  to  do  a  better  job  of  getting  a  more  acceptable  solution  of 
the  clearly  nonoptimal  approximation  represented  by  equation  (2.2,3).  With  the  method 
of  moments  one  obtains  3N  equations  for  the  2N  unknonws  representing  the  electric  vector 
in  the  N  cells  into  which  the  scattering  body  fl  is  decomposed  by  simply  multiplying  both 
sides  of  equation  (2.2.3)  by  a  function  of  x,  often  the  characteristic  function  of  the  cell  Vi, 
where  i  ranges  from  1  to  N,  and  integrating  both  sides  of  the  new  equation  with  respect 


to  X 
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3  Exact  Solutions  of  Integral  Equations 


We  show  in  this  section  a  method  of  creating  a  computerizable  approximate  to  the 
original  infinite  rank  integral  equation.  After  multiplying  all  terms  of  the  integral  equation 
by  the  same  invertible  matrix,  if  necessary,  we  can  redtice  the  coupled  E  and  H  integral 
equation  to  one  of  the  form  described  in  the  following  section. 

3.1  Machine  Precision  in  Integral  Equation  Methods 


We  show  in  this  section  how  to  correct  our  errors  in  an  integral  equation  method,  so 
that  we  can  obtain,  by  doing  more  processing  but  not  using  excessive  memory,  an  answer 
whose  precision  is  close  to  that  of  the  particular  computing  machine  being  used.  Letting 
/  be  a  vector  valued  function  defined  on  an  open  set  of  and  having  values  belonging 
to  a  Banach  space,  X,  which  represents  the  set  of  values  of  the  electric  and  magnetic  field 
vector  within  the  scattering  body  and  having  enough  regularity  that  boundary  values  are 
defined.  Suppose  that  the  functions  /  that  we  consider  all  satisfy  the  condition, 

fe€{n,X),  (3.1.1) 

that  they  belong  to  a  Banach  space  of  functions  from  into  X.  We  further  suppose  that 
we  define  a  projection  operator, 


P:S{n,X)  Sia,X)  (3.1.2) 

We  let  P(X)  denote  a  Banach  space  of  operators  mapping  X  into  itself  and  let  K  be  a 
function, 

AT;  fix  ft  B{X)  (3.1.3) 

which  in  practice  will  repre.sent  the  integral  operator  acting  on  the  values  of  the  electric 
and  magnetic  field  vectors  in  the  interior  and  on  the  surface  of  the  scattering  body.  One 
way  this  can  be  handled  is  to  assume  enough  regularity  in  the  space  of  functions,  5(fi,  A^) 
in  which  we  arc  seeking  the  solution  (and  in  the  space  of  approximations  within  which 
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we  are  attempting  to  find  a  solution  that  is  reasonably  close  to  actual  solution),  that  the 
required  boundary  values  are  defined.  Related  to  this  beisic  projection  operator,  which 
may  be  defined  in  one  of  the  ways  described  in  the  previous  section,  or  in  other  ways,  we 
define  the  operator  Q*  on  functions  from  into  X  by  the  rule, 

pl  K(x,ytPf)(v)dp{,y)=  [  Q-KixMPfMMy)  (3.1.4) 

Jci  Jn 

We  can  reduce  our  original  problem  to  that  of  solving  an  integral  eqiiation  of  the  form, 

f{x)-g{x)  =  XT  fix)  (3.1.5) 

where 

I'fi^)  =  j^Kix,y)fiy)dviy)  (3.1.6) 

and  /  may  represent  a  two  tuple  consisting  of  the  electric  and  magnetic  vectors  and  g  rep¬ 
resents  the  result  of  applying  em  invertible  linear  transformation  two  a  two  tuple  consisting 
of  the  electric  and  magnetic  vectors  of  the  incoming  radiation.  We  define  ’.he  operator  L 
by  the  rule 

L  =  PTPfix)  (3.1.7) 

where  P  is  a  projection  operator  onto  a  space  of  approximates,  and  define  the  correction 
operator  N  by  the  rule, 

Nfix)  =  Tfix)-Lfix)  (3.1.8) 

Normally  we  require  that  P  is  a  good  enough  approximator  that  solving  the  equation  (2.2.3) 
will  give  us  a  satisfactory  solution.  However,  with  exact  finite  rank  integral  equation  theory 
we  need  only  assume  that  P  is  good  enough  so  that  if  N  is  defined  by  (3.1.8)  that  then 
the  operator  norm  inequality. 


max{|  A  II  In  , 

|A|||{P-/)JV|„)  <  1 

(3.1.9) 

Thus,  it  follows  that 

T 

=  L  +  N 

(3.1.;0) 

The  usual  approximate  integral  equation 

has  the  form 

fa  = 

Pg  =  XPTU 

(3.1.11) 
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where  satisfies  the  condition, 


u  €  P{e{^.X)),  (3.1.12) 

What  is  usually  done  is  to  assume  that  /•  is  close  enough  to  /  to  accurately  represent  the 
solution  of  the  original  infinite  rank  integral  equation  (3.1.5).  We  can,  if  inequality  (3.1.9) 
is  satisfied,  define  the  bounded  linear  operator 

(3.1.13) 

so  that  it  will  follow  that  since  formally  and  in  fact, 

(/-AAr).(/  +  A7\r  +  A»iV2 +  •••)/  =  /  (3.1.14) 

that  by  combining  equations  (3.1.13)  and  (3.1.14)  that 

(/  -  \N){I  +  XGx)f  =  /  (3.1,15) 

in  view  of  the  the  geometric  series  relationship  and  the  identity 

(/  +  AGa)  =  (/  +  AiV  +  A’Ar>  +  ...)  (3.1.16) 

for  all  functions  /  satisfying  the  relationship  (3.1.1).  Thus,  we  can  in  view  of  the  relation¬ 
ship  (3.1. IQ)  deduce  that 

AT  =  AJV  -1-  XL  (3.1.17) 

Equation  (3.1.17)  then  means  that  we  can  express  the  original  integral  equation  (3.1.5)  in 
the  form 

/  =  g  +  XNf-\-XLf  (3.1.18) 

Rearranging  terms  in  equation  (3.1.18)  we  see  that 

(/  -  XN)f  g  +  XLf  (3.1.19) 

Combining  equations  (3.1.19)  and  (3.1.15)  and  equation  (3.1.13)  we  deduce  that 

f  ~  g  XL/  -f-  XG\{g  -f-  XLf  -I-)  (3.1.20) 
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Now  if  we  simply  combine  equation  (3.1.20)  and  equation  (3.1.18)  we  deduce  that 


XNf  =  XGxig  +  AI/)  (3.1.21) 

We  would  now  like  to  apply  the  projection  operator  P  to  both  sides  of  equation  (3.1.20) 
making  use  of  the  fact  that  P  is  idempotent,  equalling  its  square,  and  equation  (3.1.7) 

PL  =  L  (3.1.22) 

to  obtain  the  relation 

Pf  =  Pg  +  XLfXPiGxig  +  XLf)  (3.1.23) 

Substituting  equation  (3.1.21)  into  equation  (3.1.23)  we  see  that 

Pf  =  Pg  +  XLf  +  XPNf  (3.1.24) 


Thus,  if  we  define 


=  PT 


(3.1.25) 


then  in  view  of  equation  (3.1.7)  and  (3.1.25)  we  see  that 


Lf  =  L(K^p)Pf 


(3.1.26) 


Now  we  see  that  equations  (3.1.24)  and  (3.1.26)  imply  that 


Pf  =  Pg  +  XPL(K,p)Pf  +  XPNf  (3.1.27) 

While  equation  (3.1.27)  is  not  a  finite  rank  integral  equation,  it  suggests  that  an  approxi¬ 
mate  finite  rank  integral  equation 

Pf.  =  i’p  +  XPL(K,P)Pf.  -H  XPNPfa  (3.1.28) 

might  give  a  better  approximation  to  the  solution  than  the  traditional  approximation  given 
by  equation  (3.1.11).  We  shall  go  much  farther  than  this,  however,  and  reduce  the  equation 
(3.1.24)  to  a  true  finite  rank  integral  equation  whose  solution  will  be  the  projection  Pf  of 
the  exact  solution  /  of  the  original  infinite  rank  integral  equation  (3.1.5)  onto  the  space 
of  approximates.  This  will  permit  us  to  achieve  our  ultimate  objective  of  representing  the 
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solution  /  exactly  in  terms  of  Pf  and  the  stimulating  fields  y  by  an  exact  formula.  Going 
back  to  equation  (3.1.19)  and  making  use  of  equation  (3.1.14)  we  obtain 

/  =  i:[(AJV)‘(j  +  A£/)]  (3.1.29) 

fc=0 

Operating  on  both  sides  of  equation  (3.1.29)  with  N  and  then  applying  XP  to  both  sides 
of  this  equation,  we  see  that 

APJV/  =  f;[(AW)*(,  +  Ai/)]  (3.1.30) 

JbsO 

Now,  simply  substituting  equation  (3.1.30)  into  equation  (3.1.27)  we  get  the  finite  rank 
integral  equation, 

Pf  =  Pg  f 

\PL(K,P)Pf  +  APiV  |£(AAr)*  (5  +  AL(^^p)P/)  (3.1.31) 

Now  collecting  terms  in  equation  (3.1.31)  involving  Pf  and  those  involving  g  and  Pg  we 
obtain  the  relationship 

Pf  =  Pg  +XPN  f^{XN)‘‘g 

,k=0 

XP(L^K,P)  +  N  £(AA^)''  >^L(K,P)^Pf  (3.1.32) 

Our  first  objective  is  now  achieved  since  equation  (3.1.32)  is  a  truly  finite  rtink  integral 
equation  in  the  unknown  member  P/  of  a  finite  dimensional  vector  space.  The  computer 
program  giving  a  solution  of  equation  (3.1.32)  would  provide  us  with  coefficients  of  the  basis 
vectors  of  this  finite  dimensional  vector  space  that  are  needed  to  represent  the  solution  Pf 
of  equation  (3.1.32).  In  other  words,  the  linear  combination  of  basis  vectors  of  the  vector 
space  which  is  the  image  of  the  projector  P  is  the  exact  value,  P/,  of  the  projection  of  the 
exact  value  of  the  solution,  /,  of  the  origintd  infinite  rank  integral  equation,  (3.1.5).  From 
this  point  on  we  assume  that  P/  is  known. 

To  finish  off  this  section  we  use  our  exactly  determined  vtilue  of  Pf  that  was  obttiined 
by  solving  equation  (3.1.32)  under  the  assumption  that  I —XL  is  invertible  on  the  image  of 
the  projection  operator  P,  where  L  is  defined  by  equation  (3.1.7).  We  begin  by  subtracting 
the  right  sides  of  equations  (3.1.18)  and  (3.1.24)  obtaining  the  relationship, 

(/  -  Pf)  =  {9  -  Pg)  +  X{I-P)Nf  (3.1.33) 
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Collecting  the  terms  involving  /  in  equation  (3.1.33)  and  moving  the  known  function  Pf 
over  on  the  right  side,  we  obtain  the  equation, 

lI-X(I-P)N]f  =  (g  -  Ps  +  Pf)  (3.1.34) 

The  inequality  (3.1.9)  then  enables  us  to  invert  the  operator  acting  on  the  /  in  the  left 
side  of  equation  (3.1.34)  by  applying  the  geometric  series  operator 

S  =  E(A(/-P)Ar)*  (3.1.35) 

fcsO 

to  both  sides  of  equation  (3.1.34).  Thus,  once  we  solve  equation  (3.1.32)  for  Pf  we  can 
correct  ourselves  by  expressing  the  exact  value  of  /  as 

/  =  EW-P)Nf{9-Ps  +  Pf)  (3.1.36) 

k=0 

Thus,  without  using  auxiliary  memory  we  can  with  a  good  enough  start  and  enough 
iteration  correct  our  solution  to  within  computer  accuracy. 

4  Layered  Materials 


We  have  formulated  some  one  dimensional  scattering  problems  associated  with  mag¬ 
netic  materials,  and  solutions  obtained  from  the  differential  equation  formulations  have 
been  substituted  into  the  integral  equations  and  have  been  shown  to  satisfy  them  exactly. 
For  magnetic  materials,  a  single  integral  equation  was  obtained  and  the  significance  of 
surface  vEdues  of  the  derivative  of  the  electric  vector  were  shown  to  be  important.  For 
higher  order  splines  all  terms  arising  in  a  matrix  representation  of  the  integral  equation 
formulation  of  the  problem,  and  all  iterates  of  the  integrals  could  be  computed  exactly. 
Using  distribution  theory  concepts,  we  have  combined  the  electric  and  magnetic  field  in¬ 
tegral  equations  for  the  case  of  a  plane  wave  that  is  incident  normally  on  the  magnetic 
slab. 


4.1  Magnetic  Slab  Integral  Equation 
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We  consider  in  this  section  radiation  normally  incident  on  a  magnetic  slab,  and  assume 
that  the  electric  vector  of  the  incident  radiation  has  the  form 

S*  —  £oexp(— (4.1.1) 

so  that  the  magnetic  vector  of  the  incident  radiation  defined  by  the  Maxwell  equation, 

—  iufioH*  s=  eurl{S*)  * 

-Cv  Ettexp{-ikoz) 

—  —  ikoEoexp{—ikoz)ey  (4.1.2) 

is  after  dividing  both  sides  of  equation  (4.1.2)  by  —itjfi  is  given  by 

H‘  =:  exp{-ikoz)Sy  (4.1.3) 

Within  the  magnetic  slab,  where  the  permittivity  e,  the  permeability  /i,  and  the  conduc¬ 
tivity  <T  are  diagonal  tensors  in  Cartesian  coordinates,  the  first  Maxwell  equation  has  the 
form, 

curl{H)  =  (iu;€»  +  <rx)£?xe*  +  (twe,  +  ay)Eyt^ 

•f  (tu;6(  -J-  (Tt)Etet  (4.1.4) 

However,  if  the  stimulating  electric  vector  has  only  an  x  component,  then  the  same  is  true 
of  the  reflected,  induced,  and  transmitted  radiation,  and,  thus,  we  may  assume  that  within 
the  slab  that  this  is  also  true.  Hence,  we  assume  that  within  the  slab. 


S  =  g{z)exp(-wt)cg  =  f?,?. 

(4.1,5) 

Since  then 

curl{S)  =  ~  “  —iuifiyHyty 

(4.1.6) 

we  conclude  that 

rr  »  dE, 

(4.1.7) 

ZT  _  y 

•“V  -  Q 

Ufly  OZ 

Using  (3.4)  we  conclude  that 

cutKH)  =  f.  H, 

(4.1,8) 
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which  implies  that 


cur/(H)  = 


i  a’B. 


WMv 


dz^ 


-  ?.(iwc*  +  <rr)Er 

Thus,  multiplying  all  terms  of  this  last  equation  by  tw/Xy  we  see  that 

dz^  fiy(z)  dz 

=  (-w’/Xy£,  +  iufiy<Tt)Er 

We  are,  therefore,  seeking  an  impulse  response  of  the  equation, 

d^E, 


dz^ 


+  u^fioCoEi  = 


4'^dE, 


t^y 


dz 


+  (u>^(^oCo  ~  My€*)  -I-  »a;/iy(T,)f;, 


We  introduce  the  variable 


r  =  wVye*  -  »wpy(y,  -  wVo«o, 


where  we  agree  that  e,  p,  and  nr  take  their  free  space  values  outside  the  slab, 
that  E  —  E'  has  the  form. 


E  —  E'  =  c  j  TEj,exp{—iko  \  z  —  z  \)dz 

J-OO 


+b  r 

/  — 0 


:rexp(—iko  \  z  —  z)  \  dz 


-oo  Py(z)  dz 

where  we  write  the  global  magnetic  permeability  via  the  relationship 


f^yiz)  =  (r(z)  -  Yiz  -  I))(py  -  /xo)  +  ^0 


where 


is  the  Heaviside  function  and 


1  ifz>0 
0  if  x:  <  0 


!'“’(»)  =  <(») 


(4,1.9) 

(4.1.10) 

(4.1.11) 

(4.1.12) 

and  assume 

(4.1.13) 

(4.1.14) 

(4.1.15) 

(4.1.16) 
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is  the  Dirac  delta  function  and  where  we  think  of  ^  as  the  permeability  at  any  point  and 
think  of  /i  as  the  value  of  permeability  inside  the  slab.  Thus,  with  this  definition  and 
recognizing  the  tangential  component  of  the  magnetic  field  as  being  proportional  to  the 
reciprocal  of  the  the  magnetic  permeability  times  the  derivative  of  the  electric  vector  with 
respect  to  z  in  view  of  the  relationsliip 


-_L®^ 

'  ~  dz 


and  seek  a  representation  of  the  form, 


fL 

Ex  —  E'  =  c  I  TExexp(—iko  \  z  —  z  \  dz 
Jo 

.  ^  dEx  ,  i 

-  4  (l  -  ^^(I‘)‘xp(ikoz)exp(^-iktL) 


(4.1.17) 


Theorem  4.1  If  Ex  satisfies  (4.1.17)  and  Ex  is  twice  continuously  at  points  inside  and 
outside  the  slab,  then  (a)  outside  the  slab  E  —  E*  has  the  representation 


E-E'  = 


C^exp(ikoz)  for  z  <0 


C*exp(—ikoz)  for  z  >  L 


(4.1.18) 


where  C’’  is  the  reflection  coefficient,  and  is  the  coefficient  defining  the  transmitted 
radiation  (c)  if  a  function  Ex  that  is  differentiable  inside  and  oJside  the  slab  satisfies  the 
integral  equation,  then  Ex  is  continuous  on  the  entire  real  line,  and  furthermore,  if  H  —  H' 
is  determined  from  (4.1.17)  via  the  relationship 

H  -W  =  r  rExCxpl-ikJz  -  z)dz 


—i 

•  H'  =  - -  /  rExCxpi—ikJz  —  z)dz 

zujpo  Jo 

i 

+  - -  /  TExexp{—ikQ{z  —  z)dz 

ZUJfJzO  Jz 
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2u>/io  Jo  tiy  dz 

+  T - /  - r^exp{— iJbo(«  —  z))dz 

2uno  Jt  Mv 

+  d?;  (*  - 

+  (‘  ■  ?^)  (<•»•») 
antf  H  —  H'  is  continuous  across  the  boundaries  of  the  magnetic  slab.  Furthermore,  the 

classical  solutions  of  the  integral  equation  (^.1.11)  are  solutions  of  MaxuelVs  equations 

provided  that 

b  =  ~  (4.1.20) 


c  =  — : 


(4.1.21) 


Proof.  Equations  (4.1.20)  and  (4.1.21),  which  represent  the  evaluation  of  the  parame¬ 
ters  in  the  integral  equation  (4.1.17)  follows  by  substituting  (4.1.17)  into  Maxwell’s  equa¬ 
tions.  We  begin  by  computing  the  first  and  second  partial  derivatives  of  Er  with  respect  to 
z  from  the  integral  equations  and  we  then  use  these  expressions  to  show  that  (4.1.20)  and 
(4.1.21)  are  needed  in  order  that  Maxwell’s  equations  be  satisfied.  We  find,  upon  breaking 
up  the  integral  from  0  to  L  into  the  integral  from  0  to  r  plus  the  integral  from  z  to  L  and 
differentiating,  that 
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dE  dE* 


=  ctEs  —  crEg 


dz  dz 

c(—iko)  J  TErexp{—iko{z  —  z)dz+ 
c{iko)  J  TExexp{—iko{z  —  z)dz-\- 

I,..  + 

fiy  az  fiy  OZ 


fly(z  dz 

I' p\^K^)dE, 


—txp{—iko{z  —  z)dz 


{~iko)b  r 

Jo 

ai 

+(-i(ro)J  (l  -  ^Wexpi-ikoi) 


~exp{—iko{z  —  z)dz 


—  {iko)b 


(- 


fip  \  OEg 


j  -^{L)exp{ikoz)exp{--ikoL)  (4.1.22) 

We  now  take  the  derivative  of  both  sides  of  this  last  equation  with  respect  to  z  obtaining 

d^E  d^E' 
dz^  dz^ 

c(— ifco)^  /  TEgexp{—iko{z  -  z))dz  +  (—iko)cTEr 
Jo 

fL 

—  {iko)cTEg  +  c{ikoy  j  TEgexp{—iko{z  —  z))dz  4- 

I'"  Vo 


(l  -  ^(0)eip(-;»:oz) 

-  (<lo)’*  -  "J^k)  ^“(^)“P('*o*)e*p{-i*ol) 


(4.1.23) 


We  now  make  use  of  the  fact  that 


—k\{E  —  E')  =  —k\  |c  j  TExexp{—iko  \  z  ~  z  \  dz 
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+0  /  - ~exp(-tko  \  z  -  z  \)dz 

Jo  Py  0Z 

(*  “  ^(I.)exp(it„r)exp(-ji„t)j 


(4.1.24) 


and  substitute  it  into  our  equation  for  the  difference  betureen  the  second  partial  deriva¬ 
tives  of  the  stimulated  and  incident  electric  field  vectors.  Rewriting  (4.1.23)  to  make  this 
substitution  transparent  we  see  that 

d'^E  d^E' 
dz^  dz^  ■' 


—  (fco)’  |c  jf  TEsexp{—iko{z  —  z))dz 

fh 

•fey  TExtxji{—iKri{z  —  z))dz 

+  ‘/o 


r^fi^^Kz)dEx 


fip{z  dz 


•-exp{~iko{z  —  z)dz 


-6  1- 


(*  -  ^(0)«xp(-iM) 


P,(£) 


—  2{iko)cTEt  -f  2(-tl:o)6 

Simplifying  the  above  equation  we  find  that 


f^^JK^)dEx 

Hyiz)  dz 


^  U(E  EM 

dz^  “  dz^  ~ 


—  IcikorEx  —  2ikob 


ni^Kz)dE, 


(4.1.25) 


(4.1.26) 


fjiy{z)  dz 

Wc  next  simplify  this  equation  by  making  use  of  the  fact  that  the  electric  vector,  E]., 
of  the  incident  radiation  satisfies  the  free  space  Helmholtz  equation 


-f  kl0  =  0 


(4.1.27) 
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Substituting  this  into  the  previous  equation  we  find  that 

d^E, 


dz^ 


+  = 


-  2cikoTE^  -  2ikob^^^^ 


(4.1.28) 


Hy{z)  dz 

We  now  need  to  select  c  and  b  in  the  above  equation  so  that  the  equation  is  identical 
to  equation  (4.1.11)  where  r  is  given  by 


T  =  -  wVoCo 


~  k^  —  kl  =  k^  —  u^fiQCo 


We  see  that  we  need 


—  2ikQb  =  1 


and 


2ikoC  —  1 


(4.1.29) 

(4.1.30) 

(4.1.31) 


In  order  to  define  the  operations  we  note  here  that,  while  it  is  true  that  we  cannot  in 
general  multiply  distributions,  certain  orders  of  distributions  can  act  upon  spaces  larger 
than  the  infinitely  differentiable  functions.  For  example,  order  0  distributions  can  act  on 
the  continuous  functions  with  compact  support,  and  order  one  distributions  can  act  on  the 
differentiable  functions  with  compact  support,  et  cetera  which  will  enable  us  to  define  the 
product  of  an  order  0  distribution  u  and  a  continuous  function  f  by  the  rule. 


(u/,^)  =  (u,/^) 


(4.1.32) 


where  is  a  test  function.  However,  the  function  u/  is  not  a  general  distribution,  but  is 
a  continous  linear  functional  on  the  space  of  continous  functions  with  compact  support. 
The  integral  equation  is  then  der'ved  by  recognizing  that  in  view  of  equation  (4.1.9)  that 


-^  +  koEx- 

-  tEx 


(4.1.33) 


By  convolving  the  fundamental  solution  of  the  left  side  of  this  equation  with  the  right 
side  we  obtain  the  integral  equation.  Since,  as  we  have  shown  ([7],  [22]),  every  solution 
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of  the  integral  equation  is  a  solution  of  Maxwell’s  equations  wid  the  solutions  of  the  inte¬ 
gral  equation  satisfy  automatically  the  Silver  Mueller  radiation  conditions  and  tangential 
components  of  the  electric  amd  magnetic  vectors  are  automatically  continuous  across  the 
boundaries,  the  solution  of  the  integral  equation  is  necessarily  the  solution  of  Maxwell’s 
equations.  Since  the  solution  to  this  electromagnetic  interaction  problem  is  unique,  the 
function  space  under  consideration  is  the  space  of  functions  which  are,  along  with  their 
derivatives,  continuous  up  to  the  boundaries.  When  the  slab  is  nonmagnetic,  then  unique¬ 
ness  may  be  proven  in  the  function  space  ((22j,  pp  69-130)  consisting  of  all  vector  valued 
functions  <{>  such  that 

/  dv  +  f  I  curl{<i>)  I*  dv  <  oo  (4.1.34) 

Jn  Jn 

5  DISCRETIZATION 


To  approximate  the  integral  equations  on  a  computer  with  a  finite  memory,  we  divide 
the  slab  with  which  the  radiation  is  interacting  into  thin  wafers  separated  by  planes  whose 
normals  are  perpendicular  to  the  planes  defining  the  boundaries  of  the  slab. 


5.1  Piecewise  Linear  Approximation 


We  consider  approximate  integral  equations  of  the  form 

Eiz)  -  e\z)  = 

12 1 '  {^j  +  B}{y  -  )}  y)dy  + 
;=1 

Y2r  B,L{z,y)dy  + 

j=:l 

F{z)D,-G{z)Bn 

where  we  suppose  that  the  numbers  Zj  are  defined  by 

0  =  Zo  <  Zl  <  ...  <  <  Zj  <  ...  <  zs  ■=  L 


(5.1.1) 


(5.1.2) 
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and  that  within  the  subinterval  z^),  the  electric  vector  is  approximated  by 

^  =  +  (5.1.3) 

where  the  constants  Aj  and  Bj  contain  the  exp(iu)t)  time  dependence.  We  have  a  separate 
equation  for  each  value  of  z.  At  this  stage  there  are  several  methods  to  obtain  a  matrix 
equation  from  this  continuum  of  approximate  equations.  One  obvious  method  is  point 
matching  by  selecting  two  points  Csj-i  wid  the  subinterval  (zj_i,  zj.  This  gives  us  a 
system  of  2N  equations  in  2N  unknowns,  which  have  the  form 


■A(  +  3/((2/-f+i  —  ij)  -  £'(C3<-,+i)  = 
z  f"  (Ai  +  B,(»  -  z;)} K(i;2,-,*uy)dy  + 

j=i  •'*^-1 


(5.1.4) 


Defining 


^U,()  = 


(5.1.5) 


1  j  =  e 

0  jj^e 

We  now  use  the  delta  function  notation  to  rewrite  the  previous  equation  to  make  it  look 
like  a  matrix  equation.  We  find  that 

N 


51^0.0  {^i  +  ^jiCu-q+l  -  ^*t)) 

3=1 

-  E{^<  r  m«-,»,y)dy  + 

Bi  J’’ (,y  -  z;)K(,(;„.,„,y}dy\ - 


N 


;=» 


N 


i=i 

We  now  represent  this  last  equation  in  the  matrix  form 


(5.1.6) 
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/a. 'I 

f  £‘(Ci)  ^ 

B, 

A2 

E'iC:x) 

B2 

E^iCi) 

• 

• 

II 

II 

• 

As 

.^'(CjAf-l) 

K  J 

^  E*iC2s)  j 

We  now  describe  the  entries  of  the  matrix  T.  Note  that  if  we  define 

{Ai  p  =  0 

(5.1.8) 

B,  p  =  l 


that  then  the  system  of  equations  may  be  expressed  more  compactly  in  the  form 

i*l  Vp=o 

(5.1.9) 


where  fe  {0, 1}.  If  p  =  0,  then  for  each  qe  {0, 1}  we  have 

Jxj-i 

On  the  other  hand  if  p  =  1,  then  again  for  eacli  qe  (0, 1}  we  have 


(6.1.10) 


T(2t-\+,,2i-l+p)  =  S{j^){C2t-q+\  -  Zt) 

-  /'  K{C2t-q+uy)dy  -  j’  L{C2t~q+\,y)dy 

~  %i)-^(Ca/-«+i)  +  ^u,N)GiCu-q+x)  (5.1.11) 

Therefore,  the  solution  of  the  matrix  equation  (5.1.7) 

T(  =  S'  (5.1.12) 


then  gives  parameters  in  an  approximate  representation  of  the  electric  vector  of  the  induced 
electromagnetic  field. 
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6  Surface  Integral  Equation  Methods 


In  this  section  we  shall  show  how  in  the  case  where  the  irradiated  structure  consists  of 
homogneom  regions  which  are  delimited  by  diffeomorphisms  of  the  interior  of  spheres  in 
three  dimensional  space  to  represent  the  solution  of  the  scattering  problem  as  the  solution 
of  two  combined  field  integral  equations  with  integral  operators  formed  from  from  the 
Green’s  functions  defined  on  opposite  sides  of  the  sepai-ating  surfaces.  The  surface  integral 
equation  methods  reduce  the  computational  complexity  in  the  sense  that  they  require 
discretization  electric  and  magnetic  fields  defined  on  a  surface  rather  than  on  a  region  of 
three  dimensional  space. 

6.1  Combined  Field  Integral  Equations 

Consider  a  set  Cl  in  with  boundiury  surface  dCl  on  which  are  induced  electric  and 
magnetic  surface  currents  Jj  and  Mj.  If  w'e  have  a  simple  N  +  1  region  problem,  where  we 
have  N  inside  and  a  region  outside  all  N  bounded  homogenous  aerosol  particles  corresponds 
to  the  region  index  j  being  equal  to  1  iind  the  region  inside  corresponds  to  j  values  ranging 
from  2  to  TV  + 1,  then  if  the  propagation  constant  kj  in  region  j  is  defined  also  by  a  function 
kj,  naturally  defined  on  a  Riemann  surface  as  the  square  root  of, 

k^  =  —  iufia  (6.1.1) 

For  a  Debye  medium  (Daniel,  [10])  the  branch  cuts  are  along  the  imaginary  w  axis.  For  a 
Lorentz  medium  particle  (Brillouin,  [3],  [32])  the  branch  cuts  are  in  the  upper  half  of  the 
complex  o)  plane  parallel  to  the  real  axis,  where  fi,  e,  and  <t  are  functions  of  frequency 
that  assure  causality  and  that  the  radiation  does  not  travel  faster  than  the  speed  of  light 
in  vacuum.  There  are  two  Helmholtz  equations,  one  for  the  interior  of  the  particle  and  the 
other  for  the  exterior,  defined  by 

(A  +  kj)Gr  =  4w6  (6.1.2) 
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where  Gj  is  the  temparate,  rotationally  invariant,  fundamental  solution  ([19])  of  the 
Helmholtz  operator.  We  let 

Ji  =  J  =  -Jj  (6.1.3) 


Ml  =  M  =  -M2 


(6.1.4) 


where  we  assume  that  the  surface  separates  region  1  and  region  2.  We  generalize 
equations  (6.1.3)  and  (6.1.4)  inductively  by  saying  that  for  any  surface  separating 
region  j  from  region  j  where 


we  have 


3  <  3 


Ji  =  J  ^  -  J; 


(6.1,5) 


(6.1.6) 


We  define 


Mj  =  M  =  -Mj 


^  =  {(iJ)  :  is  a  separating  surfacej 


(6.1.7) 


(6.1.8) 


where  j  is  less  than  j.  We  get  a  single  coupled,  combined  field  integral  equation  which 
describes  the  interaction  of  radiation  with  the  conglomerate  aerosol  particle  or  cluster  given 
by 


n  X  F""  =  n  X  5^  I  J  J  J(f)  (p,  •  Gj{r,f)  +  pj  •  Gj(r,f))  da(f) 

/^W-N'-.f)  +  G;(r,f))<io(f)j|  (6.1.9) 

In  addition  to  equation  (6.1.9)  we  need  equation  involving  the  magnetic  vector  of  the 
stimulating  electromagnetic  field  which  is  given  by 

J^^jM(f){c,-Ci(r,f)  +  t,-G;(r,f))d4f) 
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^cur/  /  Jif)  *  (Gj(r,f)  +  G-^ir,f))  da(f)j| 


(6.1.10) 


Once  the  coupled  combined  field  system  (6.1.9)  and  (6.1.10)  is  solved  for  J  and  M,  the 
surface  electric  and  magnetic  currents  respectively  and  we  define  the  surface  electric  charge 
density  by  ([11],  p  7) 

p‘{f)  =  -  [diw, .  /(f)]  (6.1.11) 


and  the  surface  magnetic  charge  density 


p”‘(r)  =  ^  [div,  •  M(r)] 


where  divt  is  the  surface  divergence.  Now  for  each  region  index  j  we  define 


J(j)  =  {j :  (i.J)  e  l} 


(6.1.12) 


(6.1.13) 


where  I  is  the  set  of  all  indices  of  separating  surfaces  defined  by  (6.1.8).  We  now  need  to 
be  able  to  express  the  electric  and  magnetic  fields  inside  and  outside  the  scattering  body. 
We  first  define  the  vector  potentials  Aj  and  Fj  by  the  rules,  ([11]  [25]) 


=  E  feX  f  Jjif)  ■  Gj(r,f)da{f) 

^  =  Efte)/,  lm)'Gi{r,f)da{f) 


(6.1.14) 


(6.1.15) 


The  scalar  potentials  are  defined  in  terms  of  the  electric  charge  density  (6.1.11)  and  mag¬ 
netic  charge  density  (6.1.12)  by  the  rules, 

E  J p‘i(f)Gi(r,f)Mf)\  (6.1.16) 

and 

E  ffl— )  (  I pf(f)Gi{r,f)daif)]  (6.1.17) 

We  now  can  define  the  electric  and  magnetic  vectors  inside  the  region  j  in  terms  of  these 
potentials  (b.1.14),  (6.1.15),  (6.1.16),  and  (6.1.17)  by  the  rules, 


Ej  =  -  tu»l_,(r)  -  grad(^j(r)  -f  —curl(Fj)(r) 

^3 


(6.1.18) 
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and 


Hj  =  -iujFj{r)  -  grad{'i/j{r)  +  ~cur/(Aj)(r)  (6.1.19) 

f*3 

Similar  equations  apply  outside  the  body,  by  there  the  fields  represented  are  the  differences 
E*  and  Hi  between  the  total  electric  and  magnetic  vectors  and  the  electric  vector  and 
the  magnetic  vector  /f'"*  of  the  incoming  wave  that  is  providing  the  stimulation.  Thus 
([11])  we  see  that  outside  the  body, 

E{  -  —  iwAi(r)  —  grad(^\(r)  +  — cur/(f\)(r)  (6.1.20) 

and 

~  -twj\(r)  -  grad{’9\{r)  +  ~cur/(Ai)(r)  (6.1.21) 

/*i 

These  equations  generalize  the  formulation  of  Glisson  ([11])  to  a  three  dimensional  struc¬ 
ture  whose  regions  of  homogeneity  are  diffeomorphisms  of  the  interior  of  the  sphere  or  a 
torus  in  R^.  If  the  scattering  structure  is  not  a  body  of  revolution,  then  the  region  may  be 
a  diffeomorph  of  an  N  handled  sphere. 
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ABSTRACT 

We  investigate  the  scattering  amplitude,  phases,  and  Mueller  Matrix  Elements  of  polarized 
light  scattering  off  a  layered  aerosol  particle,  with  the  goal  of  finding  which  combinations  of 
the  above  quzmtities  are  most  sensitive  to  the  existence  and  thickness  of  a  layer,  the  size  of 
the  particle,  and  the  lemaining  optical  parameters  of  the  particle.  Particle  size  parameters 
considered  are  1  to  25;  layer  thickness  0  to  particle  size,  indices  of  refraction  from  1.33  to 
2.50  and  scattering  angle  from  0  to  180  degrees.  Tunable  lasers  are  proposed  to  enable 
scanning  over  the  size  parameter  of  a  given  aerosol  droplet.  Plots  of  the  scattering 
amplitude,  and  Mueller  Matrix  elements  for  selected  cases  are  shown,  and  conclusions  are 
drawn. 


KEYWORDS 

layered  aerosols,  inverse  scattering  problem,  forward  scattering,  intensity,  Mueller  matrix 
elements 


INTRODUCTION 

We  have  been  investigating  the  information  content  in  the  scattering  amplitude  and  Mueller 
matrix  elements  obiained  from  light  scattering  data.  Our  goal  is  to  determine  parametric 
quantities  which  will  be  used  as  input  to  reduce  the  inverse  scattering  problem.  This 
problem  is  particularly  difficult  in  real  life  as  noise  is  present  in  the  experimental  data.  At 
present  the  statistical  decision  method  proposed  by  Hu  and  Lax  (1992,1991,1990),  has  been 
shown  to  provide  reasonable,  albeit  computationally  intensive  solutions.  In  their  analysis  all 
data  is  given  equal  weighting,  and  computations  are  performed  on  all  possible  values  of  the 
parameters  in  the  system.  The  decision  theory  approach  of  Neyman  and  Pearson  (1933),  is 
used  to  determine  the  most  probable  parameters  from  n^aximum  likelihood  ratios.  As  all 
possible  parameter  space  needs  to  be  searched,  the  method  is  time  intensive,  due  to  the 
large  number  of  unknowns  for  which  a  likely  guess  has  to  be  made.  Our  goal  is  to  consider 
whether  a  limited  set  of  the  data  could  be  used  to  determine  uniquely,  or  provide  limit 
boundaries,  on  some  of  the  parameters  of  the  system.  The  number  of  unknowns,  and 
therefore  the  computation  time,  will  thereby  significantly  reduced,  resulting  in  increased 
accuracy  of  the  results.  In  plotting  the  scattering  amplitude  and  the  Mueller  matrix  elements 
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as  a  function  of  various  parameters  of  the  system,  >vith  a  fixed  incident  wavelength,  due  to 
interference  effects,  a  unique  inversion  is  not  easily  observed.  However,  by  using  variable 
wavelength  lasers,  and  thereby  scanning  the  size  parameter  for  a  fixed  size  particle,  one  can 
average  over  many  of  the  short  scale  resonances,  thereby  readily  obtaining  unique 
information  on  the  particle  -  specifically  particle  size,  and  a  relationship  between  the  other 
parameters  of  the  system. 


SCATTERING  INTENSITY,  AND  MUELLER  MATRIX  ELEMENTS  Af^, 
AND  A/ 34 

For  illustration  purposes,  in  this  short  report,  we  show  the  plots  [Fig.la-ld]  for  a 
homogenous  sphere,  index  of  refraction  n  -  (1.33,  0.0),  and  [Fig.2a-2d]  for  a  layered  sphere, 
tifgff  =(1.33,0.0),  and  =  (1.55,0.0),  with  T^ofcjTpanidt  ~0.8.  The  3D“plots  [Figs.  1,2] 
are  of  the  parallel  [Figs.  la,2a]  and  perpendicular  [Figs.lb,2b]  scattering  amplitude  and  the 
Mueller  matrbe  elements  mn  [Figs.lc-2c],  and  m:^  [Figs.ld,2d],  for  size  pwameter  vs. 
scattering  angle.  A  regular  periodicity  is  readily  observed,  in  all  of  the  above  figures.  Fig. 3 
shows  the  forward  (  0®  )  scattering  amplitude  vs.  size  parameter  for  the  above  two  cases. 
The  dotted  lines  are  an  unweighted  9  pt.  average  (the  center  point,  and  4  points  on  either 
side.)  We  observe  that  the  relatively  rapid  oscillations  are  damped,  and  the  linear  and 
sinusoidal  dependences  are  emphasized.  The  existence  of  sinusoidal  dependences  for 
homogenous  spheres  is  well  known  (Bohren  and  Huffman,  1983).  Similar  sinusoidal 
dependences  for  layered  spheres  are  observed.  The  period  of  the  oscillations,  in  a  manner 
similar  to  the  homogenous  case,  is  given  by  the  phase  difference  due  to  the  difference  in  the 
optical  path  lengths: 

i^‘^P^irpariiclti,^laytr~^extental)  ^core(/^layer~~^core'))~  ^ 

The  linear  dependence  of  the  averaged  amplitude  with  respect  to  size  parameter  is 
independent  of  the  indices  of  refraction,  and  the  existence  (or  lack  thereof)  of  a  layer.  In 
Fig.4  the  scattering  amplitude  of  homogenous  spheres  of  n  (1.33,  0.0),  n  "•  (1.55,  0.0)  and 
n  -  (2.50,  0.0),  and  of  layered  spheres  of  ricore  “  (1.33,  0.0),  with  nuyer  “  (1.55,  0.0)  and 
flayer  ”  (2.50,  0.0)  are  plotted.  The  mathematical  model  deriving  this  results  will  be 
presented  in  a  forthcoming  paper. 


CONCLUSIONS 

Using  a  tunable  wavelength  laser  and  looking  at  the  forward  scattering  amplitude,  we  can  i) 
obtain  the  size  of  the  particle  from  the  amplitude,  and  ii)  obtain  a  relationship  between  the 
parameters  of  the  particle  from  the  period  of  the  sinusoidal  variation. 
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ABSTRACT 

Can  a  very  limited  number  (5-20)  of  polarized  light  scattering  measurements  from  spherical  dro¬ 
plets  be  inverted  to  obtain  a  radially  varying  index  of  refraction  m  (r)?  No!  But  if  we  are  res¬ 
tricted  to  deciding  between  a  uniform  droplet  and  one  with  a  shell-like  structure  (described  by 
only  two  indices  of  refraction)  the  answer  appears  to  be  yes  even  in  the  presence  of  noise! 
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1.  Introduction 


The  full  inverse  scattering  problem  requires  that  polarized  light  scattering  from  a  spheri¬ 
cal  object  be  used  to  determine  the  complete  dependence  of  the  index  of  refraction  m(r)  on 
radius  r.  This  requires  an  enormous  amount  of  highly  accurate  data.  A  more  feasible  question 
when  only  a  small  amount  of  (noisy)  scattering  intensities  are  available  is  this:  are  we  observing 
a  sphere  or  a  shell? 

This  restricted  problem  is  still  non-trivial  because  one  must  estimate  indices  of  refraction 
and  radii  before  applying  decision  (or  detection)  theory  to  make  the  binary  decision  between 
sphere  and  shell.  This  problem  falls  into  the  area  of  pattern  recognition.  But  it  has  the  special 
difficulty  that  the  light  scattering  data  are  highly  nonlinear  functions  of  the  refractive  indices  and 
radii.  Thus  the  relation  between  what  is  observed,  and  what  is  to  be  estimated,  is  much  more 
indirect  than  say  in  character  recognition. 

Experiments  involve  experimental  errors,  that  must  be  considered  in  our  decision  pro¬ 
cess.  We  shall  treat  the  experimental  error  as  a  Gaussian  noise. 

The  possibility  of  success  depends  on; 

1.  The  amount  of  experimental  inaccuracy  and  noise  present. 

2.  The  permissible  range  of  parameters  (radii  and  indices). 

3.  The  number  of  measurements. 

The  logical  procedure  is  to  start  with  fairly  restricted  parameters  and  a  small  number  of 
measurements.  In  this  way,  feasibility  can  be  established  with  a  modest  amount  of  computer 
time.  Then  one  can  broaden  the  permitted  range  of  parameters  and  determine  how  much  the 
number  of  measurements  must  be  increased  to  handle  the  larger  number  or  range  of  parameters. 
In  this  paper,  the  outer  radius  of  the  shell  is  held  fixed,  so  that  the  maximum  number  of  parame¬ 
ters  is  three.  We  shall  demonstrate  feasibility  over  a  fairly  wide  range  of  parameters. 

Because  of  the  nature  of  the  audience,  we  shall  skip  a  discussion  of  Mie  scattering  by  a 
layered  sphere,  but  we  shall  review  some  concepts  in  statistical  decision  theory  even  though 
some  of  these  were  originated  by  statisticians  in  the  I930’s  and  carried  over  into  communication 
theory  in  the  1960’s. 
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2.  Statistical  Decision  Method 


We  adopt  the  Neyman-Pearson  statistical  decision  method  which  has  also  been  used  in 
communication  theory^’^  We  have  shown  that  this  method  can  also  be  derived*'  with  the  help  of 
Bayes  theorem.  In  the  language  of  decision  theory,  the  null  hypothesis,  Hq  will  be  identified 
with  a  spherical  scatterer.  The  alternate  process.  Hi  will  be  identified  with  a  shell  (a  signal). 
The  Neyman-Pearson  procedure,  in  the  language  of  radar  detection  minimizes  the  probability 
of  a  miss  (choosing  Hq  where  a  signal  H  i  is  present)  subject  to  a  fixed  ^se  alarm  probability 
Pf  (choosing  a  shell  Hi,  when  only  Hq  ,  a  sphere,  is  present).  If  is  an  observed  quantity  (or  a 
scalar  combination  of  observations)  and  P(R\  Hq)  is  the  conditional  probability  for  R  given 
hypothesis  (or  source)  Hg,  then  the  false  alarm  probability  can  be  written 

oO 

PF  =  jP(R\HQ)dR  =  a  (1) 

X 

and  the  value  a  is  the  constraint.  Here  k,  the  threshold  value  for /?  above  which  a  “hit”  or  Hi  is 
chosen,  is  determined  using  Eq.  (1).  The  Neyman-Pearson  decision  criterion  is  simply 

if  A  (/?)  >  A,  choose  H  j  (2) 


A  choice  for  the  statistic  R  follows  in  a  natural  way  from  our  two-stage  procedure  of  first 
estimating  a  parameter  set  t|.  [  t]®  =  radius  r,,  index  m  for  the  sphere,  T|’  =  inner  radius  rj, 
outer  radius  r2,  inner  index  m  i ,  outer  index  m2]  and  then  making  a  binary  choice.  An  estimate 
is  made  for  each  hypothesis  A  =  0, 1  by  using  a  least  square  fit: 

v*=ndn[q*]  (5) 

J 

Here  1  (Qj,  t]^)  represents  the  theoretical  intensity  at  angle  Bj  for  parameters  A  polarization 
index  has  been  suppressed.  In  the  present  paper,  intensities  at  two  polarizations  are  used.  In  the 
future,  these  Mueller  scattering  coefficients  can  be  calculated  (and  measured)  at  each  angle. 
Also,  /  (0y,  T]*)  represents  the  measured  experimental  intensity 


(6) 


appropriate  to  an  unknown  parameter  set  T]*  in  the  presence  of  the  noise  nj.  In  this  paper,  the 
experimental  results  are  emulated  by  a  Monte  Carlo  procedure  in  which  the  parameters  T|*  are 
selected  at  random  over  the  range  of  allowed  parameters,  and  Gaussian  noise  /tj  is  added  whose 
root-mean-square  width  is  proportional  to  the  intensity: 

aj  =  ki{Bj,r\*)  (7) 

with  A:  =0.1. 

A  natural  choice  for  the  statistical  test  parameter  is 

/?=log(vo/v,)  (8) 

If  a  better  fit  is  obtained  with  a  sphere,  Vq  will  be  small,  V)  will  be  large  (hopefully)  and  log/? 
will  be  negative.  If  a  better  fit  is  obtained  with  parameters  T)  for  a  shell,  then  Vj  will  be  small 
and  Vq  wUl  be  large  (hopefully),  and  log/?  will  be  positive.  Thus  the  Neyman-Pearson  pro¬ 
cedure,  Eqs.  (2-4),  can  be  approximated  by  the  simpler  procedure 

if  /?  >  0  choose  H\  :  if  /?  <  0  choose  Hq  (9) 


3.  Monte  Carlo  Procedures 


In  order  to  establish  the  feasibility  of  our  procedure,  we  shall  perform  Monte  Carlo  calcu¬ 
lations  to  determine  the  distribution  of  values  of  R  when  the  source  is  a  sphere,  and  when  the 
source  is  a  shell.  Before  discussing  the  details,  we  would  like  to  demonstrate  the  difficulties 
incurred  in  the  minimization  performed  in  Eq.  (S).  We  shall  plot  the  logarithm  of  the  function 
that  is  to  be  minimized 


n=log 


(10) 


We  use  the  source  parameters  in  t|*:  m*j  =  1.515,  r^/A.  =  6.98  where  k  is  the  vacuum  wave¬ 
length  and  plot  Fq  for  the  spherical  parameters  over  the  range  mj  =  [1.33,  1.8J,  rj/Xs:  [4, 8]. 
The  plot  in  Fig.  1  displays  a  large  number  of  closely  spaced  minima  and  illustrates  the  difficulty 
of  finding  an  absolute  as  opposed  to  a  relative  minimum.  By  splitting  the  range  for  each  variable 
into  100  parts,  we  have  obtained  the  plot  for  F  and  located  the  absolute  minimum  by  brute  force. 
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This  calculation  is  feasible  for  one  experimental  point  r\*  and  10^  choices  of  for  the  spherical 
case.  It  is  even  feasible  for  the  10**  choices  of  i]  for  the  three  parameter  shell  case.  However,  we 
would  like  to  choose  N  =  1000  experimental  sources  and  12  measurements.  The  number  of  cal¬ 
culations  for  the  shell  then  involves  at  least  12  x  1000  x  10*  operations.  Even  if  the  Bessel  func¬ 
tions  have  been  precomputed  and  table  look  up  is  used,  brute  force  becomes  unacceptable. 

If  we  use  ^0  points  (say  10^)  to  sample  the  T]  space  for  the  special  case  (2  parameters) 
and  points  (say  10*)  to  sample  the  t)  space  for  the  shell  (4  parameters)  the  number  of  calcula¬ 
tions  is  of  order  N  (Nq  +  ).  However,  if  we  save  intensities,  we  need  not  repeat  the  heavy 

Bessel  function  calculations.  Then  only  the  sum  of  squares  need  be  performed  N{No  +  N\) 
times.  Moreover,  if  we  create  an  array  of  dimension  N  to  hold  N  values  of  v  ,  one  for  each  t}*, 
then  if  a  given  t)  makes  a  best  fit  for  a  fixed  T]*,  store  that  “q  and  v(t|*,  t^)  and  discard  all  infor¬ 
mation  regarding  previously  used  T]’s.  By  this  procedure,  the  storage  requirements  again 
become  reasonable. 


4.  Numerical  Results 

Bottiger’s  experimental  apparatus*  has  so  far  only  been  used  on  spheres,  but  we  shall 
consider  uniform  spheres  with  indices  in  the  range  mjr  =  [1.33, 1.8]  and  radii  in  the  range 
rj/X=[4, 8]  and  shells  with  indices  in  the  range  m\  =[1.33, 1.S5]  for  the  inner  region  and 
m2  =  [1.6, 1.8]  in  the  outer  region.  The  inner  shell  radius  is  in  the  interval  r  j  /  A.  =  [4, 6]  with  a 
fixed  outer  radius,  r2/A  =  8.  All  calculations  are  performed  with  iV  =  l()00  “experimental” 
points.  Then  the  two  spherical  parameters  are  sampled  with  Nq  points  and  the  three  shell  param¬ 
eters  are  sampled  with  N]  points.  In  Fig.  2,  we  choose  Nq=N\  =  100.  The  left  hand  portion  of 
Fig.  1  is  the  histogram  N  {R)  for  the  spherical  case.  The  right  hand  portion  is  the  histogram 
N  (R)  for  the  shell  case.  The  overlap  region,  near  R  =0,  is  large  because  our  trial  points 
No  =  100,  N\  =  100  are  insufficient  to  locate  the  best  minima.  A  considerable  improvement  is 
shown  with  Nq  =  10^,  Nj  =  10^  in  Fig.  3  and  even  more  in  Fig.  4  with  N^  =  10^,  Nj  =  10*.  It 
can  be  seen  that  measurement  of  twelve  pieces  of  scattering  data  (intensities  at  six  angles  and 
two  polarizations)  provide  excellent  discrimination  in  the  present  case  of  two  spherical  and  three 
shell  parameters. 

*J.  Neyman  and  E.  S.  Pearson,  “On  the  Problem  of  the  Most  Efficient  Tests  of  Statistical 
Hypotheses,”  Philosophical  Trans.  A,  231, 289  (1933) 

•y 

M.  G.  Kendall  and  A.  Stuart,  The  Advanced  Theory  of  Statistics,  Volume  2  Hafner  Publishing 
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Co.  New  Yoric  (1967) 

L.  Van  Trees,  Detection,  Estimation,  and  Modulation  Theory,  Part  I,  John  Wiley  and  Sons, 
(1968) 

^David  Middleton,  Introduction  to  Statistical  Communication  Theory,  McGraw-Hill  (1960) 

^P.  Hu  and  M.  Lax,  “Quasi-Binary  [>ecision  Making  Using  Light  Scattering”,  in  Proceedings 
of  the  1991  CRDEC  Scientific  Conference  on  Obscuration  and  Aerosol  Research. 

^Jerold  Bottiger,  Proceedings,  1991  (TRDEC  Scientific  Conference  on  Obscuration  and  Aerosol 
Research  (to  be  published). 


Fig.  1.  Function  F'=ln(  J^[i(0,.T]*)-/(0/,T]°)r)  is  plotted  over  the  permitted  parameter  space. 
1=1 

The  source  intensities  /(0/,T)*)  are  generated  from  a  parameter  point  for  a  uniform  sphere 
m *=1.515  and  r*=6.98.  The  fitting  hypothesis  is  chosen  as  the  correct  hypothesis  (uniform 
sphere),  and  the  permitted  parameter  range  is  w,=[  1.33, 1.8]  and  r,/X=[4,8].  KX)  mesh  points 
are  taken  for  both  m^  and  r^.  This  figure  displays  the  difficulty  of  finding  a  global  minimum 
when  large  siM  parameters  are  permitted. 


logio(Vi/V2) 

Fig.  2.  The  approximate  distribution  functions  for  both  source  cases.  The  numbers  of  points 
for  the  two  hypotheses  in  the  approximate  least  square  fitting  are  and  1=1 00.  This 

plot  is  for  12  measurements  of  two  polarizations  at  6  angles  at  75,  90,  115,  130,  145,  160 
degrees  and  the  noise  level  i^  10  percent.  The  parameter  ranges  are:  m^=[t.33,1.8], 
r,/X;=[4,8]  for  the  uniform  sphere  and  »ii=[ 1.33, 1.55],  m2=[1.6,1.8],  ri/Xs=[4,6]  for  the  lay¬ 
ered  scatterer  while  outer  radius  r2/X?=8  is  fixed  here. 
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10gio(Vi/V2) 

Fig.  3.  The  same  distribution  functions  as  Fig.  2  are  plotted  with  a  more  accurate  minimization 
process,  using  the  increased  number  of  points  No=lO*  and 


434 


120 


no 
100 
90 
80 
70 
60 
50 
40 
30 
20 
10 
0 

-6  -5  -4  -3  -2  -1  0  1  2  3  4  5  6 


Hi 


1 - — r 


^ - r-  .-V— r-  ^ 


..i - p 


10gio(Vi/V2) 

Fig.  4.  The  same  distribution  functions  as  Fig.  2  are  plotted  with  a  more  accurate  minimization 
process,  using  the  increased  number  of  points  A^qsIO^  and  Ni=lQr. 
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ABSTRACT 


Light  scattering  from  a  particle  that  can  be  decomposed  into  circular  slices  is 
calculated  by  performing  a  coherent  integration  of  the  internal  field  over  the  volume  of 
the  target.  The  internal  field  in  each  slice  is  taken  to  be  the  internal  field  solution  of  an 
infinite  cylinder  of  radius  equal  to  the  radius  of  the  slice.  It  is  shown  that  for  a  spherical 
scatterer,  the  integration  leads  to  results  that  are  in  good  agreement  with  those 
predicted  by  the  Mie  theory  solution.  The  agreement  is,  in  fact,  significantly  improved 
compared  to  previous  approaches  such  as  the  Shrifrin  approximation  through  the 
second  order. 
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Introduction. 


An  integral  equation  for  the  scattered  field  intensities  is  used  for  target 
particles  of  size  parameters  up  to  x=1.4  and  refractive  indices  m=1 .33  or  1 .55.  This 
integral  equation  uses  the  internal  electric  field  to  obtain  the  scattered  field,  and  thus 
reduces  the  problem  to  a  search  for  the  internal  field.  The  history  of  this  approach 

begins  with  the  work  of  Shifrin^  and  Acquista^  -  the  first  improving  on  the  born 
approximation  (internal  field  equal  to  the  ambient  field)  by  introducing  the  polarizabilty 
of  the  medium,  and  the  latter  iterates  Shrifrin's  first  approximation  in  a  series  involving 
the  polarizabilty.  Later  work  by  our  group  extended  Acquista’s  approach  to  a  wider 

range  of  shapes  by  dividing  ttic  target  into  slices^  and  to  an  attempt  to  evaluate  the 
internal  field  by  a  direct  evaluaton  of  the  relavent  integral  equations.^ 

The  work  of  refs.  4  though  guaranteeing  success  if  the  numerical  evaluation  is 
precise,  leads  to  extremely  time  consuming  computation  and  applications  to  realistic 
problems  demands  quick  and  accurate  results  to  be  able  to  deal  with  random 
orientations  and  multiple  scattering  effects. 

The  present  work  thus  focuses  on  an  approach  that  takes  advantage  of  the  fact 
that  the  internal  electric  field  inside  an  infinite  cylinder  can  be  obtained  to  any  degree 
of  accuracy,  and  this  field  can  be  used  for  each  of  the  disks  that  form  the  wide  range  of 
targets  considered  in  the  previous  papers  (including  helices). 

We  will,  in  fact,  use  the  internal  field  from  an  infinite  cylinder  two  ways  to  show 
consistency  and  compare  the  resulting  far-field  results  to  the  Mie  theoretical  results  for 
spheres  of  size  parameters  ranging  between  0.6  and  1.4  and  indices  of  refraction  1.33 
and  1 .55.  We  will  show  that  this  apprach  is  at  least  as  good  as  the  second-order 
Shifrin  approximation  with  much  quicker  computational  demands. 

integral  equation  tor  scattering. 

A  solution  to  Maxwell’s  equations^  for  the  scattering  of  radiation  from  dielectric 
targets  is 


E(r)  =  Ejnc(0  +VxVx  jdV’  (m2-l)/4n  exp(iko|r-r’l)/|r.r’|  E(r’) 

+(1-m2)E(r),  (1) 

where  the  integration  is  over  the  volume  of  the  scattering  target.  Introducing  the 
effective  field  by 
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Eeff(r)  •=  (m2+2)/3  E(r) 

and  bringing  the  operators  inside  the  integral^  gives 


(2) 


Eeff(0  =  Ejnc(»’)  +  a  J  dV’  (grad  div  -  exp(iko|r.r’|)/|r-r’|  E9ff(r'). 

(3) 

Here,  the  integral  is  over  the  target  volume  excluding  an  infinitesimal  region 

surrounding  the  point  r=r' ,  if  the  field  point  is  within  the  target.  The  coefficient  a  is 
the  polarizability 

a  =(3/4jt)  (m2-l)/(m2+2).  (4) 

When  the  field  point  is  far  from  the  target,  eq.(3)  reduces  to 


Eeff(0»ako^exp(ikor)[|dV’exp(-ikor.r’)[Eef,(r’)]per  (5) 

where  r  =  r  /  r  ,  the  integration  is  over  the  target  volume  with  no  singularity  since  r 
is  outside  the  volume  and  [  ..]per  indicates  that  the  component  of  the  vector  within  the 

square  brackets  is  to  be  taken  in  a  direction  transverse  to  the  direction  toward  the 
detector.  Thus,  the  far  field  determined  from  eq.  (4)  depends  on  the  effective  field 
within  the  target,  which  by  (2),  depends  on  the  effective  internal  electric  field,  and  r’  is 
the  vector  of  an  arbitrary  point  within  the  target. 

Models  Jor  the  evaluation  of  the  Intergral  equation. 

As  in  our  previous  work,  we  treat  targets  that  have  a  symmetry  axis  and 
possess  a  circular  cross  sectional  area  perpendicular  to  this  axis.  The  target  in  this 
paper  will  be  a  sphere  since  Mie  theory  exists  to  test  the  model,  and  we  will  take  the 
scattering  plane  (plane  formed  by  the  directions  of  incidence  and  scattering)  to  be 
parallel  to  the  plane  of  the  disks  that  form  the  sphere,  as  shown  in  Figures  1  and  2. 

Two  methods  are  used  to  calculate  the  scattered  field.  Method  1  is  a 
calculation  of  the  scattered  field  for  a  spherical  target  sliced  into  19  disks  (10  different 
sizes),  each  of  which  contains  the  direction  of  propagation  of  the  incident  wave.  The 
polarization  of  the  incident  wave  is  taken  to  be  either  parallel  or  normal  to  the  disk. 

The  scattered  electric  field  is  then  constructed  from  a  coherent  sum  of  the  scattered 
fields  from  19  infinite  cylinders  ( intensities  are  per  unit  length)  having 
radii  corresponding  to  the  1 9  disks  that  form  the  target  .  It  should  be  noted  that  the 
infinite  cylinder  theory  for  the  scattered  field  has  been  used  in  this  way  in  the  past  to 
predict  the  scattering  of  particles  of  helical  shapes  and  the  results  were  in  good 
agreement  with  the  measurements  [3]. 
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The  second  method  is  a  calculation  of  the  scattered  field  using  the 
Internal  fields  obtained  from  the  infinite  cylinder  theory  for  each  of  the  19  disks  and 
summing  these  using  the  above  integral  equation  (5).  A  comparison  is  made  with  the 
results  from  method  1 .  The  basic  difference  between  the  two  approaches  is  that  in 
method  1  the  scattered  field  is  derived  from  the  far-field  Eq  values  alone  ,  whereas  in 
method  2,  [E^ff  (r’)]p0r  inside  the  particle  is  dependent  on  the  corresponding 

projections  o*  Eg  and  E,.  inside  the  target  in  a  direction  perpendicular  to  r  for 

polarization  within  the  scattering  plane.  In  the  case  of  polarization  perpendicular  to  the 
scattering  plane,  only  the  z  component  of  the  internal  field  need  be  taken. 

The  internal  field  that  is  used  in  eq.  (5)  when  the  incident  electric  field  is  linearly 
polarized  parallel  to  the  axis  of  a  disk  is  (TM  wave) : 


Eint(r’)  =  i  expi(a)t  -koZ’)  dp  (-i)'^  exp(ine’)  mko/r’  Jn’(komr’)  k. 

(6) 


where  for  incidence  perpendicular  to  the  z  axis® 

[m  Jn(koma)Hn(2)’(kQa)  -mJn’(koma)Hn(2)(Kpa)]. 


The  internal  field  when  the  incident  electric  field  is  linearly  polarized  perpendicularly  to 
the  axis  of  the  disk  is  (TE  wave); 

EjntCr’)  =  expi{a)t -k^z’)  Cp  (-i)^^  exp(in8')I  in/r’  Jpikori)  r’  - 

Jp'(komr’)  e  ]. 

(7) 


where 


lm2  Jn(koma)H„(2)’(koa)  ■Jn'(koma)Hn(2)(koa)l. 


Here,  r’  and  0’  are  unit  vectors  in  the  plane  of  the  disk  as  shown  in 
Figure  2.  All  summations  can  be  replaced  by  summations  from  0  to  infinity  so 
that  E,.will  be  dependent  on  sin(n9')  and  Eg  on  cos{n0').  The  two  methods  discussed 

above  were  compared  with  the  results  of  the  Mie  theory  for  the  corresponding 
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spherical  scatterers. 


Conclusions. 

The  scattering  intensities  are  defined  by 
Uko^rZ/IEol®  |Ese|2, 

where  Eg^  is  the  scattered  electric  field.  The  scattering  matrix  elements 

®  1 1  “  Opar  lperV2,  Si  2  =  (Ipar  *  'perV^ 
are  then  caluculated,  where  “par^  and  “per”  refer  to  the  direction  of  incident 
polarization  being  in  and  normal  to  the  scattering  plane,  respectively.  These  are 
shown  in  figures  3-10.  The  first  6  are  for  m=1 .33  and  a  size  parameter 
X  =  Kq  a=0.6, 1 .0  and  1 .4,  where  “a"  is  the  radius  of  the  sphere.  The  final  figure  has 

m=  1 .55  and  a  size  parameter  x=  1 .  We  see  that  the  agreement  between  the  two 
methods  of  calculation  is  almost  perfect,  thus  showing  the  consistency  of  the  approach 
using  the  integral  of  eq.  (4)  and  taking  a  coherent  sum  of  the  far  field  effects  from  all 
the  disks  that  composed  the  spherical  particle.  The  agreement  with  the  results  of  the 
Mie  theory  is  also  quite  good,  where  differences  at  the  larger  scattering  angles  begin 
to  show  for  the  larger  size  parameters. 

The  final  figure  is  included  to  make  a  comparison  with  the  Shrifrin  method  as 
extended  by  Acquista  (Ref.  3).  The  scattering  intensity  Sn  obtained  by  our  present 

approach  is  significantly  better  than  the  second-order  result  contained  in  Reference  3. 

The  resuits  of  this  approach,  suggest  that  the  angular  scattered  intensities  can 
be  calculated  with  a  high  accuracy  for  all  particles  of  arbitrary  shape  which  can  be 
siiced  into  circular  cylinder  sections.  For  example,  the  scattering  properties  of  rain 
dropiets,  whose  shape  is  approximately  that  of  a  teardrop,  by  radar  waves  can  be 
studied  with  the  above  theoretical  tools. 


This  research  was  partially  supported  by  research  grants  from  the  US  Army 
CRDEC  at  Aberdeen  Proving  Grounds. 
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PHOTOGRAPH  OF  1992  CONFERENCE  ATTENDEES 


1992  CRDEC  SCIENTIFIC  CONFERENCE  ON 
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TECHNICAL  AGENDA 

MONDAY,  22  JUNE 

9:00  Registration 

9:50  Opening;  Dr.  Edward  W.  Stuabing,  Coordinator,  CROEC 

Welcome:  Dr.  H.  Dupont  Durst,  Acting  Chief  Scientist,  Research  Directorate 

Announcements:  Mr.  Elmer  H.  Engquist,  Battelle  Edgewood  Operations 

I.  AEROSOL  DYNAMICS  -  Moderator:  Glenn  Rubel 

10:10  M.  Soever,  R.  Peele  (NRL)  and  G.  Rubel  (CROEC),  The  Dynamics  of  Water  Drop  Encapsulation  by 

Octadecanol  Monolayers 

10:30  J.R.  Brock  (Univ.  of  TX/Austin),  Quasi-Molecular  Calculation  of  Complex  Droplet  Dynamics 

10:50  M.  Sitarski  (Kentucky  Wesleyan  College),  Co-condensation  of  Vapors  of  Large  and  Small  Molecular 

Weights 

1 1:10  H.  Uttman  and  M.H.  Morgan  ill  (RPI),  The  Effect  of  Electrostatic  Forces  on  the  Pneumatic  Transport 

of  Aerosols  Flowing  Through  Pipes 

1 1  ;30  Z  Zhou,  R.  Shafer,  B.  McCloud  and  0.  Reidy  (Geo-Centers,  Inc.),  Electrostatic  Smoke  Clearing  in  a 

Confined  Volume 

11:50  LUNCH  (Sign  up  for  dinner  at  Josef's) 

II.  AEROSOL  CHARACTERIZATION  METHODS 

If  A.  NEPHELOMETRY  AND  INVERSION  -  Mod^^rator:  Jerold  Bottiger 

1:15  A.H.  Carrier!,  J.  Jensen  and  J.  Bottiger  (CRDEC),  Measured  Characterization  of  Randomly  Rough 

Surfaces  by  IR  Mueller  Matrix  Scattering 

1:35  D.R.  Alexander,  R.D.  Kubik  and  E.  Bahar  (Univ.  of  NB/Lincoln),  Use  of  a  New  Polarimetric  Optical 

Bistauc  Scatterometer  to  Measure  the  Transmission  and  Reflection  Muller  Matrix  for  Arbitrary  Incident 
and  Scatter  Directions 

1:55  K.H.  Leong,  D.J,  Holdridge  and  M.R.  Jones  (Argonne),  Performance  of  a  Polar  Nephelometer 

2:15  M.R.  Jones,  K.H.  Leong,  B.P.  Curry  and  Q.  Brewster  (Argonne),  Inversion  of  Light  Scattering  | 

Measurements  for  Size  and  Refractive  Index 

j 

2:50  BREAK  (Sign  jp  for  dinner  at  Josef's) 

3. 15  E.  Fry  (Te;w?.»  Uruv.),  Angular  Scattering  At  and  Near  Zero  Degrees 

3:35  M.  Lax  and  Po  Irj  (CCNY),  Ouasi-Binary  Decision  Making;  An  Update 
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MONDAY,  22  JUNE  (cont.) 

_ 1 

ii.  AEROSOL  CHARACTERIZATION  METHODS  (con't.) 

II  A.  NEPHELOMETRY  AND  INVERSION  -  Moderator:  Jerold  Bottiger 

3:55  D.  Cohoon  (Geo-Centers,  Inc.),  N.M.  Witriol  (LA  Tech  Univ.,  NRC  Fellow  @  CRDEC)  and  0.1.  Sindoni 

4:15 

4:35 

(CRDEC),  Determination  of  Layered  Aerosol  Particle  Prc  perties  from  Scattering  Data 

M.  H.  Lee  (Univ.  of  Georgia),  Kramers-Kronig  Relations  in  Optic  Data  Inversion 

ADJOURN  (Suggested  restaurant  for  dinner:  Josef's) 

■ 

TUESDAY,  23  JUNE 

■■i 

il  B.  IMAGING  OF  MICROPARTICLES  -  Moderator:  Michael  J.  Smith 

8:30  D.R.  Aloxander,  S.A.  Schaub,  J.  Stauffer  and  J.  Barton  (Univ.  of  NB/Lincoln),  Femtosecond  Imaging 

and  Glare  Spot  Observations  for  Small  Aerosol  Particles 


8:50  S.  Arnold  (Polytechnic  ijuiv.  of  NY),  Aerosol  Particle  Microphotography 

9:10  L.M.  Fo/an  (Polytechnic  Univ.  of  NY),  Morphologically  Dependent  Imaging  Using  Enhanced  Energy 

Transfer 

9:30  £.  Allison,  B.R.  Kendall  (Penn  State  Univ.),  B.V.  Bronk  (CRDEC)  and  D.  Weyandt  (Penn  State  Univ.), 

Manipulation  of  Microparticles  in  Multiphase  Levitation  Traps 

9:50  BREAK  (Sign  up  for  Dinner  at  Hausners) 


II  C.  SPECTROSCOPY  OF  SINGLE  PARTICLES  AND  AEROSOLS  -  Moderator:  Burt  Bronk 

10:10  M.  Essien,  R.L.  Armstrong  (NMSU)  and  J.B.  Gillespie  (ASL),  Suppression  of  Morphology-Dependent 

Resonances  of  a  Single  Levitated  Laser-Irradiated  Microdroplet 

10:30  M.D.  Barnes.  W.B.  Whitten  (ORNL),  J.M.  Ramsey  and  S.  Arnold  (Polytechnic  Univ.  of  NY), 

Fluorescence  Emission  Rates  in  Levitated  Droplets 

10:50  C.J.  Swindal,  D.H.  Leach,  R.K.  Chang  and  K.  Young  (Yale  Univ.),  Precession  of  Morphology-Dependent 

Resonances  in  Nonspherical  Droplets 

11:10  S.D.  Christesen,  M.S.  DeSha,  A.  Wong  (CRDEC),  C.N.  Merrow,  M,  Wilson  and  J.  Butler  (STC),  UV 

Fluorescence  Lidar  Detection  of  Biological  Aerosols 

11:30  B.V.  Bronk,  M.J.  Smith  (CRDEC)  and  S.  Arnold  (Polytechnic  Univ.  of  NY),  Fluctuations  in  Scattering 

and  Fluoref  ^e  Due  to  One  or  More  Subparticles  in  Micron  Size  Droplets 

1 1:50  LUNCH  (Sign  up  for  dinner  at  Hausners) 
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***  WORKSHOP  -  CARBON  PARTICLES  FROM  HYDROCARBON  PBEDSTOCKS  *** 

1:15  C.  Clausen,  ///(Univ.  of  Central  Flordia),  P.  Morgan  (Environmental  Technology,  Inc.),  G. 

Hermann  and  Teresa  Resetar-Racine  (CRDEC),  Carbon  Particles  from  Hydrocarbon  Feedstocks 

1 :35  J.R.  Brock  (Univ.  of  TX/Austin),  Problems  in  Generation  of  Carbon  Smokes  ffwai  Li^ht  Fuels 

1:55  To  be  determined 

2:15  To  be  determined 

2:35  BREAK  (Sign  up  for  dinner  at  Hausners) 


il.  AEROSOL  CHARACTERIZATION  METHODS  (cont.) 

il  C.  SPECTROSCOPY  OF  SINGLE  PARTICLES  AND  AEROSOLS  -  Moderator:  Burt  Bronk 

3:15  J.D.  Everso/0  (PPi),  A.J.  Campillo  and  H.B,  Lin  (NRL),  CW  Stimulated  Raman  Scattering  in 

Microdroplets 

3:35  A.S.  Kwok  and  R.K.  Chang  (Yale  Univ.),  Fluorescence  Seeding  of  Stimulated  Raman  Scattering 

3:50  P.G.  Chen,  D.Q.  Chowdhury  and  R.K.  Chang  (Yale  Univ,),  Lasing  Emission  from  Descartes  Ring  with 

Multiple-100  ps  Pulses 

4:05  J.L-C.  Cheung,  K.  Juvan,  D.  Leach  and  R.K.  Chang  (Yale  Univ.),  Stimulated  Kerr-Broadened  Scattering 

from  Droplets 

4:20  D.  Pack,  A.  Pluchino  and  D.  Masturzo  (Aerospace  Corp.),  EmissivitYof  Single  Levitated  Particles 

4:40  ADJOURN  (Suggested  restaurant  for  dinner:  Hausners) 

WEDNESDAY,  24  JUNE 

II  D.  INTERNAL  STRUCTURE  -  Moderator:  Michael  J.  Smith 

8:30  R.G.  Pinnick,  A.  Biswas  (ASL),  J-G.  Xie,  T.E.  Ruekgauer  and  R.L.  Armstrong  (NMSU),  Scattering  in 

Millimeter-Sized  Glycerol  Droplets 

8:50  R.L.  Armstrong,  J-G.  Xie,  T.E.  Ruekgauer  (NMSU)  and  R.G.  Pinnick  (ASL),  Energy  Transfer  in 

Microdroplet  Lasers  Seeded  with  Fluorescent  Sol 

9:10  D.Q.  Chowdhury,  M.  Mazumder  (Yale  Univ.)  and  S.C.  Hill  (ASL  &  NMSU),  Absorption  and  Gain 

Coefficient  of  Inhomogeneous  Spheres 

9:30  A.J.  Campillo,  H.B.  Lin,  A.L,  Huston  (NRL),  P.  Chylek  (Dalhausic  Univ,)  and  J.D.  Eversole  (PPI),  Internal 

Scattering  Effects  on  Microdroplet  Resonant  Emission  Structure 


10:00 


GROUP  PHOTOGRAPH  -  BREAK 
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WEDNESDAY,  24  JUNE 


10:45  OVERVIEW  &  DISCUSSION:  DIRECTIONS  FOR  FUTURE  RESEARCH  IN  THE  CRDEC  AEROSOL  SCIENCE 
PROGRAM  -  E.W.  Stutbing  (CRDEC) 


11:50  LUNCH 

lit.  OPTICAL  PROPERTIES  OF  AEROSOLS  -  Moderator:  Orazio  I.  Sindoni 

1:15  A.  Ben-David  (STC)  and  M.L.G.  Althouse  (CRDEC),  IR  Lidar  Returns  from  Cylindrical  Graphite  Aerosols 

1:35  D.  Cohoon  (Geo-Ceriiers,  Inc.),  Scattering  of  EM  Radiatioii  by  Materials  with  Tensor  Properties-- 

Predicting  Scattering  by  Irregular  Shapes  with  Error  Correction  to  the  Limit  of  the  Machine's  Precision 

1:55  J.R.  Brock  and  N.K.  Choi  (Univ,  of  TX/Austin),  On  Feasibility  of  Numerical  Calculation  of  Light 

Scattering  and  Absorption  by  Particles 

2:15  J.P,  Barton,  D.R.  Alexander  and  S.A.  Schaub  (Univ.  of  NB/Lincoln),  Electromagnetic  Field  Calculations 

for  a  Beam  Focused  on  a  Layered  Object 


POSTER  PROGRAM 

2:35  POSTER  PREVIEWS  (Auditorium) 

W.  Whitten,  J.M.  Ramsey  (ORNL)  and  B.V.  Bronk  (CRDEC),  Immunoassays  Using  Microparticles 

D.  Cohoon  (Geocenters,  Inc.),  Nonlinear  Interactions  of  Solids  and  Liquids  with  External  Energy 
Sources 

M.  Miiham  (CRDEC),  A  Functional  Scaling  Approach  to  EM  Scattering:  Theory  and  Algorithms 
for  Spheres  and  Cylinders 

J.D.  Eversoie  (PPI),  A.J.  Campillo  and  H.B.  Lin  (NRL),  Aerosol  Absorption  Spectroscopy 

N. M.  W/tr/b/and  O.i.  Sindoni  (CRDEC),  Mueller  Matrix  Elements  for  Layered  Spheres 

L  Reinisch  (Vanderbuilt  Univ.),  Computerized  Fluorometer  Analysis:  Automated  Identification  of 
Particles 

D. L  Rosen  and  J.B.  Gillespie  (ASL),  Time  and  Wavelength  Domain  Algorithms  for  Chemical 
Analysis  by  Laser  Radar 

M.B.  Ranade  (Particle  Technology,  Inc.),  R.  Han  and  J.W.  Gentry  (Univ.  of  MD),  Electronic 
Sorting  of  Fibers  and  Flakes  by  Aspect  Ratio 

A.  Smart  (Titan  Spectrum),  A  New  Remote  Optical  Measurement  Technique  for  Aerosol  Sizing 
from  an  Airborne  Platform 

E. E.M.  Khaied,  P.W.  Barber  (Clarkson  Univ.)  and  S.C.  Hill  (ASL  &  NMSU),  Scattering  of  a 
Gaussian  Beam  by  a  Layered  Sphere 

E.E.M.  Khaied,  D.Q.  Chowdhury,  P.W.  barber  (Clarkson  Univ.),  and  S.C.  Hill  (ASL  &  NMSU), 
_  Time-dependence  of  Internal  and  Scattered  Intensity  of  Sphere  Illuminated  with  a  Gaussian  Beam 


5:30 


ADJOURN  (Beef  &  Burgundy  Dinner  at  Edgewood  Community  Club) 


THURSDAY,  25  JUNE 

IB  7.H  ■■n  "rsargara^ji  I— —  'i  —  'i  t  i  ■  ■■  i  ■  r  aaaasaaa: 


POSTER  PROGRAM  (cont.) 
8:30  POSTER  SESSION  (cont.) 


II.  OPTICAL  PROPERTIES  OF  AEROSOLS  (cont.) 

9:20  S.C.  Hill  (ASL  &  NMSU),  D.H.  Leach,  R.K.  Chang  (Yale  Univ)  and  W.P.  Acker  (Texaco,  Inc.),  Third- 

Order  Sum  Frequency  Generation  in  Droplets 

9:40  B.T.N.  Evans  and  G.R.  Gournier  (Defence  Research  Establishment,  Valcartier),  General  Analytic 

Extinction  Formula  for  Randomly  Oriented  Spheroids 

1  0:00  D.  Cohoon  (Geo-Centers,  Inc.),  Scattering  of  EM  Radiation  by  Multiple  Layer  Structures  Separated  by 

Confocal  Spheroids 

1 0:20  BREAK 

10:40  A.  Cohen  (Hebrew  Univ,  of  Jerusalem),  R.D.  Haracz  and  L.D.  Cohen  (Drexel  Univ.),  Light  Scattering 

from  Nonspherical  Targets  Using  the  Internal  Fields  from  Infinite  Cylinders 

11:00  K.A.  Fuller  (Colorado  State  Univ.),  Absorption  and  Scattering  Cross  Sections  of  Carbon  Dispersion 

Aerosols 

1 1:20  0.1.  SIndoni  (CRDEC),  F.  Borghese,  P.  Denti  and  R.  Saija  (Univ.  of  Messina,  Messina,  Italy),  Optical 

Propeilies  of  a  Dispersion  of  Spherical  Scatterers  Containing  Off  Axis  Spherical  Inclusions 

1 2:00  ADJOURN 
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